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The recent physical interpretation of intrinsic differential geometry 
of spaces has stimulated the study of this subject. Riemann pro¬ 
posed the generalization, to spaces of any order, of the theory of 
surfaces, as developed by Gauss, and introduced certain fundamental 
ideas in this general theory. From time to time important con¬ 
tributions to the theory were made by Bianchi, Beltrami, Christoffel, 
Schur, Voss and others, and Ricci coordinated and extended the 
theory with the use of tensor analysis and his Absolute Calculus. 
Recently there has been an extensive study and development of 
Rieraannian Geometry, and this book aims to present the existing 
theory. 

Throughout the book constant use is made of the metliods of 

tensor analysis and the Absolute Calculus of Ricci and Levi-Civita. 

The first chapter contains an exposition of tensor analysis in form 

and extent sufficient for the reader of the book who has not 

previously studied this subject. However, it is not intended that 

the exposition shall give an exhaustive foundational treatment of 
the subject. 

^ Most, if not all, of the contributoi*s to the theory of Riemannian 
Geometry have limited their investigations to spaces with a metric 
defined by a positive definite quadratic differential form. How¬ 
ever, the theory of relati\aty deals with spaces with an indefinite 
fundamental form. Consequently the former restriction is not made 
in this book. Although many results of the older theory have 
been modified accordingly, much remains to be done in this field. 

The theory of parallelism of vectors in a general Riemannian 
manifold, as introduced by Levi-Civita and developed by others, 
IS set forth in the second chapter and is applied in other parts 
the book. The extensions of this theory to non-Riemannian 
pometnes are not developed in this book, since it is my intention 
to present some of them in a later book. 


Of the many exercises in the book some involve merely direct s 
applications of the formulas of the text, but most of them con- € 
stitute extensions of the theory which might properly be included 
as portions of a more extensive treatise. References to the sources 
of these exercises are given for the benefit of the reader. All A 
references in the book are to the papers listed in the Bibliography. 

In the writing of this book I have had invaluable assistance 
and criticism by four of my students, Dr. Arthur Bramley, Dr. Harrjv 
Levy, Dr. J. H. Taylor and Dr, J. M. Thomas. I desire also’T 
to express my appreciation of the courtesies extended by tKcl^ 
printers Lutcke & WulfE and by the Princeton University Press. 

October, 1925. 

Luther Pfahler Eisenha* 
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CHAPTER 1 


PLANE ANALYTIC GEOMETRY 


1,1, Coordinates of a Point on a Straight Line 
and in a Plane, The Distance Between Two Points 

1°. The distance d between two points A{Xi) and B{x^) 
on an axis: 

d = \x^ — x,\ = yjx^^^xj^. ( 1 ) 

2°. The value AB (algebraic) of a directed segment of 
an axis: 

AB=x^ —ATji. (2) 

3®. The distance d between two points A (jCj, yj and 
in a plane: 

d = V(x,—x^Y + (y^—y^Y. (3) 

4°. The projections of a directed segment having A (x^, y^) 
as its initial point and B {x^, y^) as its terminal point on 

the coordinate axes, or those of a vector AB in a plane 

prox^ = ^=x^—x^* P^oY^ = y = y2—yi- (4) 

1. Plot the points A{ —5), 5( + 4), and C(—2) on the 
number axis, and find the values AB, BC, and AC of the 
segments on the axis. Check that ABA-BC~AC. 

2. Do the same exercise for the points A(+l), B(—4), 
and C(+5). 

3. Construct a triangle with the vertices A (—4, 2), 
fi (0, —1), and C (3, 3) and determine its perimeter and 
angles. 

4. Prove that the triangle with the vertices A (—3, 2), 
5(0, —1), and C(—2, 5) is a right triangle. 
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5. Plot the points ^(—4, 0), B(—l, 4) and 
which are symmetric to the given ones with respect to 
the axis OY. Calculate the perimeter of the trapezoid 
ABB,A,, 

6. Point B is symmetric to A {4, —I) with respect to 
the bisector of the first quadrant. Find the length of AB. 

7. Find the point 5 units distant both from the point 
A (2, 1) and the axis OY. 

8. On the axis of ordinates find the point 5 units di¬ 
stant from the point .4(4, —I). Explain by construction 
why two solutions are possible. 

9. On the axis of abscissas find the point c units distant 
from the point A (a, b). Analyse the solution for c>l6|, 
c = \b\, and c <\b\. 

10. On the axis OX find the point equidistant from the 
origin of coordinates and from the point A (8, 4). 

n. Find the centre and the radius of the circle circum¬ 
scribed about a triangle with the vertices A (4, 3), B (—3, 2), 
and C(l, —6). 

12. Given the points .4(2, 6) and 5(0, 2); construct the 
vector AB, its components on the axes and compute 

proY^5, ptQyAB and the length AB. 

13. Applied at the point A (2, 5) is a force whose pro¬ 
jections on the coordinate axes are X = 3 and K = 3. 

Determine the end-point of the vector AB representing 
the force, and the magnitude of the force. 

14. Applied at the point A (—3, —2) is a force whose 
projection K = —1, and the projection X is positive. 

Determine the end-point of the vector A5 representing the 
force if its magnitude is equal to 51/2. 


15*. Plot the points A(l), 5 (—3), and C (—2) on the 

number axis and find the values AB, BC and CA of the 
segments on the axis. Check that AB-\-BC-{~CA = 0. 


• Each section of the present book is supplied by a stock of pro¬ 
blems which are recommended for home tasks or recapitulation pur¬ 
poses. They are given below a separating line. 
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16. Plot in a plane the points A( —7, 0), B(0. I) and 
points Ai, Bi which are symmetric to A and B with 
respect to the bisectors of the first and third quadrants. 
Compute the perimeter of the trapezoid ABBiA^. 

17. On the axis of ordinates find the point equidistant 
from the origin and from the point A{ —2, 5). 

18. On the axis of abscissas find the point S]/~§ units 
distant from the point A{ —2, 3). 

19. Determine the centre and the radius of the circle 
circumscribed about a triangle with the vertices A (—3, —I), 
B{5, 3). and C(6. —4). 

20. Given the points A(x^, yA and B{x^, y^). Applied 
at the origin are two forces represented by the vectors 

OA and OB. Construct the resultant force OC and prove 
that its projection on the coordinate axis is equal to the 
sum of the projections of the components on the same 
axis. 

21. Given the points A{\, 2), B (3, 5), C (5, 2), and 

D(2, —2). Applied at the point A are forces AB, AC 

and AD. Find the projections of the resultant force on 
the coordinate axes and its value. 


1.2, Dividing a Line Segment in a Given 
Ratio. The Area of a Triangle and a Polygon 


1°. Dividing a line segment in a given ratio. Given 
two points A (Xi, y^) and B{x^, y^). The coordinates of 
the point M{x, y) that divides the segment AB in the 
ratio AM\MB = X are determined by the formulas 


^ i+x » y -Tfir- 



In a particular case when M is the midpoint of the 
segment AB (i.e. when 1:1 = 1) 



Xi + Va 
2 * 


2 



2°. The area S of a polygon with the vertices A(x,, y,), 
1 /a). C(Xa, i/a), F(x„, y„) is given by the for- 
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mula 




yx 



■^2 

■^8 





The expression 


yx 

■^2 y 2 


equals 


a determinant of the second order*. 


and is called 


22. Plot the points A( —2, 1), and B(3, 6) and find 
the point M which divides AB in the ratio AM\MB~3\2. 

23. Given the points A( —2, 1) and (3, 6). “Divide” 
the segment AB in the ratio AM\MB = —3:2. 

24. Masses and are placed at the points A (xj 
and B(x^ on the axis OX. Find the centre of mass of 
this system. 

25. Masses mj, and are placed on the axis OX 
at the points ^ (xj, B(x^), and C(X 3 ) respectively.* Show 
that the centre of mass of this system is found at the 

int + 

26. The ends of a 40 cm 500 g uniform bar are fitted 
with balls weighing 100 g and 400 g. Determine the centre 
of gravity of this system. 

27. Masses of 60 g, 40 g, and 100 g are placed at the 
points A{ —2, 4), B (3, —1), and C(2, 3) respectively. 
Determine the centre of mass of this system. 

28. Determine the midpoints of the sides of a triangle 
w'ith the vertices ^4 (2, —1), B(4, 3), and C(—2, 1). 

29. In a triangle with the vertices 0(0, 0), -4 (8, 0), 
and B(0, 6) determine the lengths of the median OC and 
of the bisector OD. 

30. Find the centre of gravity of a triangle with the 
vertices .4(1, —1), B(6, 4), and C (2, 6). 

Hint. The centre of gravity of a triangle is found at 
the point of intersection of its medians. 

31. Compute the surface area of a triangle whose ver¬ 
tices are 4(2, 0), B(5, 3), and C(2, 6). 


• For more detail see Chapter 4, 
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32. Show that the points ^4 (1. 1), B (—1, 7). and C (0. 4) 
belong to one straight line. 

33. Calculate the area of a quadrangle with the ver¬ 
tices A(3, 1). 5(4. 6). C(6, 3). and />(5, —2). 


34. Two parallel forces equal to 300 N and 400 N are app¬ 
lied at the points A (—3, —I) and 5(4. 6) respectively. 
Find the point of application of the resultant force. 

35. Masses of 500 g. 200 g, and 100 g are placed at the 
points 0(0, 0). ^{2, —5). and 5(4. 2) respectively. De¬ 
termine the centre of mass of this system. 

36. In a triangle with the vertices A {—2, 0), 5(6, 6), 
and C(l, —4) determine the length of the bisector AE. 

37. Find the centre of gravity of a triangle with the 
vertices /l(x,. y^), B(x^, i/a), and C(X 3 , ys). 

38. Find the centre of gravity of a uniform quadran¬ 
gular board with the vertices A{ —2, 1), 5(3, 6), C(5, 2), 
and 0(0, —6). 

Hint. Using the formulas obtained in Problem 37 find 
the centres of gravity of the triangles ^5C and ADC and 
divide the distance between the centres in the ratio rever¬ 
sely equal to the ratio of the areas of the triangles. 

39. Given the points 4(1, 2) and 5(4, 4). On the axis 
OX determine a point C so that the area of the triangle 
ABC is equal to 5 square units. Construct the triangle ABC. 

40. In a triangle with the vertices A (—2, 2), 5(1, —4), 
and C(4, 5) each side is extended by one third of its 
length in the direction corresponding to the counter¬ 
clockwise traverse of the perimeter of the triangle. Deter¬ 
mine the end-points M, N, and P of the extensions and 
find the ratio k of the areas of triangles MNP and ABC. 

1.3. The Equation of a Line as a Locus of Points 

The equation of a line is defined as the equation which 
relates the variables x and y if and only if the coordinates 
of any point of this line satisfy the equation. 

The variables x and y entering the equation of a line 
are called running (moving, or current) coordinates, and 
the literal constants — parameters. For instance, in the 
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equation of a circle (Problem 41) + = the variab¬ 

les X and y are the running coordinates, and the con¬ 
stant R IS a parameter. 

To set up an equation of a line as a locus of points 
possessing one and the same property we have to: 

(1) take an arbitrary (running) point M (x, y) on the line. 

(2) express the general property of all the points M of 
the line through an equation, 

(3) express the line segments (and angles) entering this 
equation in terms of the running coordinates of the point 

y) and through the coordinates given in the spe¬ 
cific problem. 


41. Show that x^'\~y^=^R^ is the equation of a circle 
of radius R and with the origin as centre. 

42. Write the equation of a circle with the centre at 
C (3, 4) and radius R—b. Do the points A{ —1, 1), 
^(2, 3). 0(0, 0), and D(4, 1) lie on this circle? 

43. Write the equation of a line generated by a mo¬ 
ving point M (x. y) which is equidistant from the points 
A (0. 2) and B(4. —2). Do the points C(—l. 1), 0(1. —1), 
£ (0, —2), and £(2. 2) lie on this line? 

44. Write the equation of the trajectory of a moving 
point M {x, y) which always remains three times farther 
from the point ^4(0, 9) than from the point £(0, 1). 

45. Write the equation of the trajectory of a moving 
point M {x, y) which always remains twice nearer to the 
point A( —1. 1) than to the point B{ —4, 4). 

46. Write the equations of the bisectors of all the 
quadrants. 

47. Write the equation of the locus of points the sum 
of the distances between each of them and the points 

£(2, 0) and (—2. 0) being equal to 21/5 . Construct 

the line by its equation. 

48. Write the equation of the locus of points equidi¬ 
stant from the point F(2. 2) and the axis OX. Construct 
the line by its equation. 

49. Write the equation of the line along which a point 
M{x, y) moves remaining twice farther from the axis OX 
than from the axis OV. 
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50. Construct the following lines: (1) y = 2x-\-5’ 

(2) y^7—2x\ (3) y = 2x; (4) (/ = 4: (5) y :^4—x\' 

51. Determine the points of intersection of the line 
— 4x + 3 and the axes of coordinates and plot them. 

52. Determine the points of intersection of the axes of 
coordinates and the following lines: (I) 3x—2w=12: 
(2) y~x^-]-4x; (3) y^==2x-\-4. Construct these lines. 

53. Write the equation of the locus of points equidis¬ 
tant from the axis OY and the point F (4. 0). Construct the 
line on the basis of its equation. 


54. Write the equation of the line along which a point 
M (x, y) moves remaining equidistant from the origin and 
the point A( —4, 2). Do the points Bi —2, 1) C(2 3) 
D{1. 7) belong to this line? 

• i equation of the trajectory of a moving 

point M (Xf y) which all the time remains twice nearer 
to the point >1(0, —1) than to the point B(0, 4). Con¬ 
struct the trajectory of its motion. 

56. Determine the points of intersection of the axes of 
coordinates with the following lines: (1) 2x + 5w+10=:0' 

i/=‘ = 4 —x. Construct these lines! 

57. Write the equation of the locus of points equidi- 

stan from the axis OX and the point F {0, 2). Construct 
the line by its equation. 

58. Write the equation of the locus of points the diffe¬ 
rence between the distances of each of which from the po- 

iTno Tn and ^(2. 2) is equal to 4. Construct the 

line on the basis of its equation. 

Equation of a Straight Line: 

[1) Slope-Intercept Form, (2) General Form, 

(3) Intercept Form - - 

r. The slope-intercept equation of the straight line: 

y~kx-\-b. ^ I ^ 

IJele^’T nf*®" ^ the inclination 

(ft-tana^ ^ a straight iine with respect to the axis OX 
(A tana) and is cailed the slope of the line. The para- 
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meter b is the length of the intercept on the axis OY or 
the initial ordinate. 

2®. The general equation of the straight line 

Ax+By + C = 0. (2) 


Particular cases: 

(a) if C = 0, then i/ = —the straight line passes 

through the origin; 

(b) If S = 0. then jc = —-^=a—the straight line is pa¬ 

rallel to the axis OY; 

(c) if A = 0. then y=—^ = b — ihe straight line is pa- 

rallei to the axis OX; 

(d) if S = C = 0, then Ax = 0, x = 0 —the axis OY\ 

(e) if A=C-=0, then By = 0, the axis OX. 

3°. The intercept equation of the straight line; 



where a and b are the intercepts cut off by the line on 
the OX- and OK-axis respectively. 


59. Construct a straight line cutting off an intercept 
b=3 on the axis OY and forming with the axis OX an 
angle of; (1) 45°; (2) 135°. Write the equations of the lines. 

60. Construct a straight line cutting off an intercept 
b = —3 on the axis OY and forming with the axis OX an 
angle of: (1) 60°; (2) 120°. Write the equations of the lines. 

61. Write the equation of a straight line passing through 
the origin and inclined to the OX-axis at an angle of: (1) 45°; 

(2) 60°; (3) 90°; (4) 120°; (5) 135°. 

62. Construct the straight line passing through the ori¬ 
gin and the point (—2. 3) and write its equation. 

63. Determine the parameters k and b for each of the 
following straight lines: (1) 2x—3(/ = 6: (2) 2x-i-3i/ = 0; 

(3) i/ = -3; (4) 7 + 1= 1. 

64. Construct the following straight lines; (1) 3x + 4^ = 12; 
(2) 3x—4(/ = 0; (3) 2x—5 = 0; (4) 2i/ + 5 = 0. 
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65. Determine the parameters k and b of the straight 
line passing through the point A (2. 3) and forming an 
angle of 45° with the axis OX. Write the equation of this line. 

66. Reduce the following equations of the straight lines 
to the intercept form: (1) 2x —3t/ = 6: (2) 3 a:—2^+4 = 0. 

67. Given the points 0(0, 0) and A (—3, 0). Constructed 
on the segment OA is a parallelogram whose diagonals 
intersect at the point S(0, 2). Write the equations of the 
sides and diagonals * of the parallelogram. 

68. Write the equation of the straight line passing through 
the point A (4, 3) and cutting off from the corresponding 
quadrant a triangle whose area equals 3 square units. 

69. The straight lines —2 and y = 4 intersect the 

straight line 3 a:— 4y —5 = 0 at the points^ and B respec¬ 
tively. Construct the vector ABi determine its length and 
its projections on the axes of coordinates. 

70. Are the points A (3, 5), B(2, 7). C(—I. —3). and 
D{ — 2, —6) on the straight line y~2x —1 or are they 
above or below this line? 

71. What is the geometrical meaning of the inequalities: 
(1) y>3x+\\ (2) ^<3x+l; (3) 2x+i/ —4>0; 
(4) 2x-f y —4 < 0? 

72. Construct the domains** containing the points whose 
coordinates satisfy the inequalities: 

(1) y < 2—x, x > —2. y > —2; 

(2) y > 2—AT. X < 4, y <0\ 

(3) I. i/>x + 2, 4. 

73. A point M (x, y) moves so that the difference of the 
squares of its distances from the points A{ —a, a) and 

B(a, — a) remains equal to 4a‘^. Write the equation of its 
trajectory. 

74. Write the equation of the trajectory of the point 
M (X, y) whose projection on the axis OX moves at the 

* The expression “the equations of the sides and diagonals”, as 
used in this book, means "the equations of the straight lines on which 
the sides and diagonals lie”. 

*.* term “domain” here means a portion of the plane XOY 
containing points such that the coordinates of each of them satisfy 
certain conditions (say, inequalities). If a domain contains the boundary 

points, then it is called a closed domain. Otherwise it is called an open 
domain. 
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velocity of m units per second, and the projection on the 
axis OY at n units per second. The starting position of 
the point is Mo(a, b). 


75. Construct the straight lines given by the parameters: 
(1) b = —2, 9 = 60° and (2) b = —2, 9=120° and write 
their equations. 

76. Determine the parameters k and b of the straight 
line passing through the point (—2, 3) and forming an 
angle of 45° with the axis OX. Construct this line and 
write its equation. 

77. An isosceles trapezoid with bases of 8 cm and 2 cm 
has an acute angle of 45°. Write the equations of the sides 
of the trapezoid taking its greater base for the axis OX 
and the axis of symmetry of the trapezoid for the axisOV. 

78. Write the equations of the sides of a rhombus with 
the diagonals 10 cm and 6 cm long, taking the greater 
diagonal for the axis OX and the smaller for OY. 

79. Write the equation of the straight line passing through 
the point (—4, 6) and cutting from the coordinate axes 
a triangle whose area is equal to 6 square units. 

80. Write the equation of the line along which a point 
M(x, y) moves remaining twice farther from the axis OX 
than from the straight line x = —3. 

81. The straight lines x = — 1 and x = 3 intersect the 
straight line y = 2x4-1 at the, points A and 5 respectively. 

Determine the length of the vector AB and its projections 
on the coordinate axes. 


1.5. The Angle Between Two Straight Lines. 
The Equation of a Pencil of Straight Lines 
Passing Through a Given Point. The Equation 
of a Straight Line Passing Through Two 
Given Points. The Point of Intersection 

of Two Straight Lines 


1°. The angle 9 between the two straight lines = 4^1 

and y = ^2x4-bjj. measured counterclockwise is determi¬ 
ned by the formula 


tan9 = 


— ^1 
1 4 ^1^8 


( 1 ) 
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For two straight lines given by the equations 

+ + -=0 and A^x-\- 

the above formula takes the form 


tan (p 


A\A^ -f- B^B^ 


The condition for the parallelism of two straight lines 
IS the equality of their slopes 



The condition for the perpendicularity of two straight 
lines is given by the relation 



or A,A^-irB,B^=.Q. 


2°. The equation of a pencil of straight lines passing 
through a given point A{x^, y^) ® 

y—yx^k(x~x^). ( 2 ) 

3 . The equation of a straight line passing through two 
given points A(x^, y,) and y^) 


y^yi ^ 

yi—yi™x^^xi* (3) 


4°. The point of intersection of two non-parallel straight 

+ + and A^x-^B^^C^=^0 is found by 

solving the system of their equations. We get 



82, Determine the angle between two straight lines: 



i/ = 2;c—3, 

*/ = y 1; 


I 5x—1/ + 7 = 0. 

\2x—3^+I«.0; 



+1/ = 0, 

^ = 3x—4; 
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l3x + 2^ = 0. |3x-4i, = 6. + ' 

\6x + 4i/ + 9 = 0; ^°'\8x + 6y=n; ''|£ + i^=l. 

\ b a 

83. Which of the straight lines 3x—2// + 7 =0, 6x—4y — 
— 9 = 0, 6x + 4i/—5 = 0, 2x + 3i/—6 = 0 are parallel or 

perpendicular to each other? 

84. Write the equation of a pencil of straight lines 
passing through the point A (2, 3). Choose out of this pencil 
the straight lines inclined to the axis OX at angles: (1) 45°, 
(2) 60°, (3) 135°, (4) 0°, and construct them. 

85. Plot the point A (—2, 5) and the straight line 
2x—y = 0. Write the equation of a pencil of straight lines 
passing through the point ^4, and choose from the pencil: 
(1) the straight line parallel to the given one, (2) the 
straight line perpendicular to the given one. 

86. At the points of intersection of the straight line 
2x—5£/—10 = 0 with the coordinate axes perpendiculars 
are erected to this line. Write their equations. 

87. Write the equation of the straight line passing 

through the points A( —1, 3) and 5(4, —2). 

88- In a triangle with the vertices A (—2. 0), 5 (2, 6), 
and C(4, 2) the altitude BD and the median BE are drawn. 
Write the equations of the side AC, the median 55, and 
the altitude BD. 

89. Find the interior angles of a triangle whose sides 
are given by the equations: x + 2r/ = 0, x + 4r/—6 — 0, 

X — 4y —6 = 0. I -4 • 

Hint. To find the interior angles of a triangle it is ne¬ 
cessary to arrange the angular coefficients of the sides in 
the decreasing order: k^, and then to compute 

tangents of the angles using the formulas: 

and Check the solution by making a drawing and 

placing one of the vertices at the origin. 

90. Write the equations of the straight lines passing 
through the origin at an angle of 45° to the straight line 
^ = 4—2;c. 
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91. Write the equations of the straight lines passing 
through the point -4(—1, 1) at an angle of 45° to the 
straight line 2x + 3i/ = 6. 

92. A light beam emanates from the point A (5. 4) at 
an angle (p = arctan 2 to the OX-axis and is reflected by 
the latter. Write the equations of the incident and reflected 
beams. 

93. Determine the vertices and the angles of a triangle 

whose sides are given by the equations: x4-3w=0. x = 3 
X—2//-t-3 = 0. -r £/ . . 

94. A segment of the straight line 3x + 2^ = 6 cut off 
by the coordinate axes serves as the hypotenuse of a right 
triangle. Find the vertex of the right angle if it is known 
that it is situated above the given line. 


95. Given a triangle with the vertices A (—2. 0), B (2, 4) 

and C (4, 0). Write the equations of the sides of the triangle' 

the median AE, the altitude AD and find the length of the 
median AE. 

96. Write the equations of the sides and find the angles 
of a triangle with the vertices /I (0, 7). B(6, -1). Ind 

w ( ^ ^ 1 ) . 

97. The straight line 2x—(/ + 8 = 0 intersects the axes 

points A and B respectively. A point 
M divides ^5 in the ratio AM;AfB = 3:1. Write the 

equation of the perpendicular erected to AB at the 
point M. 

98. Construct a triangle whose sides are given by the 

equations: x + 3x-^ = 0. x-3£/-8 = 0; find the 

angles and the area of the triangle. 

99. Find the point of intersection of the medians and 
the point of intersection of the altitudes of a triangle 
whose^ vert ices are the points .4 (—4. 2), B{2, —.5), and 

100. A light beam emanates from the point A (—5 6) 

bv ® and is reflected 

of alV thr« b'eams 
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1.6. The Normal Equation of a Straight Line, 
The Distance of a Point from a Straight Line, 
Equations of Bisectors. The Equations of a 
Pencil of Straight Lines Passing Through 
the Point of Intersection of 
Two Given Straight Lines 

The normal equation of a straight line: 

xcosp + i/sin P—p = 0, 


(1) 

where p is the length of the perpendicular (the normal) 
dropped from the origin to the straight line and p is the 
angle of inclination of this perpendicular to the axis OX. 
In order to reduce the general equation of the straight 
line Ax-\- By-\-C = 0 to the normal form we have to mul¬ 
tiply all its terms by the normalizing factor A4 = zb 

taken with the sign opposite to that of the constant term C. 

2°. The distance d of a point y^) from a straight 
line IS found by substituting the coordinates (Xq, y^) for the 
current coordinates in the left-hand member of the normal 
equation of the straight line. The resulting number is taken 
by the absolute value: 

( 2 ) 


d = 1 Xo cos p + t/o sin p—|, 


or 


d = 


I Axq-\- flffp-bC 


( 2 ') 


3®. The equations of the bisectors of the angles between 
the straight lines Ax-{-By-\-C = 0 and AiX-\-Biy~\-Ci = 0: 

Ax-\- By-\-C _ , AiX-\- Biy-i-Ci 


}Ta^+B^ 


VaI + Bl 


(3) 


4°. The equation of a pencil of straight lines passing 
through the point of intersection of two given straight 
lines: 

cL(Ax-\-By-\‘C)-\-^ (A.^x-\- B^y-\-CT) — G. (4) 

Putting a — 1 we thus exclude the second straight line from 
the two given out of the pencil (4). 
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101. Reduce the following equations of straight lines 
to the normal form: 

(1) 3a:— 4(/—20 = 0, (2) a: + (/ + 3 = 0, (3) y = kx + b. 

102. Construct the straight line if the length of the nor¬ 
mal /? —2, and the angle p of its inclination to the axis OX 
is equal to: (1) 45®, (2) 135°, (3) 225°. (4) 315°. Write the 
equations of these straight lines. 

103. Find the distances of the points >1(4, 3), B (2, 1), 
and C(l, 0) from the straight line 3x-\-4y —10 = 0. Plot 
the points and the straight line. 

104. Find the distance between the origin and the 
straight line 12a: —5^+ 39 = 0. 

105. Show that the straight lines 2a: —3^=6 and 4x—Qy — 
= 25 are parallel, and find the distance between them. 

Hint. Take an arbitrary point on one of the lines and 
find its distance from the other line. 

106. Find k from the condition that the distance bet¬ 
ween the straight line y = kx-\-5and the origin is d = V"5. 

107. Write the equation of the locus of points 4 units 
distant from the straight line 4x —3^ = 0. 

108. Set up the equation of the straight line 4 units 
distant from the point 4 (4,—2) and parallel to the 
straight line 8x — \ty = 0. 

109. Write the equations of the bisectors of the angles 
between the straight lines 2a: + 3^=10 and 3a:+2(/=10. 

110. Write the equations of the bisectors of the angles 
between the straight lines 3x + 4(/=12 and ^ = 0. 

111. Write the equation of the trajectory of a moving 
point M{x, y) which, during its motion, remains three 
times farther from the straight line y-=2x — 4 than from 
the straight line y = 4 — 2x. 

112. Write the equation of the straight line passing 
through the point M of intersection of the straight lines 
2-^ + i/ + 6 = 0 and 3x + 5t/— 15 = 0 and the point (1 —2) 
(without finding the point M). 

113. Write the equation of the straight line passing 
through the point M of intersection of the straight lines 
Sac £/+10 = 0 and 8x+4y + 9 = 0 parallel to the straight 
line a: + 3^ — 0 (without finding the point M). 
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114. Find the altitude BD in a triangle with the verti¬ 
ces ^(—3, 0), B{2, 5), and C(3, 2). 

115. Write the equation of the straight line passing 
through the point A (2, 4) at a distance ofd = 2 from the 
origin. 

116. Check to make sure that the points A( —4, —3), 
B{ — 5. 0), C(5, 6), and Z)(l. 0) serve as the vertices of 
a trapezoid, and find its altitude. 

117. A straight line is drawn through the origin at equal 
distances from the points A (2, 2) and B (4, 0). Find this 
distance. 

118. Write the equations of a locus of points ^5 distant 
from the straight line x-i-2y —5 = 0. 

119. Write the equation of the trajectory of a moving 
point M {x, y) which, while in motion, remains twice as 
far from the straight line y=x as from the straight line 
y=-~x. 

120. Write the equation of a straight line passing through 
the point M. of intersection of the straight lines 2x—3f/+ 
-j-5 = 0 and 3x-\-y — 7 = 0 perpendicular to the straight 
line y=^2x (without finding the point Af). 

1.7. Miscellaneous Problems 

121. Through the origin draw a straight line forming with 
the straight lines x-\-y^a and = 0 a triangle whose area 

is a^. 

122. Given the points A( —4, 0) and 5(0, 6). Through 
the midpoint of the line segment AB draw a straight line 
cutting off an x-intercept twice as long as the ^/-intercept. 

123. Given the points A( — 2, 0) and 5(2, —2). Const¬ 
ructed on the line segment OA is a parallelogram OACD 
whose diagonals intersect at the point 5. Write the equa¬ 
tions of the sides and diagonals of the parallelogram and 
find the angle CAD. 

124. Find the angles and the area of the triangle formed 
by the straight lines y — 2x, y = — 2x, and y=x-{-b. 

125. Drawn from the origin are two mutually perpendi¬ 
cular straight lines forming an isosceles triangle together 
with the straight line 2x-^y = a. Find the area of this 
triangle. 
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126. Find the interior angles of a triangle given the 
equations of its sides: {AB) x —3^ + 3 = 0 and (AC) x-\-3y-{- 
+ 3 = 0, and the foot D( —1. 3) of the altitude AD. 

127. Given the equations of the lateral sides of an isosce¬ 
les triangle: 3x + (/ = 0 and x —3^ = 0, and a point (5; 0) 
on its base. Find the perimeter and the area of the triangle. 

128. Given in a triangle ABC: (I) the equation of the 
side (AB)3x^2y—\2, (2) the equation of the altitude 
(BM)x+2^=4, (3) theequationof the altitude(/lAf)4x+^=6. 
where M is the point of intersection of the altitudes. Write 
the equations of the sides AC, BC and the altitude CM. 

129. Two sides of a parallelogram are given by the equa¬ 
tions y = x—2 and Sy=x-\-6. Its diagonals intersect at 
the origin. Write the equations of two other sides of the 
parallelogram and its diagonals. 

130. Given a triangle with the vertices A (0. —4), B (3, 0), 
and C(0, 6). Find the distance between the vertex C and 
the bisector of the angle A. 

131. Write the equation of the trajectory of a point 
M (x, y) moving so that the sum of its distances from the 

straight lines y = 2x and y = —^ remains constant and is 
equal to 5. 

132. Construct the domains the coordinates of the points 
of which satisfy the inequalities: 

(1) X—2<v<0, and x > 0; 

^2) _2^^^x^2; 

(3) 2 < 2x + ^ <8, X > 0, and y > 0. 

133. The sides AB and BC of a parallelogram are given 
by the equations 2x—^ + 5 = 0 and x — 2^ + 4 = 0: its 
diagonals intersect at the point M (I, 4). Find its altitudes. 

134. Find the vertices of a right isosceles triangle given 
the vertex of the right angle C(3, —1) and the equation 
of the hypotenuse 3x — 1 / + 2 = 0. 

135. Given two vertices of a triangle A{ — 4, 3) and 
B(4, —1) and the point of intersection of the altitudes 
M (3, 3). Find the third vertex C. 

136. Compute the coordinates of the vertex of a rhom¬ 
bus given the equations of two of its sides: x + 2^ = 4 and 
x + 2^=10, and the equation of one of its diagonals: 
f/-;c + 2. 
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137. Set up the equations of the sides of a triangle 
knowing one of Its vertices A (0, 2) and the equations 
of the altitudes {BM)x-\-y=.^ and (CAf)^ = 2x, where Af 
IS the point of intersection of the altitudes. 

138. Given the straight line x + 2(/ —4 = 0 and the point 

^ (5, 7). Find: (1) the projection B of the point A on the 
given line, (2) the reflection C of the point A in the 
given straight line. 

Hint. Writing the equation of the perpendicular AB and 
solving it together with the equation of the given line, 
find the point B which is the midpoint of AC. 

139. Given the straight line 2x-\-y —6 = 0 and two points 
on it A and B with the ordinates i /^=6 and 1/5 = — 2 
respectively. Write the equation of the altitude of the 
triangle AOB, find its length and the angle DAB. 

IM. The Circle 

A circle of radius R with centre at the point C(a, b) 
Is given by the equation 

(x — aY + (y — bY = R\ (I) 

It may be rewritten as 

x^-\-y^A-mx-\-ny-\-p = 0 . ( 2 ) 

To pass over from Eq. (2) again to the equation of the 
form ( 1 ) we have to single out perfect squares in the left- 
hand member of equation ( 2 ): 

(^+t) +(i^+T) “T + T— P- (3) 

140. Write the equation of a circle of radius/? = 5 with 
centre C( —4, 3) and construct the circle. Do the points 
A(—1, —1), B(3, 2), 0(0, 0) lie on this circle? 

141. Given the point A (—4, 6 ). Write the equation 
of a circle for which the line segment OA serves as the 
diameter. 

142. Construct the circles: ( 1 ) + — 4 a:H- 6 w —3 = 0 ; 

(2)x2 + y 2 _ 8 x = 0; (3) + //=> +4(/ = 0. 

143. Construct the circle x® + -f 5x = 0, the straight 
line .^r-|-^ = 0 and find the points of intersection. 
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144. Write the equation of a circle tangent to the coordi¬ 
nate axes and passing through the point i4(l, 2 ). 

145. Find the angle between the radii of the circle 
x^-\-y^-\-4x — 6 r/ = 0 drawn to the points of intersection 
of the circle and the axis OY. 

146. Write the equation of a circle passing through the 
points ^(—1, 3), 5(0. 2). and C(l. —1). 

Hint. Write the equation of the required circle in the 
form x^-\-y^~Y^x-\-ny~\-p — 0, substitute the coordinates 
of each point into it, and then find m. n. and p. 

147. Write the equation of a circle passing through the 
points of intersection of the circle X“ + //2 + 4x — 4 ^ = 0 and 
the straight line j/ = — x, and through the point ^4 ( 4 , 4 ). 

148. Determine the location of the curve — Ax. 

Construct the curve. 

149. Write the equations of the straight lines drawn 

from the origin and tangent to the circle — 8 x — 

— 4i/+16 = 0. 

150. Given the point A (a, 0). A point M. moves so that 
the angle OM.A in the triangle OAf/l remains right. Deter¬ 
mine the trajectory of the point M.. 

151. Given the points A (— 6 . 0) and 5(2, 0). Find the 
locus of points wherefrom the line segments OA and 05 
are seen at equal angles. 

152. Determine the trajectory of a point M (x, y) which 
moves so that the sum of its squared distances from the 
points A (—a, 0), 5 (0, a), and C (a, 0) remains equal to 3a‘^. 

153. Determine the trajectory of a point M (x. y) which 
moves so that the sum of its squared distances from the 
bisectors of the quadrants remains equal to a*. 

154. Given the circle x 2 + f/ 2 ^a 2 . From the point A {a, 0) 
belonging to this circle all possible chords are drawn 
Determine the locus of the midpoints of the chords. 


155. Given the points A {—3, 0 ) and 5(3, 6 ). Write 

the equation of the circle for which the line segment AB 
IS the diameter. 


156. Find the centres and the radii of the circles- 

+ = x‘ + y^ + 5x — 7y + 2.5 

(3) x2-i-^2-f7^ = 0. Construct the circles. 


0 ; 
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157. A circle is tangent to the axis OX at the origin 
and passes through the point A (0, —4). Write the equa¬ 
tion of the circle and find the points at which it inter¬ 
sects the bisectors of the quadrants. 

158. Write the equation of a circle passing through the 
origin and the points of intersection of the straight line 
x-\-y-\-a = 0 with the circle x^-\-y^=^a^. 

159. Write the equations of the tangent lines drawn 

from the origin to the circle passing through the points 
/l(l, -2), B(0, -1), and C(-3 0). . 

160. Find the angle between the radii of the circle 
;c2 _I_^2_4 x+6(/—5 = 0 drawn to the points at which it 

intersects the axis OX. 

161. Show that the point A (3. 0) is located inside the 
circle + 4x + 2i/+1 =0 and write the equation of 

the chord bisected at the point A. 

Hint. The required chord is perpendicular to CA where C 

is the centre of the circle. 

162. A point M (x, y) moves so that the sum of its 
squared distances from the origin and the point A 
remains equal to Determine the trajectory of the 

point M. ^ XL • A 

163. Given the circle From the point 

A ( — 2. 0) belonging to it a chord AB is drawn and exten¬ 
ded by a distance BM=AB. Determine the locus of 

points M. . XL 1 

164. A line segment AN\.=a moves in the plane AUr 

rcnisining parsllcl to OX so that its l6ft end-point A 
slides along the circle x’= + {/* = a*. Determine the trajec- 

tory of the point M. 


1.9. The Ellipse 


An ellipse is the locus of points, the sum of the distan¬ 
ces of which from two given points F and (called the 
foci) IS a constant, 2a. This constant is required to be 
greater than the distance between the foci (F^F) (the 

focal length). ^ ... 

The canonical (standard) form of the equation of the 


ellipse: 
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The ellipse given by equation (1) is symmetrical with 
respect to both the axis OX and the axis OY (Fig. 1). 
The parameters a and b are called the semi-axes of the 
ellipse. Let a >6, then the foci F and are found on 

the axis OX at a distance c = from the centre. 

The ratio — = e < 1 is called the eccentricity of the ellipse. 
The distances of a point M(x, y) of the ellipse from its 



Fig. 1 


foci (the so-called focal radius vectors) are determined by 
the formulas 

r = a—ex, ri = a~\-ex. (2) 

If a <b, then the foci are located on the axis OF, 
c = ]/^b^ — a^, e = y, r = b:he.y. 

165. Construct the ellipse find its foci and 

the eccentricity. 

166. Write the canonical equation of the ellipse knowing 
that (1) the focal length is equal to 8 and the minor 
semi-axis 6 = 3; (2) the major semi-axis a = 6 and the 
eccentricity e = 0.5. 

167. Find the minor semi-axis b and the eccentricity e 
of the ellipse whose major semi-axis a=5 and the para¬ 
meter c is equal to: (1) 4.8; (2) 4; (3) 3; (4) 1.4; (5) 0. 
Construct each of the ellipses. 

168. The earth orbits the sun forming an ellipse, the 
sun being situated at one of its foci. The minimum dis¬ 
tance of the earth from the sun is approximately equal 
to 147.5 million kilometres and the maximum distance 
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to 152.5 million kilometres. Find the major semi-axis and 
the eccentricity of the earth’s orbit. 

169. An ellipse symmetrical with respect to the coor¬ 
dinate axes passes through the points Af (2, |/3) and 
5(0, 2). Write its equation and find the focal radius 
vectors of the point M. 

170. An ellipse, symmetrical with respect to the coor¬ 
dinate axes and whose foci are found on the x-axis, passes 

through the point M{ —4, ]/~^) and has the eccentricity 
€=-^. Write the equation of the ellipse.and find the focal 


radius vectors of the point M, 

171. Find the length of the chord which bisects the 
angle between the axes of the ellipse x*-f2^*=18. 

172. Find the eccentricity of an ellipse whose focal 
length is equal to the distance between the end-points of 
the major and minor semi-axes. 

173. Inscribed in the ellipse x* + 4^* = 4 is a regular 
triangle one of whose vertices coincides with the end-point 
of the major semi-axis. Determine the coordinates of two 
other vertices of the triangle. 

Hint, Write the equation of one of the sides having the 
slope tan 30°, and find the points at which it intersects 
the ellipse. 

174. On the ellipse Ox” + 25^* = 225 find the point whose 
distance from the right-hand focus is four times the dis¬ 
tance from the left-hand focus. 


175. The ordinates of all the points of the circle x*-|-(/'*=36 
are reduced by Write the equation of the new curve. 


176. Determine the trajectory of a moving point M 
which all the time remains twice nearer to the point 
F( —1, 0) than to the straight line x = — 4. 

177. A line segment AB of a constant length a-{-b moves 
so that its end-point A slides along the axis OX, and the 
end-point B slides along the axis OY. Determine the tra¬ 
jectory of a moving point M of the segment which divides 
the latter into the following portions: BM—a and MA=b 
(Leonardo da Vinci’s elliptic compass). 

178. Given the circles x^-\-y^=b^ and <a). 

An arbitrary ray OBA intersects them at points B and A 
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respectively, wherefrom straight lines are drawn parallel 
to the coordinate axes to intersect at point M. Determine 
the locus of points M. 


179. Write the simplest equation of the ellipse in which 
the distances of one of the foci from the ends of the major 
axis are equal to 5 and 1. 

180. An ellipse symmetrical with respect t^ the coor¬ 
dinate axes passes through the points M(2)/3, 1^^) and 
A (6, 0). Write its equation, find its eccentricity and the 
distances of the point M from the foci. 

181. Find the length of the chord of the ellipse = 1 

directed along the diagonal of the rectangle constructed 
on the axes of the ellipse. 

182. Find the points common for the ellipse = 4 

and a circle passing through the foci of the ellipse and 
having its centre at the upper vertex of the ellipse. 

183. On the straight line x — — 5 find the point equi¬ 
distant from the left-hand focus and upper vertex of the 
ellipse H-= 20. 

184. On the ellipse x^-\-by'^~20 find the point whose 
radius vectors are mutually perpendicular. 

Hint. The required points are the points at which the 
ellipse is intersected by the circle passing through the 
foci of the ellipse and having its centre at the origin. 

185. The abscissas of the points of the circle 
are doubled. Determine the curve thus obtained. 

186. Determine the trajectory of a moving point N[ which 
all the time remains three times nearer to the point 
A{\, 0) than to the straight line x = 9. 

1.10. The Hyperbola 

The hyperbola is the locus of points whose distances 
from two fixed points F and (called the foci) have a 
constant difference 2a (0 < 2a < F,F). 

The canonical (standard) equation of the hyperbola: 
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The hyperbola given by equation (1) is symmetric about 
the coordinate axes (Fig. 2). It intersects the axis OX at 
two points A {a, 0) and A^( —a, 0). These points are the 
vertices of the hyperbola. The axis OY is not intersected 
by the hyperbola. The parameter a is called the transverse 
semi- axis; b , is the conjugate semi-axis. The parameter 

c ~ lAa "^is the distance of the focus from the centre. 
The ratio — = e> I is called ihe eccentricity of the hyper¬ 
bola. The straight lines y^zh-^x are called the asymp¬ 
totes of the hyperbola. The distances of a point M(x, y) 



of the hyperbola from its foci (called the focal radius 
vectors) are determined by the formulas 

r = \ex — a\, r^ = \ex + (i\. (2) 

The hyperbola in which a = b is termed equilateral, 
equiangular, or rectangular; its equation is x"^ — y^ = a^^ 
and the equations of the asymptotes are y = ±x. The 

hyperbolas ^ ■fr—^ called conjugate. 

187. Construct the hyperbola x^ — 4y^=\8 and its 
asymptotes. Find the foci, the eccentricity, and the angle 
between the asymptotes. 

188. A point M with the ordinate equal to unity is 
taken on the hyperbola x^ —4^2=16. Find the distances 
of the point M from the foci. 
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189. Write the canonical equation of the hyperbola given 
(1) the focal length 2c=I0 and the distance between the 

vertices 2a=8; (2) the transverse semi-axis a = 2Y^ and 

the eccentricity e = |/ 1.2. 

190. A hyperbola is symmetric about the_ coordinate 

axes, passes through the point At (6, —21/2), and has 
the conjugate axis 6 = 2. Write its equation and find the 
distances of the point At from the foci. 

191. Write the equation of a hyperbola whose vertices 
are situated at the foci, and the latter at the vertices of 


the ellipse 



192. Write the equation of the hyperbola which has the 

eccentricity e=)/2, passes through the point (2a, aY^) 
and is symmetric about the coordinate axes. 

193. Construct the hyperbola , find the coor¬ 

dinates of its foci and the angle between the asymptotes. 

194. Write the equations of the straight lines drawn 
from the point A (0, —2) tangent to the hyperbola 

= 16 . 

195. Find the distance of the focus of the hyperbola 


from its asymptotes, and the angles between 
the asymptotes. 

196. Find the side of the square inscribed in the hyper- 
bola analyse in which hyperbolas a square 


can be inscribed. 

197. Find the eccentricity of the hyperbola whose asymp¬ 

tote forms with the transverse (real) axis an angle of: 
(1) 60^ (2) a. _ 

198. Determine the location of the curve y= —l/9-hx^. 
Construct this cqjrve. 

199. Determine the trajectory of a moving point M (x, y) 
which all the time remains twice nearer to the straight 
line x~ \ than to the point F(4, 0). 

200. Given the points Al —1, 0) and B(2, 0). A point A1 
moves so that in the triangle AMB the angle B all the 
time remains twice the magnitude of the angle A. Deter¬ 
mine the trajectory of the point M. 


2 * 
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201. Given the point A (a, 0). A point B moves along 
the axis OY. On a straight line B£, which is parallel to 
the axis OX, line segments BM and BM^ are laid off, 
each of them being equal to AB. Determine the locus of 
the points M and Mj. 

202. Given the straight lines ± and = ±a(^<a). 
An arbitrary ray OA (Fig. 3) intersects the line x = b (or 
x = — b) at point B, and the line x~a (or x = — a) at 



point A, With OA as radius an arc is drawn to intersect 
OX at point C. Through the points B and C straight lines 
are drawn parallel to OX and OY, respectively, to intersect 
at point M. Determine the locus of points M. 


203. Write the canonical equation of a hyperbola knowing 
that the distances of one of its vertices from the foci are 
equal to 9 and 1. 

204. Find the points of intersection df the asymptotes 
of the hyperbola — 3^^ = 12 and a circle having its 
centre at the right-hand focus of the hyperbola and passing 
through the origin. 


205. A hyperbola passes through the point M ^6, y , 
is symmetric about the coordinate axes, and has a trans- 
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verse semi-axis 0=4. Write the equations of the perpen¬ 
diculars dropped from the left-hand focus of the hyperbola 
to its asymptotes. 

206. On the hyperbola 9x*—16^^=144 find the point 
twice as far from the right focus as from the left one. 

207. On the hyperbola x®— y^~4 find the point whose 
focal radius vectors are mutually perpendicular (see the 
hint to Problem 184). 

208. A point M divides the focal length of the hyperbola 
9x^ —16i/='=144 in the ratio FiM:MF~2:3, where F^ is 
the left-hand focus of the hyperbola. Through the point 
M a straight line is drawn at an angle of 135° to the 
axis OX. Find the points at which this line intersects the 
asymptotes of the hyperbola. 

209. Determine the trajectory of a point M which moves 
so that it remains twice as far from the point F{ —8. 0) 
as from the straight line x = — 2. 

210. Given the points A (—a, 0) and B (2a. 0). A point 
M moves so that the angle MAB remains one third the 
exterior angle AMC of the triangle AMB. Determine the 
trajectory of point M. 

1.11. The Parabola 

The parabola is the locus of points (M) equidistant 
from a given point (the focus) and a given straight line 
(the directrix). 

The canonical equation of the parabola has two forms: 

(1) y^ = 2px if the parabola is symmetric about the axis 
OX (as in Fig. 4); 

(2) x^~2py if the parabola is symmetric about the axis 
OY (as in Fig. 5). 

In both cases the vertex of the parabola, i.e. the point 

lying on the axis of symmetry, is found at the coordinate 
origin. 

The parabola y^^2px has the focus ^ (y. o) and the 
directrix x=—the focal radius vector of a point 
M(x, y) on it is r=x^-^. 
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The parabola x^ = 2py has the focus f ^0, and the 
directrix y =——; the focal radius vector of a point 
M(x, y) on it is = ^ + 




211. Set up the equation of the locus of points equi¬ 
distant from the point F (0, 2) and the straight line y=^. 
Find the points at which this curve intersects the coor¬ 
dinate axes and construct it. 

212. Set up the equation of the locus of points equi¬ 
distant from the coordinate origin and the straight line 
x=—4. Find the points at which this curve intersects 
the coordinate axes and construct it. 

213. Construct the parabolas given by the equations: 
(1) i/-=-4x; (2) £/2 = —4x; (3) x'^ = Ay\ (4) x* = —4i/, and 
also their foci and directrices; write the equations of the 
directrices. 

214. Write the equation of a parabola: (1) which passes 
through the points (0, 0) and (1, —3) and is symmetric 
about the axis OX\ (2) which passes through the points 
(0, 0) and (2, —4) and is symmetric about the axis OY. 

215. The cable of a suspension bridge has the form of 
the parabola (Fig. 6). Write its equation with respect to 
the axes shown in the drawing if the cable deflection 
OA=a and the span BC=2b. 

216. Write the equation of a circle tangent to the 
directrix of the parabola y^ — 2px, the centre of the circle 
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lying in the focus of the parabola. Find the points of 
intersection of the parabola and the circle. 

217. Write the equation of the parabola and its direct¬ 
rix if the parabola passes through the points of intersec¬ 
tion of a straight line x-\-y — 0 and a circle x’* + r/’* + 4^ = 0, 



and is symmetric about the axis OY. Construct the circle, 
the straight line, and the parabola. 

218. On the parabola y'^ — ^x find the point whose local 
radius vector is equal to 4.5. 



219. The mirror surface of a searchlight is generated 
by revolving a parabola about its axis of symmetry. The 
diameter of the mirror is equal to 80 cm; its depth, to 
10 cm. At what distance from the vertex of the parabola 
should a light source be placed? 
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Hint. In order to reflect the light as a parallel beam 
the source should be placed in the focus of the para bola . 

220. Determine the location of the curve y = — Y — x* 
Construct this curve. 

221. All possible chords are drawn from the vertex of 
the parabola y^ = 2px. Write the equation of the locus of 
midpoints of these chords. 

222. Determine the locus of the centres of circles tan¬ 
gent to the circle x^-\-y^^2ax and the axis OY. 

223. Given the points A (0, a) and B{a, a). The line 

segments OA and AB are divided into n equal parts by 
points Aj. Ae, Ag, ... and B^, B^, Bg, ... (Fig. 7). Let 
Afft be the point of intersection of the ray OB^ and the 
straight line which is parallel to OX. Show that 

such points lie on the parabola y^==ax. Construct the 
parabolas y^ = 4x, y^ = 5x, and r/’* = 3x using this method. 


224. Derive the equation of the locus of points equi¬ 
distant from the origin and the straight line x = 4. Find 
the points at which this curve intersects the coordinate 
axes and construct it. 

225. Derive the equation of the locus of points equi¬ 
distant from the point F {2, 0) and the straight line y=^2. 
Find the vertex of the parabola and the points of its 
intersection with the axis OX. Construct the parabola. 

226. Write the equation of the parabola: (1) passing 
through the points (0, 0), (—1, 2) and symmetric about 
the axis OX\ (2) passing through the points (0, 0), (2, 4) 
and symmetric about the axis OY. 

227. Write the equation of a parabola and its directrix 
if the parabola passes through the points of intersection 
of the straight line y = x and the circle + + = 0 
and is symmetric about the axis OX. Construct the straight 
line, circle, and parabola. 

228. A regular triangle is inscribed in the parabola 
^» = 2x. Determine its vertices (see the hint to Problem 173), 

229. Write the equations of the tangent lines to the 
parabola drawn from the point A (0, —2). 
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230. A straight line is drawn through the focus of the 
parabola — 4x at an angle of 120° to the OX-axis. 

Write the equation of the straight line and find the length 
of the chord thus obtained. 

1.J2. Directrices, Diameters, and Tangents 
to Curves of the Second Order 

1°. The directrices of the ellipse + (for a >6) 

and hyperbola ^ 3**^ defined as the straight lines 

parallel to the axis OY and drawn at a distance y from 

this axis, where e is the eccentricity. 

The equation of the directrices: 



For any point of the ellipse or hyperbola the ratio of 
its distance from the focus to the distance from the cor¬ 
responding directrix is equal to the eccentricity: 

■J = =- (2) 

2°. The locus of the midpoints of parallel chords is cal¬ 
led the diameter of a curve of the second order. The dia¬ 
meters of the ellipse and hyperbola turn out to be all the 
segments and rays of the straight lines passing through 
the centre, and the diameters of the parabola are the rays 
parallel to its axis. 

This is the equation of the diameter bisecting the chords 
with the slope tan a = k: 

for the curves -^±-^=1 (ellipse and hyperbola) 

(3) 

for the parabola y^ = 2px 

y=T- 

Two diameters of the ellipse or hyperbola such that 
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each one bisects the chords parallel to the other one are 
called conjugate. Their slopes k and are connected by 

the relation kk^= — ^ (for the ellipse) and kki = ^ (for 


the hyperbola). 

3°. The equations of lines tangent to: 



the hyperbola 




the parabola (y^ = 2px) yyo = p(x + Xo), 
where (Xq, ^o) the point of tangency. 


231. Construct the ellipse its directrices 

and find the distances of the point with the abscissa 
x = —3 from the right-hand focus and right-hand directrix. 

2 ^ 

232. Construct the hyperbola-^—^=1, its directrices 

and find the distances of the point with the abscissa x — 5 
from the left-hand focus and left-hand directrix. 

233. Write the canonical equation of the ellipse whose 


directrices are the straight lines x = dz 


4 

/3 


and whose 


major semi-axis is equal to 2. 

234. Write the equation of the hyperbola whose asymp¬ 
totes are y — ±:x, and the directrices are x = dzK6. 

235. Construct the ellipse x^-{~4y^=\6, the diameter 


conjugate diameter, and find the lengths 

Cl and bi of the constructed semi-diameters. 

236. Construct the hyperbola x^ —4£/* = 4, the diameter 
y = — X and its conjugate diameter. Find the angle bet¬ 
ween the diameters. 

237. Find the length of the diameter of the ellipse 


y 2 ij2 

- 4 --^= 1 
238. The 


which is equal to its conjugate diameter. 

2 2 

asymptote of the hyperbola —Tr=^ forms 


an angle of 60° with the axis OX. Write the equation of 
the diameter conjugate to the diameter y = 2x. Choose an 
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arbitrary line segment a and construct the curve, the 
diameters, and the chords parallel to the given diameter. 

239. Determine the locus of the midpoints of chords 
of the parabola y^~Ax which form an angle of 45® with 
the axis OX. 

240. Given the ellipse Through the point 

(—2, 1) draw a chord bisected at this point. 

241. Given the parabola y‘^ = —4x. Through the point 
(—2, —1) draw a chord bisected at this point. 

242. Making use of Problem 235 check the Apollonius 

theorem; + = + snd a,b, sin cp = ab, here and 

are the lengths of the conjugate semi-diameters, a and b, 
the semi-axes of the ellipse, and (p, the angle between 
the conjugate diameters. 

243. Write the equations of the straight lines tangent 
to the curves; (1) + 4^2= 16; (2) Sx^ — 1/2 = 3; (3)y^=^2x 
at the point with the abscissa Xo = 2. 

244. Show that if the straight line Ax + flt/-|-C = 0 is 

tangent to the ellipse then 

Hint. From the proportionality of the coefficients of 
the equations ^-1-^=1 and Ax-\- By + C = 0 determine 

|i2 

Xo and i/o and substitute them in the equation 1. 

245. Write the equations of the tangent lines to the 
ellipse x^-|-4^2 = 20 which are parallel to the bisector of 
the first quadrant. 

246. Write the equations of the tangent lines to the 
ellipse x^- 1 - 2^2 = 8 drawn from the point (0, 6). 

247. Write the equation of a tangent line to the ellipse 

•^4--|2 = 1 cutting off equal positive Intercepts on the 
coordinate axes. 

248. Show that if the straight line Ax-\-By~{-C = Q is 

2 

tangent to the hyperbola-^—-1^-= I, then A'^a’^ — B-b^^C^ 

(see the hint to Problem 244). 

249. Write the equations of the straight lines tangent 
to the hyperbola 4x^ — 9^^ = 36 and perpendicular to the 
straight line x-l-2^ = 0. 
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250. Prove that a normal to an ellipse is the bisector 
of the angle between the radius vectors of the correspon¬ 
ding point of the ellipse. 

251. Prove that a tangent to a hyperbola is the bisector 
of the angle between the radius vectors of the point of 
tangency. 

252. Prove that the rays emanating from the focus of 
a parabola are reflected from the parabola along straight 
lines parallel to its axis. 

Hint, Write the equation of the normal MN, find the 
point N at which it intersects the axis of the parabola, 
and prove that FM=FN, where F is the focus of the 
parabola. 

253. Find the points of intersection of the asymptotes 

2 2 

of the hyperbola 'ts directrices. 

254. Construct the ellipse x* + 4^^=16, its diameter 
y = x and the conjugate diameter, and find the angle 
between these diameters. 

255. Determine the locus (5f midpoints of the chords 
drawn in the hyperbola — 4y^=16 which form an angle 
of 45° with the axis OX. 

256. Given the hyperbola 4x^ — 1 /^ = 4. Through the point 
(2, 2) draw a chord bisected at this point. 

257. Taken on the ellipse 2^2 = 6 is a point M with 
the ordinate equal to unity and a negative abscissa. Find 
the angle between the straight line tangent to the ellipse 
at the point M and the line OM. 

258. Show that if the straight line Ax-{-By-^C = 0 is 
tangent to the parabola y^ = 2px then B^p — 2AC (see the 
hint to Problem 244). 

259. Write the equation of the straight line tangent to 
the parabola y^ = Sx and parallel to the straight line 
x4-(/ = 0. 

1.13. Transformation of Cartesian Coordinates. 

The Parabolas y = ax^-{• bxc 
and X = ay'^-{ byc. The Hyperbola xy = k. 

1°. The coordinates (x, y) in a given “old” system are 
transformed to the coordinates (X, Y) in a “new” system 
by the following formulas: 


Sec. 1.13. Transformation of Cartesian Coordinates 


45 


(1) for translating the coordinate axes and displacing 
the origin to the point (a, p) 

x=.X-\-a, + ( 1 ) 

(2) for rotating the axes by an angle (p 

Jc = Xcos(p—y sin (p, ^ = X sin q)4-ycos q). (2) 

2°. By carrying the origin to the point Oj (a, P), the 
equation y = a(x —a)2 + p is transformed to the form 



y and, consequently, defines a parabola with the 

vertex Oj (a, p) and an axis of symmetry parallel to 
the Oi/-axis (Fig. 8). By singling out a perfect square 
in the right-hand member, the equation y ax^bxc 
is transformed to the previous one and, therefore, also 
defines a parabola. For a > 0 the parabola is directed 
“upwards” from the vertex, for a < 0. “downwards”. 
3°.^By rotating the coordinate axes through an angle 
— the equation xy — k is transformed to the form 
y" = 2^ and consequently defines 3.n equilateral hyper¬ 
bola whose asymptotes coincide with the coordinate axes 
(Fig. 9). By translating the origin to the point 0^(a, P) 
the equation (x~a)(y~^)^k is brought to the form 
XY~~k and therefore also defines an equilateral hyperbola. 

260. (1) As a result of a translation of the coordinate 
axes the point 4(3, 1) attains new coordinates (2, —1). 
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Construct both the given and the new coordinate axes 
and plot the point A. 

(2) Find the acute angle through which the coordinate 
axes should be rotated for the point A (2, 4) to attain 
the new abscissa 4. Construct both systems of coordinates 
and plot the point A. 

261. Translating the coordinate origin, simplify the 
following equations; 


(I) + + 

(3) (i/ + 2)^ = 4(x-3): 

(5) — 6xH-8^=3: 

( 7 ) —4^2 + 8 x —24(/ = 24; 


(x+sr- 1 . 

K^) 9 r““ 

(4) 2r/ = -(x + 2)^ 

(6) — 8^ = 4x; 

( 8 ) x’* + 6 x + 5 = 2y. 


Construct both the old and the new coordinate axes 
and plot the curves. 

262. Rotating the coordinate axes through 45°, simplify 
the equations: (1) Sx’* — 6 x^ + = 32; (2) 3x®—lOx^-h 
+ 3^^+ 32 = 0. Construct both the old and the new coor¬ 
dinate axes and plot the curves. 

263. Plot the curve xi/ = —4 and transform the equa¬ 
tion by rotating the axes through an angle 9 = —45°. 

264. Translating the coordinate origin, bring to the 
form xy==k the equations of the following curves: 

( 1 ) xy — 2x = e; (2) xr/ —2x — 1 / + 8 = 0; (3) xf/ —x +2i/= 6 ; 
(4) xy-\-2x = 3y. 


Hint. Write the equation xyA-Ax-\-By-[-C = G in the 
form (xB) (yA) = AB — C. 

265. Construct the parabolas: 

(1) y^{x-2Y\ (2) (/ = (x—2)^ + 3; 

(3) ^ = (x + 2)^ (4) i/ = (x + 2)2—3. 


266. Construct the parabolas: 

( 1 ) i/ = x 2 —4x + 5; (2) ^ = x'* + 2x + 3; (3) y=—x’^-{- 

_l_ 2 x —-2 by singling out perfect squares in the right-hand 
members of the above equations. 

267. Construct the parabolas: (1) 4x — x* and 

( 2 ) 2 (/ = 3 + 2 x—x= finding the points at which they inter¬ 
sect the axis OX. 
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268. A water jet from a fountain reaches its maximum 
height of 4 m at a distance of 0.5 m from the vertical 
passing through the point 0 of water outlet. Find the 
height of the jet above the horizontal OX at a distance 
of 0.75 m from the point O. 

269. Derive the equation of the parabola which is 
symmetric about the axis OY and cuts off on it an inter¬ 
cept b, and on the axis OX, intercepts a and — a. 

Hint. Substitute the given coordinates of the points 
on the parabola (— a, 0). (a, 0), and (0, b) in the equa¬ 
tion of the form y = Ax^^Bx^C and then find A, B, 
and C. 

270. The parabola y = + passes through the 

points 0(0, 0), A{ —1, —3), and B{ —2, —4). Write the 
equation of the circle whose diameter is the x-intercept 
cut off by the parabola. 

271. Through what angle is it necessary to rotate the 

coordinate axes in order to eliminate the term containing 
xy in the equations: — xy-hy^ — 3 = 0; (2) — 4xy~\- 

+ 2y- — 24 = 0? Construct both the old and the new coor¬ 
dinate axes and plot the curves. 

272. Determine the trajectory of a bullet shot at an 
angle of cp to the horizon with the initial velocity v^. 
Determine also the bullet range and the highest point of 
the trajectory (air resistance should be neglected). 

273. Write the equation of the locus of points A! (x, ^), 
the ratio of the distances of which from the point F (4, 0) 
to the distances from the straight line x = —2 is equal 
to 2. 

274. Show fhat, by translating the coordinate origin 

in the left-hand vertex of the ellipse ^ + 1 or in the 

^ 2 

right-hand vertex of the hyperbola both equa¬ 

tions are brought to the same form y^=^2px-\-qx^, where 
p=— and ^ = —1. 

275. Using the results of Problem 274, determine the 
eccentricity and the type of the curve (1) y^ = x~~x^; 
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(2) — (3) y^=x. Construct the curves finding 

for the first two of them the points of their intersection 
with the axis OX and the parameters a and b. 


276. Singling out perfect squares and translating the 
coordinate origin, simplify the following equations of lines: 


(1) 2x^H-5^*~12a:+10^4-13 = 0; 

(2) ^2-f-6x+4i/—4 = 0; 

(3) y^^^y^2x- 

(4) 10x = 4£/—13. 

Construct both the old and the new axes and plot the 
curves. 

277. By rotating the coordinate axes through 45® simp¬ 
lify the equation 3x2 —2xy + 3t/2_8 = 0. Determine the 
coordinates of the foci in the old system. 

278. Write the equation of the circle whose diameter 
is the x-intercept cut off by the parabola ^ = 3 — 2 x —x^. 
Construct both curves. 


279. Write the equation of the circle whose diameter 
is the segment of the straight line x + ^ = 6 cut off by 
the hyperbola xy — S. Construct each of the three lines. 

280. A is the vertex of the parabola ^ = x2 + 6 x + 5. 
B is the point of intersection of the parabola and the 
0)^-axis. Write the equation of the perpendicular erected 
at the midpoint of the line segment AB. 

281. Derive the equation of the parabola which is 
symmetric about the axis OX and cuts off on it an inter¬ 
cept —4, and on the axis OK, intercepts \ and —4. 

Hint. The equation of the parabola must be of the 
form x = Gf/ 2 -[-c (why?). 

282. Using the points of intersection with the coordi¬ 
nate axes, construct the parabolas: 

(I) 3y = 9 —x 2 ; (2) ^ 2 _ 9 __ 3 ^. ( 3 ) ^ 4 ) ^. 2 ^ 

= 4-l-2y. 


283. Write the equation of the locus of points M (x, y), 
the ratio of the distances of each from the point F (4, 0) 
to the distances from the straight line x =10 being equal 

to 
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1.14. Miscellaneous Problems 
on Second-Order Curves 

284. Write the equation of the circle whose diameter 

X u 

is a segment of the straight line *^+5 = ^ intercepted 
by the coordinate axes. 

285. Find the distance of the centre of the circle 

+ = 0 from the straight line y = 2 (a—x). 

286. A straight line is drawn through the centre of 
the circle x 2 H-^‘^ = 2 ax parallel to the straight line x + 2 ^ = 0 
and intersecting the circle at the points A and B. Find 
the area of the triangle AOB. 

287. Show that the locus of points Af, which are m 
times farther from a given point A than from another 
given point is a straight line at m=! and a circle 
if 

288. A line segment AB is divided into two parts: 

AO - a and OB — b. Show that the locus of points, from 
which the segments AO and OB are seen at equal angles, 
is a straight line at a = b, and a circle when (the 

circle of Apollonius). 

289. Determine the trajectory of a point A1 (x, mo¬ 

ving in such a manner that the sum of the squares of 
its distances from the straight lines y — kx and —kx 

remains constant and equal to a"^. 

290. An ellipse symmetric about the axis OX and the 
straight line x--—5 passes through the points (—1, 1.8) 
and (—5, 3). Write the equation of the ellipse and const¬ 
ruct it. 

291. Find the area of an equilateral triangle inscribed 
in the hyperbola x- — y'^=^a^, 

292. Find the angle between the diagonals of a rec¬ 
tangle whose vertices are found at the points of intersec¬ 
tion of the ellipse x*3^* = 12 /'* ajid the hyperbola 

—3i/2 = 6 / 2 . 

293. A circle with the centre at the coordinate origin 
passes through the foci of the hyperbola x^ — y^ = qz. Find 
the points of intersection of the circle and the asympto¬ 
tes of the hyperbola. 

294. Construct the hyperbolas xy —4 and x^ — y* = 6 
and find the area of the triangle ABC. where A and B 
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are the vertices of two intersecting branches of the hy¬ 
perbolas and C is the point of intersection of the two 
other branches of the hyperbolas. 

295. Prove that the product of the distances of any 
point of the hyperbola from its asymptotes is a constant 

equal to —5-. 

296. Find the length and the equation of a perpendi- 

cular dropped from the focus of the parabola y= —^ 

onto a straight line cutting off the intercepts a = b = 2 
on the coordinate axes. 

297. Construct the ellipse 4^2 = 4 and the parabola 
a'2 = 6 i/ and find the area of the trapezoid whose bases are 
the major axis of the ellipse and a common chord of the 
ellipse and parabola. 

298. From the focus of the parabola y^~2px as centre 
a circle is described so that a common chord of the cur¬ 
ves is equidistant from the vertex and the focus of the 
parabola. Write the equation of the circle. 

299. Find the length and the equation of the perpen¬ 

dicular dropped from the vertex of theparabola6^ = x2-(- 
-i- 2 ax + the straight line cutting off intercepts 

a and b on the coordinate axes. 

300. Plotting the points of intersection with the coor¬ 
dinate axes, construct the parabolas 4^=12—x^ and 
4x=12— y^ and find the length of their common chord. 

301. Find the area of a quadrilateral whose vertices 
lie in the points of intersection of the parabola ^ = 4— 
and the axis OX and the straight line ^ = 3x. 

302. Write the equation of a circle passing through 
the coordinate origin and the points of intersection of the 

parabola «/=-2x-|-a with the coordinate axes. 

303. Given the ellipse x2 + 4y^—16. From its vertex 
A (4, 0) all possible chords are drawn. Determine the lo¬ 
cus of midpoints of these chords and construct the curves. 

304. Determine the trajectory of a point M (x, y) mo¬ 
ving so that the difference of the squares of its distances 
from the bisectors of the quadrants remains equal to 8. 

305. Derive the equation of the locus of centres of the 
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circles passing through the point A (3, 4) tangent to the 
axis OX. 

306. Singling out perfect squares and translating the 
origin, simplify the equation of the curve — y- — 4a- — 
— Gy —9 = 0. Construct both the old and the new coordi¬ 
nate axes and plot the curve. 

307. Find the locus of midpoints of the focal radius 
vectors drawn from the right-hand focus to all points of 

the hyperbola ^ 

308. Write the equation of the ellipse passing through 
the point A {a, —a) if its foci are found at the points 
F {a, a) and (— a; —o). 

Simplify the equation by rotating the coordinate axes 
through an angle of 45°. 

309. By rotating the coordinate axes through an angle 

cp = arctan-^ simplify the equation of the curve 3x'-\- 

~\-Sxy — 3(/2 = 20. Construct both the old and the new 
coordinate axes and plot the curve. 

310. Write the equation of the locus of points, the 
difference of the squares of whose distances from the 
straight line 3x-S-4y = 0 and from the axis OX remains 
constant and equals 2.4. 

311. Write the equation of the locus of points M ( a , y), 

the ratio of whose distances from the point 0 ^ 


to the distances from the straight line x= -is e. 

® e (e + 1) 

312. Construct the domains, the coordinates of whose 
points satisfy the following inequalities: 

(1) <x^ + y^ < and x^> 


(2) A*— y'^ a'^ and a^ < 4<3^; 

(3) xya‘^ and |A + z/|<4a; 

(4) 2x<y'^~\-4y and a ^+^2 + 4a-}-4^ < 0. 


1.15, General Equation of a Second-Order Curve 

1°. A curve which is represented by an equation of the 
second degree in a Cartesian coordinate system is called 
a curve of the second order. The general equation of the 
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second degree is usually written as 

Ax^-^2Bxy + Cy^-^2Dx + 2Ey-\-F = 0. ( 1 ) 

Let us form two determinants using the coefficients of 
equation (1): 



A B 
B C 


and A = 


A B D 
BCE 
D E F 


The determinant A is called the discriminant of equa¬ 
tion (1), and 6, the discriminant of its senior terms. De¬ 
pending on the magnitudes of 6 and A. equation (1) de¬ 
fines the following geometric image: 



0 

1 

A = 0 

6 > 0 

Ellipse (real or imaginary) 

Point 

6 < 0 

1 

Hyperbola 

1 

1 

A pair of intersecting straight 
lines 

6 = 0 

1 

Parabola 

A pair of parallel straight 
lines (real or imaginary) 


6 = 


2°. Transforming 

A B 


equation (1) to the centre. If 
then the curve has a centre whose coor¬ 
dinates are found from the equations 

(Di(x. i/)=0. £/) = 0. (2) 


B C 


where O (x, y) is the left-hand member of equation (1). 
By translating the origin to the centre 0, {Xq, yo) (see 
Fig. 10), we reduce equation (1) to the form 

Axl -r ^Bx^y^ Cy \-}- F, = 0, (3) 

where 

F,=Dx^ +£i/„ + f = A. 


( 4 ) 
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3°, Transforming equation (3) to the axes of symmetry. 
By rotating the axes and Oit/j through some angle (p 
(Fig. 10), equation (3) is transformed to the canonical 
form 

A,X^-\-C,Y^-\-F,=^0. (5) 

The coefficients and are the roots of the equation 

—(/l+C)X + 6 = 0. (6) 

The angle of rotation qj is found by the formula 

^ (7) 


tan cp = 


A^^C' 


4®. Transforming the equation of a second-order curve 
having no centre. If 6 = 0, the curve has no centre or 



has no defined centre. Its equation then may be written 
in the form 

{ax + p (/)2 + 2Dx + + F = 0. (8) 

Case I. D and £ are proportional to a and P: D=ma 
E — mf>. Equation (8) takes on the form (ctAr + pf/)^-j-! 

2m {ax-\-^y) -f £ = 0, whence ax + p^ *= — m ± l/m’*_ F 

i.e. a pair of straight lines. ’ 

Case II p and £ are not proportional to a and B. 
Equation (8) may be rewritten as 

(ctx + p^ + n)® + 2m (Px — ay~{-q) = 0. 


(9) 
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The parameters m, n, and q are found by comparing 
the coefficients of equations (8) and (9). Taking then the 
straight line ax-\--\-n = 0 for the axis 0,X and the 
straight line ftx — ay-\-q=^0 for the axis OiK (Fig. 11), we 
find: 

ax-\-py-\~n y ^x—ay-hq ' 

± vi^+w ’ ~ ± \^^+¥ ■ 

Now equation (9) takes on the form Y^ = 2pX, where 
n= J ^ ^ , The axis 0,X is directed towards the half- 

F ^ 





plane in which ^x—ay + q has the sign opposite to that 
of m, as is obvious from equation (9), 

313. Determine the geometric objects represented by the 

following equations: 

(1) 4x2 —^2 = 0; (2) 4x2 + ^2^0; (3) x2 + ^2^2x+2 = 0; 
(4) x24-^2_5;^_8^_^25 = 0; (5) x^ + xy = 0; 

(6) i/2—16 = 0; (7) x2 —3x^ + 2//2=0. 

314. Find the centres and transform to them the equations 
of the curves: 

(1) 2x2 + 3i/2 —4x+6i/—7 = 0; 

(2) x2 —^2_4;^^2[/ —4 = 0; 

(3) 2 x 2 + 5x^ 4 - 2^2 — Qx — 3y — 8 = 0. 
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315. By rotating the coordinate axes, bring the equations 
to the canonical form and construct the curves: 

(1 ) 5jc» —4xi/ + 2i/2=-24; (2 ) 2x^-^4xy — y^==\2. 

316. Reduce the equations to the canonical form and 
construct the curves: 

(1) 3x^ — 2xy + 3y^~4x — 4y—-\2 = 0; 

(2) + — 4y+12 = 0. 

317. Transform the equations to the canonical form: 

( 1 ) x^-\-4xy + 4y^ — 20x-\-\0y^50=^0\ 

(2) ^2 —4jcy + 4//"—6x+12i/-l-8 = 0; 

and construct the curves represented by them. 

318. Making use of the discriminants 6 and A, determine 
the geometric objects represented by the following equations: 

(1) X* — 4xy-\-3y^ — 8x+14^+15 = 0; 

(2) x'^-\-2xy 4y‘^ — 2x-j-4r/ + 4 =0; 

(3) x^ + 4xi/+4^2 + 3x4-6(/+2 = 0. 


On solving the first and third equations with respect to y, 
construct the curves determined by these equations. 

319. Bring to the canonical form the equation of the 

curve = construct it. 


320. Write the equation of the second-order curve whose 
centre is the point ( 1 , 2 ) and which passes through 
the coordinate origin and the points (0, 4) and (1, —1). 

321. Show that the equation + = defines an 

arc of the parabola, construct this parabola and find its 
vertex. 

Hint. Rotate the coordinate axes through an angle 
cp = —45°. 

322. Write the equation of the locus of points M (x, y), 
the ratio of the distances of each of which from the point 
F {m, n) to its distance from the straight line xcosa + 
-\-ys\na —^ = 0 is e. Denoting the coefficients of the 
obtained equation by A, B, C, .... determine the inva¬ 


riants A-^C and 6 = 


A B 
B C 


56 


Ch. /. Plane Analytic Geometry 


323. Determine the geometric objects represented by 
the following equations: 

( 1 ) x^ — 4y^ = Q; 

( 2 ) + + 8^+12 = 0 ; 

(3) x^-\-bxy — 6 r/® = 0. 

324. Transform to the canonical form the equations and 
construct the curves: 

(1) + —2x—2i/—2 = 0; 

(2) 10x£/+3i/*—12x—12^ + 4 = 0. 

325. Transform to the canonical form the equations: 

(1) x^ — 2xy-\-y^ — lOx — 6 ^ + 25 = 0; 

(2) x^2xyy^ — 4x — 4^ + 3 =0 

and construct the curves represented by them. 

326. Making use of the discriminants 6 and A determine 
the geometric objects represented by the equations: 

(1) x" —2x(/+i/2 —4x + 4i/ + 3 = 0; 

(2) X* —2x//—3i/" + 6x-t-10i/ —7 = 0. 

After solving each equation with respect to ^ construct 
the curve determined by it. 

327. Write the equation of the locus of points M (x, i/), 
the ratio of whose distances from the point (3, 3) to 
the distances from the straight line x-}-^ = 0 is equal to: 

( 1 ) e = y; ( 2 ) e = 2 . 

328. Write the equation of the locus of points M(x. y) 

equidistant from the point -j) ar^d the straight 

line x-|-^ = 0 and reduce it to the canonical form. 

329. Write the equation of the locus of points the diffe¬ 
rence of the squared distances of each from the straight 
linex — 2y = 2 and from the axis OX remaining constant 
and equal to 3.2. Transform it to the canonical form and 
construct the curve. 
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1.16. Polar Coordinates 

In a plane (Fig. 12) take an arbitrary point O (pole) 
and draw a ray OP (polar axis). Then the position of any 
point M in the plane may be specified by 

( 1 ) the polar angle = ^ MOP\ 

(2) the radius vector r = OM. 

The numbers cp and r are termed the polar coordinates 
of the point M. 

When studying the equations associated with r and <p 
it is useful to consider the polar coordinates 9 and r as 



Fig. 12 • 


attaining any positive and negative values. Negative angles 
9 are usually measured clockwise, and negative r are 
laid off not on the ray but on its extension beyond the 
pole. 

If we take the pole for the origin of the Cartesian rectan¬ 
gular coordinates and the polar axis OP for the axis OA”. 
then the cartesian coordinates {x, y) of the point M and 
its polar coordinates ( 9 , r) will be related as follows: 


X = r cos 9 , 
r = Vx* + (/>, 


i/*=rsin9; 
tan 9 . 

^ X 


( 1 ) 

( 2 ) 


If we now take the focus of the ellipse, hyperbola, or 
parabola for the pole, and the focal axis of symmetry 
for the polar axis drawn in the direction opposite to the 
vertex, then the equation in polar coordinates for 
all the three curves will be the ^me: 


1 —e C 09 9 * 


r = 


(3) 
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where e is the eccentricity, and p, the parameter. For 
the ellipse and hyperbola p = 


a 


330. Construct the following points using polar coor- 
dinates ((p. r): A{0, 3), , 2 ), 3 ), D(n, 2), 

Ef^.3). 


n 


331. Construct the following points: 


B 


f, 3 ), Cf-4. 






2n 

■ 3 " 




332. Construct the line r = 2 + 2cos(p. 
Hint. Tabulate the values of r for (p = 0; 

2ji 


ji 

3 " 


n 


ji. 


333. Construct the following curves (Figs. 84, 85, and 90); 


( 1 ) r=a 9 (the spiral of Archimedes) 

(2) r = a (1 — cos (p) (the cardioid) 

( 3 ) cos 2(p (the lemniscate) 

( 4 ) /•=— (the hyperbolic spiral) 

(5) r = a (1+2cos(p) (the limafon of Pascal) 


334. Construct the lines: (1) r=a; (2) 9 = 

335. Write in polar coordinates the equation of the (1) 
straight line cutting off an intercept a on the polar axis 
and perpendicular to it; (2) straight line passing through 
the point A{a\ a) and parallel to the polar axis. 

336. Write in polar coordinates the equation of the 
straight line passing through the point v4 (a, a) at an 
angle p to the polar axis. 

337. Write in polar coordinates the equation of the 
circle whose centre lies at the point C(0, a) and the radius 
equals a. 

338. Construct the curves: 

( 1 ) /• = 3 —2sin2cp; (2) r = 2cos 3fp; (3) r = l—sin3q). 
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Hint. First determine the angles at which we have 
and 

339. Construct the curves (see Figs. 86 and 87 on 
page 386): 

( 1 ) r = asin3cp (three-leafed rose); 

( 2 ) r = asin 2 q) (four-leafed rose). 

340. Transform the following equations of the lines to 
polar coordinates: 

( 1 )= (2)x2 + f/- = a2; (3) Jccosa + ^sina —p = 0; 

(4) y = x; (5) y^-^ a.x- (6) {x‘^ + = a^x-- ^ y'^) . 

341. Transform the following equations to the Carte¬ 
sian-coordinate form and construct the corresponding 
lines; 

(1) /■cos(p = a; (2) r = 2flsincp; (3) r-sin 2cp = 2^z-; 

(4) r sin ^(p += a J/ 2; (5) r = a{l -fcoscp). 


342. Write the canonical equations of the second-order 
curves: 



9 

_ « 

5 —4 cos cp ’ 


(2) r = 


9 

4 —5 cos q) ' 


(3) r 


s 

1 —cosq> 


343. Conchoid. Draw a straight line through the point 

parallel to the polar axis. An arbitrary 

ray OB intersects this straight line at point B. On OB 
lay oiT, on either side of B, the line segments BM = = /;. 

Determine the locus of points M and in polar coor¬ 
dinates and construct the curve. 

344. Strophoid. A straight line x = a intersects the axis 

OX at point A and an arbitrary ray OB at point B. On 

OB lay off, on either side of B, the line segments BM^ 

and BM^ equal to AB. Write the equation of the locus 

of points M, and both in polar and Cartesian coordina¬ 
tes (see Fig. 88). 

345. Cassinian curve {oval of Cassini). A point Al (cp, r) 
moves so that the product of its distances from the points 
F (0, a) and F j (ji, a) remains equal to b'^. Write in polar 
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coordinates the equation of the path covered by the 
point M. 

346. Cardioid. An arbitrary ray OA intersects the circle 
r = acos(p at point A. On OA lay off, on either side of A, 
the line segments AM = AMi===a. Derive the equation of 
the locus of points M and yVfj both in polar and Cartesian 
coordinates. 

347. Epicycloid. A circle of diameter a rolls without 
sliding along a circle of the same diameter outside this 
circle. Write the equation of the curve described by a 
point M on the rolling circle if the point of tangency of 
circles is taken for the pole and the starting position 
of the point Af, and the polar axis is drawn through the 
centres of the circles (in the starting position). 


348. Construct the curves: (1) r = 3+2cos2cp; (2) r = 3 — 
— sin 3cp; (3) r = acos2(p (see the hint to Problem 338). 

349. Construct: (1) r = 4 (1-f-cos q)); (2) r = 2 — sin cp. 

350. Write in polar coordinates the equation of a straight 
line passing through the given points A (ct; g) and 5 (P; &). 

Hint: Consider the relationship among the areas of the 
triangles AOM, BOM, and AOB, where M ((p, r) is an 
arbitrary point of the straight line. 

351. Write the canonical equations of the curves of the 
second order: 


( 1 )^ = -: 


2— y' 3 cos <p 


; (2)r = 


2-V"5 cos (p 


: (3) A= 


2—2 cos (T 


352. Lernniscate of Bernoulli. A point /W (cp, r) moves 

so that the product of its distances from the points F {0, c) 
and c) remains equal to c-. Write the equation of 

the path traversed by M both in polar and Cartesian coor¬ 
dinates. 

Hint. According to the law of cosines FM'^ — r~-\~c- — 
— 2rrcos(p and F^M^ = c"^ -\-2rcQOSi^, and, by hypo¬ 

thesis, F • F .^M'^ = c*. 

353. Lirna^on of Pascal. Draw an arbitrary ray OA. From 

the point A where OA intersects the circle r = acoscplay 
off, on both sides of A, the line segments AM = 
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Derive the equation of the locus of points M in polar 
coordinates. 

354. Four-leafed rose. The ends of a line segment AB = 2a 
slide along the axes of the Cartesian coordinates. A per¬ 
pendicular OM is dropped from the origin onto AB. Write 
the equation of the locus of points M (x, y) for all possible 
positions of AB. 


1.17. Algebraic Curves of the Third 

and Higher Orders 

355. Construct the following curves (see Figs. 70 to 73 

on pages 383, 384); 

• ^ 

(cubical parabola); 


( 2 ) y^ = x^ 

(3) y^ = x^ j 

( 4 ) y^ = x(x — 4)2 (loop parabola). 

356. Construct the curves: 


(semicubical parabola): 


(1) -{-y^ =a^ (equilateral asiroid)\ 

( 2 ) 


a (non-equilateral nstroid). 


Hint. Find the points of intersection of the curves and 
the axes OX and OY and also the points at which the 
first curve intersects the straight lines ^ ± x, and the 

second curve the straight lines y = zh—x (see Fig. 82 on 
page 386). 

357. On the line segment [—1. 1] construct the follo¬ 
wing curves: (1) = + (2) = (3) = 1 if 

rt — 1, 2, 4 What polygonal lines do these curves approach 

as fl — ► oo r ^ ^ 

Hint. Find the points at which the first curve intersects 
the straight line the second, the straight line 

y=^, and the third, the straight line {/=a:. Ten squares 
of squared paper should be taken for a scale unit. 
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358. Asiroid. The end-points of a line segment AB=^a 
slide along the axes of the Cartesian coordinates. Two 
straight lines AC and BC parallel to the coordinate axes 
intersect at point C. A perpendicular CM is dropped 
from C onto AB, Write the equation of the locus of po¬ 
ints M (x, y) for all possible positions of the line seg¬ 
ment AB. 

359. Construct the curves; 


( 1 ) yz = -.^ {cissoid. Fig. 89 on page 387); 



8c3 


{versiera^ Fig. 80 on page 385). 


360. Each point P (Xq, yo) of the parabola y^=2px is 
displaced parallel to the axis OX by a distance PM = 
= ±:0P. Find the locus of points M. 

361. A bar OA=a rotates about the origin 0. Hinged 
to it at point A is another bar AS = 2a, whose end-point 
slides along the axis OX. Write the equation of the line 
described by the midpoint M of the line segment AB. 

362. Cissoid. An arbitrary ray OA (Fig. 89 on page 387) 
intersects the c\vc\e x^ y"^ — ax at point A and the straight 
line x = a at point B. A line segment OM = AS is laid 
off on the ray. Derive the equation of the locus of points M. 

363. An arbitrary ray OB (Fig. 89 on page 387) in¬ 
tersects the straight line x = a at point B. Point C is the 
projection of B on the axis OK, and M is the projection 
of C on OB. Show that the locus of points Af is a cissoid. 

364. Prove that, if from the vertex of the parabola 

y 2 _ — perpendiculars are drawn to the tangent lines 
to this curve, then the locus of the feet of the perpendi¬ 
culars is a cissoid. ^ ^ . t 

365. Versiera. An arbitrary ray OA intersects the circle 

x'^= 2ay and the straight linei/ = 2a at points A and 
B respectively. From these points two straight lines are 
drawn’ one parallel to the axis OX, the other to the axis OK 
to intersect each other at a point M. Determine the locus 

of points M. „ ^ oL Au * 

366. Folium of Descartes-. + 3aA:if = 0. Show that, 

by rotating the coordinate axes through an angle of 45 , 
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this equation is reduced to the form K- — ■^(h-\-x\ ' 


re b = 


a 




3(6 + X) 

Construct the curve, determining the location 


of the curve and its symmetry, the points of intersection 
with the straight line y = x and the asymptote. Show that 
the equation of the asymptote in the new system of coor¬ 
dinates will be A'= — b, while in the old one x-\- y-\-a = 0 
(see Fig. 83 on page 386). 


J.18. Transcendental Curves 

367. Cycloid. A circle of radius a rolls along a straight 
line OX without sliding. Derive parametric equations of 
the curve described by point M of the circle, taking the 
angle of rotation of the rolling circle for the parameter t 
and putting that at ^ = 0 the point M is found at the 
origin. 

368. Involute of a Circle. This is a curve described by 
the extremity of a taut string unwinding from (or win¬ 
ding onto) a circular spool, the equation of the circle 
being x^y"^ ~ a'^. Set up parametric equations of the curve 
if the starting point of the extremity is (a, 0). Take the 
length of the unwound arc (in radians) for the parameter t. 

369. Quadratrix. An arbitrary ray OAl. forming an ang¬ 
le t (in radians) with the axis OF, intersects the straight 
line x = at at point M. Write the equation of the lo:us 
of points M. 

370. Epicycloid. A circle of radius r rolls without sli¬ 
ding along a circle of radius R outside it. Set up para¬ 
metric equations of the curve described by point Al of 
the rolling circle. (At r = R an epicycloid turns into a 
cardioid. See Problem 347.) 

371. Hypocycloid. A circle of radius r rolls without 
sliding along a circle of radius R > r inside it. Set up 
parametric equations of the curve described by point Al 

of the rolling circle. ^At r = ~ a hypocycloid turns into 

A. _2_ _L \ 
an astroid x ^ -I- y ^ = a^ . ) 


CHAPTER 2 


VECTOR ALGEBRA 


2.1. Addition of Vectors. Multiplication of a 

Vector by a Scalar 

1®. Definitions. A vector quantity, or a vector (in the 
broad sense of the word), is any quantity possessing di¬ 
rection. A scalar quantity (or scalar) is a quantity that 
does not possess direction. 

In geometry, a vector (in the narrow sense) is any di¬ 
rected line segment. 

A vector with initial point A and terminal point B is 
denoted as AB (Fig. 13), 



A vector can also be denoted by a single letter as in 
Fig. 13. In printing this letter is giver^in boldface type 

(a), in writing it is given with a bar (a); 

The length of a vector is also called the absolute value 
(or modulus) of the vector. The absolute value of a vector 
is a scalar quantity. 

The absolute-value of a vector is denoted by two ver¬ 
tical lines: \AB\ or |al or |a|. 
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In the two-letter notation of a vector, its absolute va¬ 
lue is sometimes denoted by the same letters wthout an 

arrow {AB is the absolute value of the vector AB), in the 
single-letter notation, the absolute value is denoted by a 
normal weight letter (b is the absolute value of the vector d). 

Vectors parallel to one straight line are termed col- 
linear. Vectors parallel to one plane are called coplanar. 
Two vectors a and b (Fig. 13) are equal if they (1) have 
the same modulus^ (2) are collinear . (3) are in the same 

direction. 



Fig. 14 

2°. Multiplication of a vector by a scalar. To multiply 
a vector a (multiplicand) by a number (scalar) ni means 
to construct a new vector (product) the absolute value of 
which is obtained by multiplying the absolute value of 
the vector a by the absolute value of the number m, the 
direction coinciding with the direction of the vector a or 
being in the opposite sense, depending on whether the 
number m is positive or negative. If m = 0, the product 
is the null vector. 

3°. Addition of vectors. The sum of the vectors a-\-b-\-c 

is a fourth vector R^OC (Fig. 14) joining the initial 
point O of the vector a to the terminal point of the vec¬ 
tor c, i.e. connecting the end-points of the polygonal line 
OABC constructed from the given vectors. In particular, 
in a parallelogram, constructed from the given vectors 

07l=a and OB = b, one vector-diagonal OC is the sum 

a-\-b, the other BA being the difference a—b of the given 
vectors. 

4°. The projection of a vector on an axis. Let a vec¬ 
tor a form an angle cp with the axis OX. Then the pro- 


3-1895 
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jection of the vector on this axis is determined by the 
formula 


prox« = |«|cos(p = acos (a, OX). 

The projection of a sum of vectors on some axis is equal 
to the sum of the projections of those vectors on the same 
axis: 

prox + 6) = prox^ + prox^- 

372. Laid off on the sides OA and OB of a rectangle 
OACB are the unit vectors i and J (Fig. 15). Express the 






t?' —? 




Fig. 15 


vectors OA, AC, CB, BO, OC, and BA in terms of/and j 
if the length 0^4=3 and 05 = 4. 

373. Let M be the midpoint of BC and N, the midpoint 

of AC (Fig. 15). Determine the vectors OM, ON, and 
MN if 0^=3 and 05 = 4. 

374. Given in a plane are the points A (0. —2), 5(4, 2), 

and C (4, —2). Forces OA, OB, and OC are applied at 

the coordinate origin. Construct the resultant force OM, 
and find its projections on the coordinate axes and its 

magnitude. Express the forces OA, OB, 6c, and OM in 
terms of the unit vectors / and J of the coordinate axes. 

375. Given three coplanar unit vectors m, n, and p, 
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(/»,«) = 30° and («, p) = 60°. Construct the vector a = 
= /n-i-2rt—3/? and compute its modulus. 

Hint, In the polygonal line constructed from the vec¬ 
tors m, 2n and — 3p extend the first line segment to in¬ 
tersect the third one. 

376. Check analytically and geometrically the vector 
identities: 

(1) a + ^ = ^: (2) = 

377. A parallelepiped is constructed on three non-co- 

planar vectors M = a, ^ = and ^ = c. Indicate tho¬ 
se of its vector-diagonals which are equal to a-\-b — c, 
« — b-['C, a — b —c, and b — a — c respectively. 

378. With the aid of the drawing of Problem 377 check 
the commutative property of the vector sum: 

a-\-b — c~a—c-{-b = b-{^a — c — b — c^a. 

379. Given vectors OA = a and ^B = b. Vector OC = r 
is a median of the triangle OAB. Resolve analytically 
and geometrically (1) the vector c into a and b\ (2) the 
vector a into b and c. 

380. In a rectangle OACB (Fig. 15) M and N are the 
midpoints of the sides BC = Z and AC = 4. Resolve geo¬ 
metrically and analytically the vector ^ = c into the 

vectors OAI = a and ON = b. 

Hint. Substitute the expressions of a, b, and c in terms 

of / and y into the condition c=ma-\-nb and compare 

the coefficients of / and j in the left-hand and right-hand 
members. 

381. Given a regular hexagon OABCDE with side OA=3. 

Denoting the unit vectors of the directions 04, Tb, ^ 
in terms of w, rt, and /?, find the relationship among 
them (for instance, by considering the trapezoid OABC). 

Express then the vectors OB, BC, OD, and DA in 
terms of m and n. 


3* 


68 


Ch. 2. Vector Algebra 


382. In an isosceles trapezoid (Fig. 16) the angle 

BOA = 60^ OB ^BC = CA^2, M and N are the 
midpoints of the sides BC and AC. Express the vectors 

AC, OM, ON, and MN in terms of m and n which are 

the unit vectors of the directions of OA and OB. 



383. Given vectors a and b the angle between which 
equals 120°. Construct the vector c = 2a — \.5b and de¬ 
termine its modulus if a = 3 and b = 4. 

384. Given in a plane are the points A (3, 3), B (—3, 3), 
and C(—3, 0). Applied at the coordinate origin are for¬ 
ces OA, OB, and OC. Construct the resultant force OM and 
find its projections on the coordinate axes and its 

magnitude. Express the forces OA, OB, OC, and OAi in 
terms of the unit vectors / and J of the coordinate axes. 

385. (1) In a trapezoid BC — ^OA and BC\\0A. 

Resolve geometrically and analytically the vector OA — a 

into the vectors OC = c and OB=b. 

Hint. In the triangle OBC express c in terms of b and 
a and then solve the obtained equation with respect to a. 

(2) Point B divides a circular arc AC —90° in the ra¬ 
tio 1:2. O is the centre of the circle. Resolve the vector 

OC~c into vectors OA=a and OB — b. 

2.2 Rectangular Coordinates of a Point and a 

Vector in Space 

1°. Definition. Let there be given three mutually per¬ 
pendicular coordinate axes with a common origin O and 
a point M (Fig. 17). The projections of its radius vector 
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OM~r on the coordinate axes OM^=x, OM^ — y, and 
OiMg^zare called the rectangular coordinateso\ the point M 

or the vector r = OM. 



2®. The radius vector of a point in space. The modulus 

or the length of the radius vector OM=r is expressed in 
terms of its coordinates by the formula 

r = Vx^ + y^ + z\ ( 1 ) 

The unit vectors of the coordinate axes J, and k arc 
called the basis vectors. The radius vectors are expressed 
in terms of the basis vectors 

r = xi^yJ-\-zk. (2) 


3®. A vector given by the coordinates of the initial 
and terminal points. Let there be given points A y^, 

and B{x^, y^, z^). The projections of the vector u = AB 
on the coordinate axes will be 


proxAS = X =x^—x^, 
pToY^=V = y^—y,, 
prozAB = 2 = — z^^. 
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We may write formulas analogous to formulas (1) and (2); 

«= = l/Jx, - X.)»+(«/,-(/.)“+ (Z, - (4) 

u = AB^Xl + Yj+Zk. (5) 

If a, p, and y are the angles formed by the vector 
u — AB with the coordinate axes, then 


and 


cos a 




cos^ a + cos^ p + cos^ y = 1 , 


( 6 ) 

(7) 


i.e. the sum of the squared direction cosines of a vector is 
equal to 1. 

It follows from formulas (4), (5), and ( 6 ) that the vec¬ 
tor tt is completely determined by the three numbers: X, Y, 
and Z. i.e. by its projections, or its coordinates. There¬ 
fore, we sometimes write or say: Given a vector u {X, K, Z}. 

386. Construct the point M (5, —3, 4) and determine 
the length and the direction of its radius vector. 

387. Construct the vector r = = 2/-f-37+ GAi and de¬ 

termine its length and direction (check using formula (7)). 

388. A vector is inclined to the axis OX at an angle of 
40° and to OZ at 80°. Find the angle between the vector 
and the axis OY. 

389. The radius vector of a point M forms an angle 
of 45° with the axis OX and of 60° with OY. Its length 
r= 6 . Determine the coordinates of the point M, if its 

coordinate z is negative, and express the vector OM~r 
in terms of the basis vectors /, /, k. 

390. Given the points A(l, 2, 3) and B(3. —4, 6 ). 

Construct the vector AB — u, its projections on the coor¬ 
dinate axes and determine the length and the direction 
of the vector. Construct the angles formed by the vector u 
with the coordinate axes. 

391. Construct a parallelogram on the vectors OA=i-\-J 

and OB = k —3/, and determine its diagonals. 

392. A force 7? = 7 is applied at the point ^4(2, 1,—1). 
Given two coordinates of the force X = 2 and 
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y=;—3, determine the direction and the terminal point 
of the vector representing the force. 

393. Given in a plane XOY are the points A (4, 2), 
B(2, 3), and C (0. 5) and constructed on it are the vec¬ 
tors 04=a, OB = by and OC = c. Resolve geometrically 
and analytically the vector a into the vectors b and c. 


394. Given the points A (2, 2, 0) and B(0, —2, 5). Con¬ 
struct the vector AB = u and determine its length and 
direction. 

395. A vector OM=r forms equal acute angles with 
the coordinate axes. Determine these angles and construct 

the vector r if its length is 21/3. 

396. A vector forms angles of 60° and 120° with the 
axes OY and OZ respectively. What is the angle between 
the vector and the axis OX? 

397. Given three consecutive vertices of a parallelogram 
A(l, —2, 3), B(3, 2, 1), and C( 6 , 4, 4), find its fourth 
vertex D. 

Hint. It follows from the equality AD = BC that the 
coordinates of these vectors are also equal: x — 1 = 6 —3, 
etc. _^ ^ 

398. Construct the vectors Oi4 = a = 2/, OB—b~Sl-{-SJ^ 

and OC = c = 2i-\-^J in the plane XOY, Resolve geometri¬ 
cally and analytically the vector c into the vectors a 
and b. 


2.3. Scalar Product of Two Vectors 

1°. Definition. The scalar product of two vectors is the 
product of their absolute values by the cosine of the angle 
between them. 

The scalar product of a vector a by a vector b is deno¬ 
ted: a b or ab. By definition, 

ab =afccos(p. (1) 

As is obvious from Fig. 18, fecoscp = praft. Therefore 

ab — abzosi^ — aptab = bpxba. (2) 
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2°. Properties of a scalar product. 

I. a-b = h'a (commutative property). 

II. a (b-\-c)—a'b~\-a>c (distributive property). 



Fig. 18 


III. If a\\b, then a-6 = ±^6. In particular, a^ = a‘a ~ 

aQCOs0° = a=^: hence 

a = |/'5". (3) 

IV. If then a b = ab= 0. 

V. The scalar products of basis vectors: 

/.y=o, y /fe-0, i-k = o, = y y=i, k k = \. 

VI. If vectors are given by coordinates a {a^,, Uy, aj 

and b {b^, b^}, then 

ab^ + Cyby + aj)^. (4) 

3°. The angle between vectors: 

V ai + al + alV bl + bjj + bl 

The condition of parallelism of vectors: b = ma or 

bx _ by _ ^ ^ 

Oy Qj 

The condition of perpendicularity of vectors; a-b = 0oc 

+ a,jb,j + aJ), = 0 . 

399. Determine the angle between the vectors a — ~~i +7 
and b-^i~2J-\-7k. 

400. Determine the angles of a triangle ABC with the 
vertices .4(2, —1, 3), 5(1, 1, 1) and C (0, 0, 5). 

401. Given the points .4 (a, 0, 0), 5(0, 0,2a), and 



Sec. 2.3. Scalar Product of Two Vectors 


73 


C (a, 0. a). Construct the vectors OC and AB and find the 
angle between them. 

402. Given in a plane is a triangle with the vertices 
0(0, 0), A {2a, 0), and B {a, —n). Find the angle for¬ 
med by the side OB and median OM of this triangle. 

403. Find the angle between the bisectors of the angles 
XOY and YOZ. 

404. Drawn from a vertex of a square are two straight 
lines bisecting the opposite sides. Find the angle between 
these lines. 

405. Find the angle between the diagonals of a paral¬ 
lelogram constructed on the vectors a—2i-{~j and b~ 

406. Given the vectors a = /-}-yH-2^ and b^i —y+4A!. 
Determine pr^a and pra^. 

407. Remove the parentheses in the expression 

(2/—y) .y+ ij-2k){i — 2/^)^ 

408. Compute; (1) {m-\-n)‘^ if m and n are unit vectors 
and the angle between them is equal to 30°; (2) (a — b)^^ 

if a = 2 1/2“ 6 = 4 and (rtr6)=l35°. 

409. Remove the parentheses in the expressions 

(1) (a + 6F; 2) {a~^b)‘^-Y{a-br^ 

and find out the geometrical meaning of the formulas 
obtained. 

410. Given coplanar vectors a, b, and c\ a —3, ^ = 2, 

c = (a, ft) = 60°, and (&, c) = G0°. Construct the vector 

u = a^-b—c and compute its absolute value, using the 
formula 

u =[/(a + & —. 

411. Find the resultant of four coplanar forces applied 
at point 0 if each of them is equal to 100 N and the 
angle between two consecutive forces equals 45°. 

412. Determine the lengths of the diagonals of a paral¬ 
lelogram constructed on the vectors a~2m-\-rt and 
b = m — 2n, where m and n are unit vectors forming an 
angle of 60°. 
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413. Given the vector a = 2m — n, where m and n are 
unit vectors and the angle between them is 120°. Find 

cos (a, m) and cos (a, n). 

414. Determine the angle between the bisectors of two 
plane angles of a regular tetrahedron drawn from one of 
its vertices. 

Hint. If m, n and p are the unit vectors of the edges, 
then m-\-n and nt-\-p are vectors directed along the 
bisectors. 


415. Lay off equal line segments a = 4 on the axes OX, 
OY, and OZ and construct a cube on them. Let M be the 
centre of the upper face, and N the centre of the right- 
hand lateral face of the cube. Determine the vectors 

OM and ON and the angle between them. 

416. Given the vectors OA =a and OB = b\ a = 2, b — 4, 
and (a, &) = 60°. Determine the angle between the medi¬ 
an OM of the triangle AOB and the side 0.4. 

417. Drawn from a vertex of a rectangle with the sides 
6 cm and 4 cm long are two straight lines bisecting the 
opposite sides. Find the angle <p between them. 

418. Given the three consecutive vertices of a paral¬ 
lelogram: 4 (—3, —2, 0), fi(3, —3, 1), and C{5, 0, 2). 
Find its fourth vertex D and the angle between the vec¬ 
tors AC and BD. 

419. Given the points /I (3, 3, —2), B (0, —3, 4). 
C (0, —3, 0), and 0(0, 2, —4). Construct the vectors 

AB = a and CD=^b and find pra^. 

420. In an isosceles trapezoid OACB (Fig. 16) M and N 
are the midpoints of the sides BC = 2 and AC —2. The 
acute angle of the trapezoid is equal to 60°. Determine 

the angle between the vectors OM and ON. 

421. Find the angle between the vectors a = 2m-\-4n 
and b^m — n, where m and n are unit vectors forming 
an angle of 120°, 
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422. Show that the angle between the diagonals of a 
rectangle constructed on vectors a and b{a\^b) is de¬ 
termined by the formula cos to = dz . 

Q“ —f* 

423. The projections of the displacement of a moving 

point on the coordinate axes are s^ = 2m. m, -- 

= ~2m. The projections of an acting force F on Uie 
coordinate axes are /^,^ = 40N. and 

Compute the work A of the force F{A=F-s) and the 
angle between the force F and the displacement s. 

424. Applied to a vertex of a regular tetrahedron with 
the edge a are three forces represented by its vector 
edges. Determine the absolute value of the resultant force. 

Hint. The required value is equal to a yljn + n^p)^ 

where m. n, and p are the unit vectors of the given 
forces. 

425. A square is divided into three strips of equal 
widths and then made up into a regular triangular prism. 
Find the angle between two adjacent segments of the 
polygonal line formed by the diagonal of the square. 

2.4. Vector Product of Two Vectors 

1°. Definition. The vector product of a vector a by a 

vector & IS a third vector c (Fig. 19), which is constructed 
as follows: 



(1) its absolute value is numerically equal to the area 
of a parallelogram constructed on the vectors a and b\ 

(2) its direction is perpendicular to the plane of the 
parallelogram; 
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(3) the direction of the vector c is chosen (from two 
possible directions) so that the vectors a, 6, c form a 
so-called right-handed system^ in which the shortest rota¬ 
tion from a to ^ is considered as being carried out counter¬ 
clockwise. 

Notation: c = ay.b 

( (1) c = I a I sin cp. 

(2) c }_a and c 

(3) a, b, c form a right-handed system. 

2°. Properties of a vector product: 

1. axb = — bxa. 

II. ax {bc) = ax b-\-axe (distributive property). 

HI. If a\\b, then ax& = 0; in particular, axa —0. 
o^. The vector products of basis vectors: 

ixj=^k, jxk = i, kxi=^J. 

In general, a product of any two adjacent vectors in the 
sequence 

-> 4" 

ijkij 

— .<- 


yields the next vector with the plus sign, in case of the 
reversed sequence with the minus sign. 

‘i°. Expressing a vector product in terms of the coor¬ 
dinates of the factors a {a^, Uy, and b {b^, by, bj: 


axb = 


i J k 

Qy 

I’x by b. 



5®. The area of a parallelogram constructed on the 
vectors a and b: 

Sa^laxbl (3) 


and the area of a triangle constructed on the vectors 
a and b: 


(4) 
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426. Determine and construct the vector c = axb if 
(I) a = 3t, b^2k\ (2) a-i-l-/ b^i—J, (3) a-=2/ + 37\ 
b — Zj-{-2k. For each case find the area of a parallelog¬ 
ram constructed on the vectors a and b. 

427. Compute the area of a triangle with the ver ices 
A [7, 3, 4), B(\, 0. 6), and C (4, 5, —2). 

428. Construct a parallelogram on the vectors a ~2J -\- k 
and b~i^2k and compute its area and altitude. 

429. Remove the parentheses and simplify the expres¬ 
sions: 

(U /xty-fA)—+ 

(2) {a — b-^c)xc^- {a b c)xb {b — c)x a: 

(3) (2a f b) x{c — a) -i- {b i- c) x {a -\- b); 

(4) 2i • U'x k) -F 3/ (/ X k) 4- 44- • {i xj). 

430. Prove that ia — b)x {a-i-b) = 2axb, and find out 
the geometrical meaning of this identity. 

431. Vectors a and b form an angle of 45°. Find the 
area of a triangle constructed on the vectors a — 2b and 
3a 2^? if I a I ^ & I = 5. 

432. Find the area of a parallelogram whose diagonals 
are the vectors 2m — n and 4/a — on, where m and n are 
the unit vectors forming an angle of 45°. 

Hint. a — b = 2m — n and a — b = Am — 5//, where a 
and b are the vector sides of the parallelogram. Multi¬ 
plying w'e find the vector 2bxa whose modulus is equal 
to twice the required area. 


433. Construct the vectors a =3^ — 2/ &=3/ —2/ and 
c = axb. Compute the absolute value of the vector c and 

the area of a triangle constructed on the vectors a and b. 

434. Construct a triangle with the vertices A{\, —2, 8), 

5(0, 0, 4), and C (6, 2, 0). Compute its area and the 
altitude BD. 

435. Compute the diagonals and the area of a paralle¬ 
logram constructed on the vectors yand b = i-{- jA-k. 

436. Prove that (2aA-b)x(a-^2b)=^3axb. 
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437. Find the area of a parallelogram constructed on 
the vectors a = m-\-2n and b — 2m-\-ny where m and n 
are the unit vectors forming an angle of 30®. 


2,5, Scalar Triple Product 

1°. Definition. The scalar triple product of three vec¬ 
tors a, by and c is the expression (ax^)-c, i.e. the 
scalar product of the vector product ax^ by the vector c. 

If the vectors a, by and c are given by their coordi¬ 
nates, then 


(axb)-c = 




% 




2°. The properties of a scalar triple product. 

I. An interchange of any two factors reverses its sign: 

{axb)‘C = —(a xc)^b = — {cxb)‘a. (2) 

II. A triple product having at least two equal or parallel 
vectors is zero. 

III. The signs of operations may be interchanged: 
{axb)'C — a-(bxc)y therefore the scalar triple product is 
usually written as abCy i.e. without the signs of opera¬ 
tions and without parentheses. 

3°. The volume of a parallelepiped constructed on the 
vectors a, b, and c: 


yp,r = ±abc 


I H~ for 
\ — for 


a 

a 


right-handed system 
left-handed system. 


The volume of 
a, by c: 


a pyramid constructed on the vectors 
I^pyr ~ i abc. 


4®. Criterion of coplanarity. If the system a, by c is 
right-handed, then abc> 0\ if it is left-handed, then 
abc < 0. But if the vectors a, b, c are coplanary then 
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abc = 0. In other words, the vanishing of the triple pro¬ 
duct abc is a criterion of the coplanarity of the vectors 
a, b, c. There exists a linear dependence of a, ft, and c 
of the form c = ma + nft. 

438. Construct a parallelepiped on the vectorsa = 3/ + 4y, 
3y+ft. c=^2j-\-5k and calculate its volume. Will 

the system (a, ft, c) be right-handed or left-handed? 

439. Construct a pyramid with the vertices 0(0, 0, 0), 
^(5, 2, 0), 5(2, 5, 0), and C(l, 2, 4) and compute its 
volume, the area of the face ABC and the altitude of 
the pyramid dropped onto this face. 

440. Show that the points A(2, —1, —2), 5(1, 2, 1), 

C (2, 3, 0), and D (5, 0, —6) lie in one and the same 
plane. 

441. Show that the vectors a = —/ + 3y+2ft, ft = 2/_ 

'V—4ft, c== — 3/4-12y4-6ft are coplanar and resolve 
the vector c into the vectors a and ft. 

442. Show that: (1) (a + ft)-[(a + c)Xft] = — afti?; 

(2) (a-f 2ft~c).[(a —ft)x(a —ft —c)] = 3aftc. 

443. Find the volume of a tetrahedron constructed on 

the vectors 0^4, 05, and OC if they are directed along 
the bisectors of the corresponding quadrants, the length 
of each vector being equal to 2. 


444. Construct a pyramid with the vertices A (2, 0, 0). 
5 (0, 3, 0), C (0, 0, 6), and D (2, 3, 8), compute its volume 
and the altitude dropped onto the face ABC. 

445. Construct the vectors a = / + y+4ft, b = i — 2j\ and 

3y-h4ft, show that they are coplanar, and find 
the linear dependence of them. 

446. Show that the volume of a parallelepiped construc¬ 
ted on the diagonals of the faces of the given parallele¬ 
piped is twice the volume of the given parallelepiped. 

447. Given the unit vectors m. «, and p. The angle {m^n)=^ 


= [/>. (/«X«)]=a. Prove that then (/wx/t)-yj = -i-sin 2a. 

448. For any vectors a. 6, and c the vectors a — b, 
b — c. and c—a are coplanar. Prove this analytically 
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and geometrically (by considering the parallelepiped con¬ 
structed on the vectors a. b, and c). 

449. Compute the volume of a parallelepiped 
OABCO^A^Bfi^ given three vertices of its lower base 
0(0, 0, 0), A (2, —3, 0), and C (3, 2. 0) and the vertex 
of the upper base By (3. 0. 4) which lies on the lateral 
edge BBy, the latter being opposite to the edge 00,. 


CHAPTER 3 


SOLID ANALYTIC GEOMETRY 


3.1. The Equation of a Plane 

1°. The equation of a plane which passes through a point 
^1 (-^ 1 . ^i) and is perpendicular to a vector N {A, B, C\. 

Let M {x, y, z) be an arbitrary point of a plane (Fig. 20). 



Fig. 20 


Then and, by the condition of perpendicula¬ 

rity of vectors, 

A{x-xA^^B{y — yAA^C{z — z,)==0. ( 1 ) 

2°. The general equation of a plane: 

Ax-\^ ByA-CzA-D^O. (2) 

The vector N {A, B, C\ is called the normal vector of 
plane (2) or (1). 

3"". Particular cases of the equation AxA- By-^CzA- D = 

1. The equation AxA-By-\-Cz = 0 (constant term D — 0) 
represents a plane passing through the origin. 
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II. The equation Ax~\-By~\-D=0 (coefficient C = 0) is 
a plane parallel to the axis OZ. 

III. The equation Ax-\- By = 0(C = D = 0) represents 
a plane passing through the axis OZ. 

IV. The equation Ax-\-D^0 (B = C = 0) is a plane 
parallel to the plane YOZ. 

V. The equations of the coordinate planes: x = Q, i/ = 0, 
2 = 0 . 

4°. The intercept form of the equation of a plane: 

T + T-+T=‘- (3) 


450. Construct the planes: (1) 5x— 2y-\-3z —10 = 0; 
(2) 3jc + 2^ —2 = 0; (3) 3x + 22 = 6; (4) 22 — 7 = 0. 

451. Construct the plane 2jc + 3 i/-f 62 —12 = 0 and find 
the angles formed by the normal to the plane and the 
coordinate axes. 

452. Given the points M^{0, —1. 3) and 7^2(1, 3, 5). 

Write the equation of a plane which passes through the 

—- > 

point Mj and is perpendicular to the vector N=M^A 1 . 2 . 

453. Write the equation of a plane which passes through 


the point M (a, a, 0) and is perpendicular to the vec¬ 
tor OM. Construct this plane. 

454. Write the equation of the locus of points equidi- 

a, —Y* T’ 

n of a plane which is parallel 
to the axis OX and passes through the points Afj (0, 1, 3) 
and (2, 4, 5) and construct this plane. 

456. Write the equation of a plane passing through the 
axis OX and point 7Wi (0, —2, 3). Construct the plane. 

457. Write the equation of a plane passing through the 
axis OZ and point Mi (2, —4, 3). Construct the plane. 

458. Write the equation of a plane which is parallel 
to the axis OY and cuts off intercepts a and c on the 
axes OX and OZ respectively. Construct the plane. 

459. Write the equation of a plane passing through the 
point M (2, —1, 3) and intercepting equal line segments 
on the coordinate axes. 


stant from the points A 
455. Write the equatio 
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460. Write the equation of a plane passing through the 
point Mi{ —4, 0, 4) and intercepting the line segments 
a~4 and b = 3 on the axes OX and OY respectively. 


461. Construct the following planes: (I) 2x +i/ —e+6=0- 

(2) x — y — z^O; (3) ^_22 + 8=:0; (4) 2x —5-o! 

(5) x-fz=l; (6) y-\~z = 0. 

462. Construct the plane 2x —2^ + 2 —6 = 0 and find 
the angles formed by its normal and the coordinate axes. 

463. Through the point M{—\, 2, 3) a plane is drawn 
perpendicular to OM. Write its equation. 

464. Write the equation of a plane passing through the 
axis OY and through the point (4, 0, 3). Construct the 
plane. 

465. Write the equation of a plane which is parallel 
to the axis OZ and passes through the points M^{2, 2, 0) 
and M.2{4, 0, 0). Construct the plane. 

466. Write the equation of a plane which passes through 

the point —3, 5) and intercepts on the axes OY 

and OZ line segments twice as long as one on the axis OX. 


3.2. Basic Problems Involving the Equation of a Plane 
1°. An angle formed by two planes: 



NN^ 



where N and are the normal vectors to the planes 
Aa' + % + C 2 + D = 0 and + 0^2 +D, =0. 

The condition of parallelism of planes: 

ABC 

>li “ s, “Cl • (2) 


The condition of perpendicularity of planes: 

AA, + 5Bi + CCi = 0. (3) 

2°. The distance from a point (/.. z,) to a plane 

Ax-]-By-\-Cz~\-D = 0 

_ \ EyQ-\~CzQ-{-Q \ 

N 


( 4 ) 
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3°. The equation of a pencil of all planes passing 
through the line of intersection of two given planes: 

cc (.4 A' -f' “h Cz + D) 4-p (A^x-\- B^y ~\-C^z O^) = 0. (5) 

We may put a=l, thus eliminating the second of the 
given planes from pencil (5). 

467. Find the angle between the planes: 

(1) A—2^ + 22 — 8 = 0 and a + 2 —6 = 0; 

(2) a'+ 22 — 6 = 0 and a + 2^—4 = 0. 

468. Find the plane passing through a point (2. 2, —2) 
parallel to the plane a — 2y —32 = 0. 

4G9. Write the equation of a plane passing through 

a point {—1, —1. 2} perpendicular to the planes a — 2^+ 
-l-^_-4 = 0 and a + 2^ — 22 + 4 = 0. 

470. Write the equation of a plane passing through 

a point (0, 0, a) perpendicular to the planes a—^— 2=0 
and 2y = x. 

47!. Write the equation of a plane passing through 

Ihv points /VI, (—1, —2, 0) and M^(\, 1, 2) perpendicular 

to the plane A + 2y + 22 — 4 = 0. 

472. Write the equation of a plane passing through the 
points /V/,(l. —1, 2), 1, 2), and 443(1, 1, 4). 

4/3. Through the axis OZ draw a plane at an angle 

of GO"* to the plane 2x-\-y — V ^2 = 0. 

474. Find the distance from the point (5, 1, —I) to the 

plane a — 2y — 22 + 4 = 0. 

475. Find the distance from the point (4, 3. 0) to 
a plane passing through the points A4j (1. 3, 0), A42 (4, — 1, 2), 

and /Hats, 0, 1). i, , i 

476. Find the distance between the two parallel planes 

r^x-{-3y — 52 — 8 = 0 and 4 a + 3^—52+12 = 0. 

Hint. Take an arbitrary point on one plane, say (2, 0, 0), 
and find its distance from the other plane. 

477. (1) Write the equations of planes parallel to the 
plane a —2^ + 22 —5 = 0 and 2 units distant from it. 
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(2) Write the equations of planes bisecting the dihedral 
angle formed by the planes 2.v-l-2^ —e and ^ = 0, and 
construct both the given and the required planes. 

478. (I) Write the equation of a plane passing through 
the line of intersection of the planes 2x — f/ + 32 — 6 = 0, 
x-\-2y — 2-j-3 = 0 and through the point (1, 2, 4). 

(2) Find two mutually perpendicular planes passing 
through the straight line of intersection of the planes 
x — y and 2 = 0 if one of the required planes passes through 
the point (0, 4, 2). Construct the straight line and the 
required planes. 

479. Find the point of intersection of the planes: 

2a- —^-1-32 —9 = 0; A'-F2i/ +22 — 3 = 0; 3.v-F^ —42 + 6 = 0. 


480. Write the equation of a plane passing through 
a point (2, —1, 1) perpciidicular to the planes Sx \-2y — 
— 2 4 = 0 and x^y-\-z — 3 = 0. Construct this plane. 

481, Write the equation of a plane that pa-^se^ 

through the two points (0, —5. 0) and <0. 0, 2) perp. n- 
diciilar to the plane x-p 5;/22—10 = 0. Construct he 
plane. 

432. Find the angle between the plane passing through 
the points 0(0, 0. 0), A/, (o, —u, 0). and AC (n, a, a) and 
the plane XOY. 

483. Find the distance from the coordinate origin to 

the plane passing through the points M,(a, 0. 0) 

M^tO, a, 0), and M^ia, a, a). 

484. Write the equation of a plane passing through 

the a.xis OX at an angle of 60'’ to the plane y = x. 

485. Find the distance from a point {a, b, c) to the 

plane intercepting the line segments a, b, c on the coor¬ 
dinate axes. 

486. Write the equations of planes parallel to the 

plane 2x4-2^ + 2 —8 = 0 and located at a distanced = 4 
from it. 

487. Write the equation of a plane passing through the 
line of intersection of the planes 4.v —f/ + 32 —6 = 0 and 

x-\-^y — 2+10 = 0 perpendicular to the plane 2x—w+ 
+52 — 5 = 0. ^ 
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3.3, Equations of a Straight Line in Space 


r. Equations of a straight line passing through a point 
A {a, b, c) parallel to the vector Pl/n, n, p}. Let 
M (x, y, z) be an arbitrary point of tne straight line 

{Fig. 21), then AM. || P and, by virtue of the condition 
of parallelism of vectors, we have 



m 


y—b 

n 




Equations (1) are called the canonical equations of the 
straight line. Vector P{m, ft, p) is called the direction 
vector of that line. 



I 


2°, Parametric equations of a straight line are obtained 
by equating each of ratios (1) to the parameter t: 


x = mt -\-a, 
y = nt 

z — pt 4-c. 



3°. Equations 
points'. 


of a straight line passing through two 


x—xi ^ y—yi ^ z—zi 

X2—Xi y^—yi 2 ’ 2 —«!* 



4°. The general equations of a straight line: 

AxBy-{~CzD— 0, | 

AiX~\- B^y -hC'j2 + /)i = 0. ) 


( 4 ) 
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5°. Equations of a straight line represented by its pro¬ 
jections are obtained by eliminating first y and then x 
from general equations (4): 

x = mz-\-a, 

y=*nz -\-b. 

Equations (5) can be written in the canonical form: 

X — a _ y—b z — 0 

m n ^ 1 



488. Find the traces of the straight lines 


( x = z-\-5 
\ i/ = 4-2^ 


and 



X — 3 y — 2 

I 


2 — 3 
1 


on the planes XOY and XOZ, and construct the lines. 
Hint. Put in the equations (a) 2 = 0; (b) y = 0. 

489. Write the equation of the straight line 

/ x-[-2i/ + 32—13 =0 

\ 3x + i/ + 42 —14 =0 projections; (2) in the cano¬ 

nical form. Find the traces of the straight line on the 
coordinate planes; construct the line and its projections. 

490. Write the equations of the straight line passing 
through the point A {4, 3, 0) parallel to the vector 
P{ —1, 1, 1}. Find the trace of the straight line on the 
plane YOZ and construct this line. 

491. Construct the straight line at = 4, y = 3 and find 
its direction vector. 

492. Construct the straight lines 




2 = I, 



a: = 4 

2 = y 


and determine their direction vectors. 

493. Write the equations of the straight line passing 
through the points A {—I, 2, 3) and 8(2, 6, —2), and 
find its direction cosines. 

494. Construct the straight line passing through the 

points A {2, —1, 3) and 8 {2, 3, 3), and write its equa¬ 
tions. 
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495. Write the equations of the path of a point M{x, y.-z) 
which starts from the point A (A, —3, 1) and moves with 
velocity v {2, 3, 1}. 

496. Write the parametric equations of the straight line 
(1) passing through the point (—2, 1, —1) parallel to 

the vector —2, 3}; 

(2j passing through the points A (3, —1, 4) and B (I, I, 2). 

497. Write the equations of a straight line passing through 
llie point {a, b, c) (1) parallel to the axis OZ; (2) perpen- 
Jicu ar to the axis OZ. 

498. Find the angle between the straight line x = 2z —1, 
ij~ — 2z-\- I and the straight line passing through the coor¬ 
dinate origin and the point (1, —1. —1). 

499. Find the angle between the straight lines: 

\ X—y + 2 —4 = 0 f X + I/ + 2 —4 = 0 

1 + 224-5 = 0 \ 2x + 3y—2—6 = 0, 

Hint. The direction vector of each line can be deter¬ 
mined as a vector product of the normal vectors of the 
planes (P = Arx7V,). 

500. Show that the straight line y = -|- = -^ is perpen¬ 
dicular to the straight line x = 2 +l, ^=1— 2 . 

501. Write the equations of a straight line passing 
through the point (—4. 3. 0) parallel to the straight line 

t X — 2y~\-z = 4 

1 2x~]-y — 2 = 0. 


502. Write the equations of the perpendicular dropped 
from the point (2, —3, 4) onto the axis OZ. 

Hint. The required straight line also passes through 
the point (0, 0, 4). 

503. Find the distance between the point M (2, —I, 3) 

. ji 1 ■ Li. 1 - x4-l y~\-2 z —1 

and the straight line —^=—^ = — 

Hint. A (—1, —2, 1) is a point belonging to the straight 
line; P{3, 4, 5} is the direction vector of the straight 
line. Then 


. . AM\PXAM\ \PyiAM\ 

d = AM sina= - = - p -. 
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504. Find the distance between the parallel straight lines 

x—2 y-\-i z + 3 x—l y—\ 2+1 


1 


and 


1 


505. Find the traces of the straight line 


x~~4 y~2 


= ^ on the coordinate planes and construct the line. 


506. Write the 

2 -^ + ^ — 16 = 0 

-v— 2y —2 + 2 = 0 


equations of the straight line 
(1) in projections; (2) in the ca¬ 


nonical form. Find its traces on the coordinate planes, 
construct the straight line and its projections. 

507. Write the equations of the straight line passing 
through the point A(0, —4, 0) parallel to the vector 
P{I, 2, 3}, find the trace of the straight line on the plane 
XOZ and construct this line. 

508. Construct the straight line -v = 3, 2 = 5 and find 
its direction vector. 

50‘J. Find the direction vector of the straight line 
x + ^—2 = 0, y = x and angles formed by this line and 
the coordinate axes (sec the hint to Problem 499). 

510. Write the equations of the perpendicular dropped 
from the [joint (2, —3, 4) onto the axis OK. 

511. Find the angle between the straight lines: 


2a' —£/—7 = 0 
2a'—2 + 5 = 0 


and 


3x—2y + 8 = 0 

2 =3a. 


512. Write the equations of a straight line passing 
through the point (—1, 2, —2) parallel to the straight 
line A —y = 2, ^ = 22 + 1 . 

513. Find the distance from the point M{3, 0, 4) to the 
straight line i/ = 2A+l, 2 = 2a (see Problem 503). 


m 


3 . 4 . A Straight Line and a Plane 
The angle between the straight line 

^ ■ and the plane >5 a+% +C 2 + D = 0: 

1A^-P| _ \ Arn-'r Bn-^Cp\ 

NP NP 


\\ 
z — c 
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The condition of their parallelism (NJ_P): 

Am + Sn -)- Cp «= 0. 

The condition of their perpendicularity (A^||P): 

m n p * 


( 2 ) 

(3) 


2°, The point of intersection of a straight line and a 
plane. Write the parametric equations of the straight line 
x = + y = + z — pt-\-c, and in the equation of 

the plane AxA-By-{-Cz-\-b = 0 replace x, y, z by their 
expressions in terms of Find and then Xq, y^, Zq 

which are the coordinates of the point of intersection. 

3°. The condition for two straight lines lying in a single 
plane: 

a ^ c C| 

m n p = 0. (4) 

mi n. Pi 


514. Find the angle between the straight line y = 3x —I, 
2z = —3x-{-2 and the plane 2xA-y ~\-^—4 = 0. 

515. Show that (1) the straight line = 

is parallel to the plane 2 x-\-y —2 = 0, (2) the straight 

11 X “1” 1 1 3 1 • • XU • 1 

line —^ = = —^ lies in this plane. 


516. Write the equation of a plane passing through the 
point (—1, 2, —3) perpendicular to the straight line 
x = 2, y—z=l. 

517. Write the equation of a plane passing through the 

straight line = = and the point (3, 4, 0). 


518. Write the equation of a plane passing through the 


straight line 


x—\ y-\-\ 2 + 2 

1 ~ 2 "" 2 


perpendicular to the plane 


2x + 3y—z = 4. 

519. Write the equation of a plane passing through two 

II 1 i • ui. 1 - X —3 y 2 —1 „ . x+1 y—\ 

parallel straight lines = y = 
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520. Write the equations of a straight line passing through 
the coordinate origin and forming equal angles with the 
planes Ay = 3x, y = 0, and z = 0. Find these angles. 

521. Find the point of intersection of the straight line 

x = y = t-\-2, z=\ — t and the plane 3x —2 y-\-z^3. 

522. Find the point of intersection of the straight line 

y = = and the plane 29 = 0. 


523. Find the projection of the point (3, 1, —I) on the 
plane x-\-2y-\-3z —30 = 0. 

524. Find the projection of the point (2, 3, 4) on the 
straight line x — y^z. 

525. Find the shortest distance between the non-paral¬ 
lel straight lines: 



Hint. Assuming that in the general case the straight 
lines are skew, let us draw parallel planes in which the lines 
are contained. From the points A (a, b, c) and A^ {a^, b^, c^) 

draw the vectors AB = A^B^ = P{m, n, p\ and AC = A'^,=. 

= {m,. n,, p,}. The altitude of the prism ABCA^B,C. is 

then the required distance. 

526. Show that the straight lines 


f 

1 


x = z —2 

y = 2z-{-\ 


and 


3 1 


z—2 

[ 


intersect, and write the equation of the plane in which 
they are contained. 

527. Write the equations of a perpendicular dropped 
from the point (2, I, 0) onto the straight line x = 3z—l 
y = 2z. 


528. Construct the plane x + y—z = 0 and the straight 
line passing through the points .4(0, 0, 4) and S (2 2 0) 

Find the point of intersection of the line and the plane 
and the angle between them. 
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1) on the 


529. Construct the plane y = z, che straight line 
j y__2 and find (1) the point at which they in- 

Zr 

tersect; (2) the angle between them. 

530. Find the projection of the point (3, 1, 
plane 3x-\-y-\-z —20 = 0. 

531. Find the projection of the point (1, 2, 8) on the 

straight line ^ —_1 

532. Write the equation of a plane passing through the 

and ^ = ^ = 


X — 1 _ y _^ 


parallel straight lines 

z—1 


1 


—2 


I 


—2 


and 


533. Show that the straight lines 
f x = 3z —4 


X 3 y ^ 1 z •f" 1 


1 2 1 
intersect; find the point of intersection. 


' // = z + 2 

534. Write the equation of the perpendicular dropped 

X 1 

from the point (1, 0, —1) onto the straight line 


1 


y^\ 


2 — 3 ’ 

535. Find the shortes distance between ihe straight 
lines A' = —2 y = z and x = y = 2. 


3.5. Spherical and Cylindrical Surfaces 

1°. The equation of a spherical surface of radius R with 
C (a, b, c) as centre: 

(x — aY + (y — bY + (z—cY = RK (1) 

2°. The equation F (x, (/)=0, which does not have the 
2 -coordinate, defines a cylindrical surface whose generatrix 
is parallel to the axis OZ. Analogously, each of the equa¬ 
tions F{y, 2 ) = 0 and F (x, z)=0 determines a cylindrical 
surface whose generatrix is parallel to OX and OY res¬ 
pectively. 

3*^. The equation of a cylindrical surface with the di¬ 
rectrix F {x, ^) = 0, 2 = 0 and the generatrix parallel to the 
vector P{m, n, p\. The equation of an arbitrary generat- 
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rix will be = = where (aTo, y^, 0) is a point 

belonging to the directrix. 

Determining Xq and and substituting them into the 
equation of the directrix, we get the equation of a cy¬ 
lindrical surface: 

( 2 ) 


536. Find the centre and he radius of the sphere 
(I) x^-{-y^-\-z- — 3x-\-Sy — 4z=0; (2) x^y^-\-z^ = 2az and 
construct the second sphere. 

537. Write the equation of a spherical surface inscribed 
in a tetrahedron generated by the planes 

3x — 2y-\-6z — 18 = 0, .v = 0, y — 0, 2 = 0. 


538. Write the equation of the locus of points situated 
twice as near to the point A {2, 0, 0) as to the point 
B(-4. 0. 0). 

539. Write the equation of a sphere passing through the 

( X2 -j_ ; Q-i 

circle •: ^ and through the point {a, a, a). 

Hint. The required equation must be of the form: 




-A-z- 


(A' + y-f 2 — a) — 0. 


540. Construct in the left-handed system of coordinates 
the following surfaces: 

11) if-\-z- = A\ (2) if = ax\ (3) A'2 = 4; (4) ax. 

541. Write the equation of the locus of points equidistant 
from the straight line A = a, ^ = 0 and the plane YOZ. 
Construct this surface. 

542. Write the equations of three cylindrical surfaces 
circumscribed about the sphere x-fy-f'z- — 2av = 0 who^e 
generatrices are parallel to (1) the axis OX\ (2) the axis OY\ 
(3) the axis 02 respectively. 

543. Draw the curve of Viviani 

( A 2 + ^/2 + ^ 2_16 

I =4.v 
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in the first octant of a left-handed coordinate system, 
constructing the points at a : = 0; 2; and 4. Show that the 
projection of the curve on the plane XOZ is a parabola. 

544. Find the centre and the radius of the circle 

I + =10r/ 

I x + 2t/-l- 2a— 19 = 0. 

Hint. The centre of a circle is the projection of the 
centre of a sphere onto a plane (see Problem 530). 

545. Write the equation of a cylindrical surface whose 
directrix is ^^ = 4^:, a = 0 and the generatrix is parallel 
to the vector P{\, 2, 3}. 

546. Construct the surface {x-\-y)^az in the first 

octant using the sections by the planes x = 0, i/ = 0, a =0, 
z = and show that this is a cylindrical surface whose 

generatrix is parallel to the straight line x + = a = 0. 

547. The sphere x'^-i-= 4z is illuminated by rays 
parallel to the straight line x = 0, y = z. Find the shape 
of the shadow cast on the plane XOY. 

Hint. Write the equation of the cylindrical surface gene¬ 
rated by the rays tangent to the sphere. Its directrix will 
be the line cut from the sphere by a plane passing through 
the centre of the sphere perpendicular to the rays. 


548. Write the equation of a plane passing through the 
centre C of the surface + + — 2x-\-y —3z = 0 per¬ 
pendicular to the straight line OC. 

549. Write the equation of the locus of points situated 
twice as far from the coordinate origin as from the 
point (0, —3, 0). 

550. Find the projection onto the plane z = 0 of the 
section of a spherical surface x~^ (x —2 y —2^) 
by a plane passing through the centre of the sphere per¬ 
pendicular to the straight line x = 0, y-\-z = 0 . 

551. Construct the following surfaces in the left-handed 
coordinate system: 

(1) z^4—x^\ (2) y‘^4-z^ = 4z\ (3) y^=^x^. 
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552. Construct the line of intersection of the cylinders 

x 2 _|- 22 _q 2 QYid — in the first octant of a left- 

handed coordinate system. 

Hint. In the planes XOZ and XOY construct quarters 
of the director circles, divide them approximately into 
equal parts (for instance, into 4), and through the points 
of division draw the generatrices of the cylinders to obtain 
the points of their intersection (see Fig. 64 on page 372). 

553. Write the equation of a cylindrical surface whose 
generatrix is parallel to the vector P{I. 1. 1} and the 
directrix is x^-\-y^ = 4x, 2 = 0 . 

554. Construct a solid bounded by the surfaces y^~x, 
2 = 0, 2 = 4. x = 4, and write the equations of the diagonals 
of the face contained in the plane x = 4. 


3.6. Conical Surfaces and Surfaces of Revolution 

1°. Conical surfaces. Let a conical surface have the vertex 
at the coordinate origin, and the directrix F{x, f/) = 0 
on the plane z = h. Then the equation of the generatrix 

will be—= —= —. where (Xo, t/o, h) is a point belonging 

to the directrix. Determining x^ and go and substituting 
them into the equation F {x, y) = 0, we get the eqiialion 
of a conical surface with the vertex at the coordinate origin: 

^(T.y) = o- (1) 

If the vertex of a cone is situated at a point (a, b, c), 
then equation (1) takes the form 

r -a -I-,2, 

Equation (1) is homogeneous with respect to y, 2 , and 
equation (2) is homogeneous with respect to [x—a), iy — b), 
and (2 c). Thus, the equation of a conical surface is re¬ 

cognized by its homogeneity. 

2°. Surfaces of revolution. 




96 


Ch. 3. Solid Analytic Geometry 


Equation of the curve 

Axis of 
revolution 

Equation of the surface 
of revolution 

1 F {X, y) = 0 

OX 

F (x, Vy-+z^)=o 

\ z =0 

OY 

F(\rx^ + z^, y) = 0 

f F {x. z) = 0 

OX 

F(x, Vy'‘ + z-)=o 

\ y =0 

OZ 

F (Y x~-\-y‘^, 2 ) =0 

( F{y, 2) = 0 

OY 

F(y, yx-^ + 2 "-)^o 

\ X =0 

OZ 

F(Vx^- + y\z)=0 


555. Write the equation of a conical surface with the 
vertex at the coordinate origin and the directrix 

z~c. Construct the surface. 

556. Write the equation of a conical surface with the 
vertex at the point (0, — a, 0) and the directrix = 2/?^, 
z-^h. Construct the surface. 

557. Determine the vertex of the cone — a)"^ — z-=0, 

it'' directrix in the plane ^ = and construct the cone. 

558. Determine the vertex of the cone x- = 2yz, its di¬ 
rectrix in the plane z = !i, and construct the cone. 

559. Analyse the surface of the conoid"^ or wedge 
[a- — X-) ij'^ =h-z~ using the sections by the planes z = 0, 
y~Ji, x = :^c{c^a) and construct the conoid in the do¬ 
main z'^0. 

560. Write the equation of the surface generated by 
revolving the curve z — x~, y = 0 (a) about the axis OZ\ 

about the axis OX. Construct both surfaces. 

561. Write the equation of the surface generated by 
revolving about the axis OZ (1) the curve z = e~^^, i/ = 0; 

(2) the curve 2 = ^ , ^ = 0. Construct both surfaces (in the 

left-handed coordinate system). 


* Conoid is a surface generated by a moving straight line parallel 
to a given plane and intersecting a given curve and a given straight line. 
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562. Write the equation of a conical surface with the 
vertex 0(0, 0, 0), the directrix 
draw the surface. 


+ 
y = 3 


6 ) 2 + 2^=25 


and 


563. Write the equation of a conical surface with the 
vertex C(0, —a. 0), the directrix 


+ + = 


and 


^ y-\-z =a 

draw the surface. 

564. Write the equation of a surface generated by re- 
volving the straight line z = y, x = 0 (a) about the axis OK; 
(b) about the axis OZ, and draw both surfaces. 

565. Show that the section of the cone ~xy by the 
plane x-{~y = 2a is an ellipse, and find its semiaxes. 


3.7. The Ellipsoid, Hyperboloids, and Paraboloids 


1°. Canonical equations. Besides cylindrical surfaces 
there are six basic types of second-order surfaces deter 
mined by the following canonical (standard) equations 


1. Ellipsoid 


2 gl 


II. Hyperboloids: 


b^ 


' x‘ y 

a‘ ' 


2 

T 

2 

T 


ii_i_ y 


2 

2 

b^ 


z 

c 

Z2 


2 = I (of one sheet), 

= —I (of two sheets). 


III. Quadric conical surface 


a2 hi 


= 0. 




IV. Paraboloids (pq >0): 


p +- 7 = 2 z (elliptic). 


X^ 

~P 


— ~2z (hyperbolic). 


2°. Rectilinear generatrices. Two rectilinear generatrices 
pass through each point of the hyperboloid of one sheet: 


a 




'+T 




and 



'-i 




4—J 895 
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The same in the hyperbolic paraboloid (for p > 0 and 
q>0): 


U(. 




\r 

y 


VT \rT) 


^ = aa 


and 




V P 

b( ^ 


62 


\VT VJ J 


W2v. 


3°. Circular sections. All the surfaces having elliptic 
sections also have circular sections. The greatest circular 

sections of the ellipsoid ] (for a>b>c) 

Ct w c 

are found on the sphere x^ + y^-\-z^ = b^. The circular sec- 

2 2 

tions of an elliptical paraboloid ~-i-^=2z passing 

through the vertex are found on the sphere 
= 2pz ip > q). 


566, Write the equation of the surface generated by 

2 2 

revolving the ellipse + -^ = 1. y = Q about the axis OZ. 


567. Construct the surface + + 

9 ‘ 4 '25 


and find the 


areas of its sections by the plane (a) a =3; (b) y — \. 

568. Write the equation of a surface generated by re- 

volving the curve 1, y = 0 (a) about the axis OZ; 

(b) about the axis OX. Construct both surfaces (in the left- 
handed system of coordinates). 

569. Construct the surfaces: 


( 1 ) x ^-\- y ^ — z ^^ A \ ( 2 ) ^2 + 22 + 4=0. 


2 2 <•2 

570. Construct the hyperboloid —36~ ^ 

its generatrices passing through the point (4, 1, —3). 

571. A thread model of a cylinder is twisted by turning 
the upper base circle through an angle a (Fig. 22). De¬ 
termine the equation of the ruled surface thus obtained 
if its base circles lie in the planes z = dzC, their centres 
on the axis OZ, and their radii equal 2a. Consider parti¬ 
cular cases at a = 90®, 120®, 180®. 
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Hint. Point M {x, y, z) divides the distance between 
the points A(2acost, 2as\ni, —c), B [2a cos it->r a) 
2asin (/-j-a), c] in the ratio AMiMB = (c~i~z):(c—z). 



Fig. 22 


572. Write the equation of the surface generated by re¬ 

volving the parabola az^x\ y = 0 about the axis OZ. 
Construct the surface using the sections by the planes 
z=a, x = 0, y^O. ^ 

573. Construct the surfaces: 

+ ( 2 ) 

574. Construct (in the left-handed system of coordinates) 

the surface x ^2 = 42 and find its generatrices passing 
through the point (3, 1. 2), 

575. Write the equation of the locus of points the ratio 
of the distances of each of which from the plane x==2a 

to the distances from the point F (a, 0, 0 ) is equal to VT 
Construct the surface. 

576. Write the equation of the locus of points the ratio 
01 the distances of each of which from the point F [0, 0, 2a) 

4 * 
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to the distances from the plane z = a is equal to 
Construct the surface. 

577. Write the equation of the locus of points equidi¬ 
stant from the point F{ —a. 0, 0) and from the plane 
x = a. Construct the surface. 

578. Find the greatest circular sections of the ellipsoid 
1/2 ^2 

Ji _ 1 

169 ^ 25 ^ 9 ™ 

579. Determine the circular sections of the elliptic 

paraboloid = 2 passing through the coordinate origin. 


580. Name and construct each of the following surfaces: 


( 1 ) + = 
( 2 ) + 

(3) x'* + 2=“ — 2az; 

(4) (/* = 2az; 

(5) x-^—y^-^z^; 


( 6 ) x" = 2 a 2 ; 

(7) x=» = 2r/z; 

( 8 ) z = 2 + x= + (/^ 

(9) {z—af=xy\ 

(10) (2—2x)2-f-4(z—2x)=:i/*. 


581. Write the equations of the rectilinear generatrices 
of the hyperboloid x“—y*-|-2*=4, the generatrices passing 
through the point (2, 4, 4). 

582. Write the equations of the locus of points equi¬ 
distant from the point F ^0, 0, and from the plane 

2 = — Construct the surface. 

583. Write the equation of 

tant from the point 0, y 

Construct the surface. 

584. Find the least circular sections of the hyperboloid 

25 ”^ 9 25 ^ • 


the locus of points equidis- 
j and from the plane 2 ' = y . 


585. Write the equations of the rectilinear generatrices 
of the hyperbolic paraboloid ^—~ = 2z^ the generatrices 
passing through the point (4. 3, 0). 


CHAPTER 4 


higher algebra 


4A, Determinants 


1 . Determinants. The second-order determinant is a num 


her denoted by the symbol 
equality 

'^1 ^ll u 




and given by the 




Onb^, 


(1) 


The third-order determinant is a number denoted by 

a. 6, Cl 


the symbol 


b^ Cjj and determined by the equality 
b. c. 


Q, c, 

b^ Cj 

^3 b.^ Cg I 


9 


=: a 


b, Cg 

bs c. 


b. 




a 






( 1,2 ^2 
^3 ^3 


( 2 ) 


The second-order determinants entering the right-hand 

member of equality (2) are obtained from the given third- 

order determinant by deleting one row and one column 

and are called its minors. Formula (2) presents an expan- 

f third-order determinant in terms of the elements 
ol the first row. 

2°. Properties of determinants. 

I. The magnitude of a determinant does not change if 

each of the rows is substituted by a column of the same 
position number. 
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II. If any two rows or any two columns are inter¬ 
changed, the absolute value of a determinant remains 
unaltered, while the sign is reversed. 

It follows from I and II, that a determinant can be 
expanded in terms of any row, since the latter can chan¬ 
ge its place to occupy the first row., 

III. A determinant with two identical rows (columns) 
is equal to zero. 

IV. A common factor of all the elements of one row 
(or of one column) may be taken outside the sign of the 
determinant. 

V. If to all the elements of some column we add terms 
proportional to the corresponding elements of another 
column, then the new determinant is equal to the old 
one. The same holds true for rows. For instance: 




Cl 

1 

1 

+ mcj 

b, + nc, c, 



C2 


Oj + mCj 

+ ncj Cj 



C^ 


fla + me. 

6, + nc, c. 


Taking advantage of this property, we can get two zeros 
in any column (or row) of a third-order determinant. The 
latter is then evaluated in simpler fashion. 

3®. The area of a triangle with the vertices A{x^, 

i/z). y^): 




yi 

ys 




Evaluate the determinants: 


586. 

3 —2 

4 6 

• 

587. 

2 

6 

3 

— 10 

• 

588. 

589. 

Va —1 

a ]/~a 

• 

590. 

sina 

— cos a 

cos a 

sin a 

591. 

sin^ a 

sin® p 

cos* 

cos* 

'a 

• 
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Evaluate the determinants, expanding them in terms 
of the elements of the first column: 



2 

3 

4 


a 

1 

a 

592. 

5 

—2 

1 

. 593. 

—1 

a 

1 


1 

2 

3 


a 

— 1 

a 


Evaluate the determinants, expanding them in terms 
of the row containing the maximum number of zeros; 



1 

b 


I 



— 

-X 

1 ;c 


594. 

0 

h 


0 

• 

595. 


0 - 

—X —I 

• 


b 

0 

— 

-h 



1 

X 

1 —X 


Simplify 

and 

evaluate the 

determinants: 



a 


-a 


a 



I 

2 

5 

596. 

a 


a 

— 

a 

597. 

3 

—4 

7 


A 

— 

-a 


a 



—3 

12 — 

15 



12 6 —4 


X2 X I 

598. 

6 4 4 

599. 

y I 


3 2 8 


22 z 1 


600. 


1 4-cos a 1 -f-sin a 
1 —sin a 1 4-cosa 


601. 


1 

2 COS^ y 

2cos2 ^ 

1 


1 

sin a 1 


1 

1 

1 


sin p 
0 


602. Find the area of a triangle with the vertices 

A(2, 3), B{4, —1) and C(6, 5), 

603. Do the following points belong to one straight 

line: ** 

^(I, 3), B{2, 4) and C(3. 5)? 

604. With the aid of a third-order determinant write 
the equation of the straight line passing through the 
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points 

(I) (^ 1 . «/i) and (^ 2 . y^)\ (2) (2, 3) and (—1, 5). 

Simplify and evaluate the determinants: 



2 

—3 

1 


m + a 

m— 

-a 

a 

605. 

6 ■ 

—6 

2 

606. 

n-\-a 

2n- 

-a 

a 


2 

— 1 

2 


a 

— 

-a 

a 



ax 

a^-{-x^ 

I 


sin 3a 

cos 3a 

1 

607. 

ay 

a^-\-y^ 

1 

. 608. 

sin 2a 

cos 2a 

1 


az 

22 

1 


sin a 

cos a 

I 


Hint. In Problem 607 take a outside the sign of the 
determinant, then subtract the third row from the first 
and the second ones and take (x — z) and {y — z) outside 
the sign of the determinant. 

609. Prove that 

yi + j/a 1 
2 2 

■^1— yi —yg 1 
2 2 

yi 1 


610. Find x from the equations: 




4 

9 


JC2 

3 

2 

(1) 

X 

2 

3 

= 0; (2) 

X 

—1 

1 


1 

1 

1 


0 

1 

4 


and check the solution by substituting the roots into the 
determinant. 


j_ -^1 yi 

2 ^2 y^ 


4.2, Systems of First-Degree Equations 


I®. A system of two equations of the first degree in two 
unknowns 


(ixX-{-b^y = Cy, 

+ b^y = 
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has the solution 




Cl 

bx 

1 


Ol 

Cl 

Ca 

&21 

» ft 

Og 

C2 

Ol 

bx 

» y — 


6 . 

^2 

b. 


0* 

b. 


( 2 ) 


a 


b, 


0 . 


provided its determinant A = 

2®. A system of two homogeneous equations of the 
first degree in three unknowns 

has solutions determined by the formulas 


(3) 


x^k 


b 


I 


2 ^2 


y^ — k 


a 


1 


2 ^2 


Z =k 


a 


a 


b. 


<4) 


where k is an arbitrary number. 

3°. A system of three homogeneous equations of the 
first degree in three unknowns 

+ + V = \ (5) 

03 X + b^y 4- CgZ = 0 

has non-zero solutions if the determinant of the systent 


A = 


a 

a. 


bx 

b. 


^3 ^3 ^3 


= 0. and conversely. 


4®. A system of three equations of the first degree in 
two unknowns 

a,x-\-b,y = c^, | 

a^x-\~b^==c^, ^ (6) 

^:iX -\-'b^y = c 


is compatible, when A == 


a 


bi 


3 

C 


1 


^2 ^2 

^3 ^3 ^3 


pairwise contradictory equations. 


= 0 and it contains no 


255_ C/i. 4. Higher Algebra _ 

5*". A system of three equations of the first degree in 
three unknowns 

+ b^y + 



has the following unique solution: 



where 



di b, c, 


a^ dj Cj 


b^ dj 

^2 ^2 ^2 


^2 d^ ^2 


Og b^ d^ 

^9 ^3 ^3 


dg Cg 


^3 b^ dg 


provided the determinant of the system 



fli b, c, 

^2 b ^ ^2 

^3 ^3 ^3 



6°. Incompatible and indeterminate systems. Let us 
denote the left-hand members of equations (7) by Xj, 
X^, and Xg. Let the determinant of system (7) A=0. 
In this case two suppositions are possible. 

I. The elements of two rows (columns) of the determi¬ 
nant A are proportional, for instance, ^ = = = 

Then X^ — mX^, and 

(1) if then the system is incompatible (the first 

two equations are contradictory): 

(2) if d^ = mdi, then the system is indeterminate (if the 
first and the third equations are not contradictory). 

II. The determinant A has no rows (columns) with 
proportional elements. Then there exist non-zero num¬ 
bers m and n such that mX^-\~nX^ = X^^, and 

(1) if mdi-\-nd^^dQ, then the system is incompatible', 

(2) if mdi^~]rnd^ = d^, then the system is indeterminate. 
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The numbers tn and ti can be chosen accordingly, or 
found from the equations a^m~\-a^n=a^\ = 


Using determinants, solve the following systems of 
equations: 


611. 

613. 


3x + 2i/=-7 

4;c—5y = 40. 
5x + 2(/ == 4 

7xH-4(/ = 8. 


612. 

614. 


{ ax—Zy = 1 

\ ax — 2y = 2. 
f mx—ny = {m — n)^ 

\ 2x—y ~ n(\or m=f^2n). 


Solve the systems of equations: 


615. 

617. 

619. 

621. 


2x — 3i/+ 2 — 2 = 0 
^ + 5// —42+5 = 0 616. 

4jc+ y —32 + 4 = 0. 


2x — 5^+ 22 = 0 
x-{-4y —32 = 0. 


618. 


3x + 3^ — 2 = 0 
2^— i/ + 32 = 0 620. 

x+ y — 2 = 0. 
x + 2^ + 32 = 4 
2x+ y— 2 = 3 622. 

3x + 3y + 2z — 7, 


2x—4^ + 32= I 
X —2^ + 42 =3 
3x— y-\-5z = 2. 
3x-\-2y — 2 = 0 
2 x— ^ + 32 = 0 
x-\-3y — 42 =0. 
x + 2i/ + 32 = 4 
2x + ^y + 62 = 3 
3x+ «/— 2 = 1 . 
x+2i/ + 32 = 4 
2x+ y— 2 = 3 
3x + 3^ + 22 = 10. 


623. 

point? 

( 1 ) 


Do the following straight lines intersect at one 


2x—3^ = 6 
3x+ i/ = 9 
x-{-4y = 3 


and (2) 


2x— 3y = 6 
x+2(/ = 4 
X—5i/ = 5. 


Construct these lines. 
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Solve 



the systems of equations: 
2^— 2= 2 
3^ + 2i/ + 22 = —2 625. 

x—2y-\- 2 = 1 . 


626. 


\ 3x + 2^ + 22 = 0 

i 5jc + 2r/ + 32 = 0, 


( 2x— ^ -|- 32 = 0 

A: + 2i/ —52 = 0 

+ y —22 = 0. 


627. 

629. 


x + 2y + 3z^^ 
2x — y — 2 = 1 
X -J- 3y ~f- 42 = 6. 
3x— ^ + 22 = 0 
2x + 3^—52 = 0 
x~\- y-\~ 2 = 0. 

X — 2i/ + 2 = 4 

2 a : + 3£/—2 = 3 

4^— y+2= 11. 


4.8. Complex Numbers 

1°. Definitions. The complex number is an expression of 
the form x-\-yi^ where x and y are real numbers and i 
is a certain symbol, the following conditions being ob¬ 
served: 

(1) x + 0i=x, 0-\-yi=yi and \i = i, (—l)t = —i; 

(2) X-]-yi = Xy-{~y^i if and only if x — x^ and y = yi\ 

(3) {x-\-yi) + (X, + ^,0 = (X + X,) + (^ + y,) i; 

H) {x-{-yi) {x^yj) = {XX^—yyi)~i- (xy, + x^y) i. 

From conditions (1) and (4) the powers of the number j 
are obtained: 

= = — 1-4=1, f'‘ = t\etc. (I) 

A complex number x-\-yi^ in which t/=7^0, is called an 
imaginary number, where i is the so-called imaginary unit. 

2°. Operations on complex numbers. Addition, subtrac¬ 
tion, multiplication, and involution of complex numbers 
may be performed according to the rules for these opera¬ 
tions on polynomials, the powers of i being replaced in 
accordance with formulas (1). 

Division and evolution of complex numbers are defined 
as inverse operations. 

3°. The trigonometric form of a complex number. A comp¬ 
lex number x-\-yi is determined by a pair of real numbers 
(x, y), and therefore is depicted by a point Mix, y) in a 

plane or by its radius vector r = OM (see Fig. 12 on p. 57). 
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The length of this vector r = is called the mo¬ 

dulus of the complex number, and the angle (p between 
the vector and the axis OX is called the argument of the 
complex number. Since x = rcos 9 , y^rsinq). we have 

x-\-yi =r (cos(p + i sin 9 ). ( 2 ) 

4°. Operations on complex numbers expressed in the 
trigonometric form: 


= (cos 9 4 - i sin 9 ) (cos 9 , -f i sin 9 ,) = 

= (rrj [cos ( 9 + 9 J + i sin ( 94 - 9 J], ( 3 ) 

/■ (cos q>4-* sin <p) /■ r , , . . 

[r (cos 9 4 - i sin 9 )]" = r” (cos ^9 4 - i sin ^ 9 ), ( 5 ) 

\/ r (cos 9 4 -/sin 9 )= ^cos y - ^^^^^ 4-1 sin , ( 6 ) 


where ^ = 0 , 1 , 2 .(n— 1 ). 

Formula (5) is called de Moivre’s formula. 

5°. Euler’s formula: = cos 94-1 sin 9 ( 7 ) 

6 °. Logarithm of a complex number: 

■ ln^ = In r 4 -i 9 o 4 -f 2 A:jt, ( 8 ) 


where 9 (, is the value of the argument 9 satisfying the 
inequalities —Ji< 9 o^n. The expression Inr 4 -i 95 is 
called the principal branch of the logarithm. 


630. Perform the following operations; (I) (24-30(3 — 20: 
(2) (a + 6i)(a—W); (3) (3 — 2/)"; (4) (1+/)"; (5) 


631. Solve the equations: (1) x*-4-25 = 0; (2) — 2 x 4 - 

= (3) x'* 4 “ 4x4-13 = 0, and verify the solutions by 

substituting the roots into the corresponding equation. 

Represent the following complex numbers as vectors, 
determine their moduli and arguments, and write them 
in the trigonometric form: 

632. (1) 2 = 3; (2) 3 = —2; (3) 2 = 30 (4) 2 = —2f. 

633. (1) 2 = 2-20 (2) 2 =l 4 -fl/ 3 ; (3) 2 = —KS —0 

634. (1) —j/2 4-fK2; (2) sina 4 -/(l —cos a). 
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635. Write the numbers given in Problems 632 to 634 
in the form re'v (for —n < tp^n). 

636. Construct the domains of points z, given the fol¬ 
lowing conditions: 

(1) l^|<3: (2) \z]<2 and y < (p < k; 

(3) 2<|z|<4 and 

637. Show that \z^ — z^\ is the distance between the 
points z^ and z^. 

638. Given the point 2 o = —2 + 3/. Construct the domain 
of points z for which \z — Zo\<l- 

639. Jhe number conjugate with z is denoted by z. Prove 
that z-z= |z( 2 . 

640. Compute, using de Moivre’s formula: 

(1) (l+tT“: (2) (1—(3) (— 1 +/)‘; 

(4) (l+cos^ + isin-^)‘; (5) (|/l+»)’. 

641. Express sin 3a and cos3a in terms of functions of 
the angle a, using the identity (cosa + t sina)®=cos3a + 
+ /sin3a. 

642. Find all the values of 2 = ^1 and represent them 
by radius vectors for which purpose construct a circle of 
radius equal to 1 . 

643. Find (1) ^T; (2) yi; (3) (4) 1/—2 + 2i. 

644. Find ( 1 ) ]/T; 2 ) 1 + j; ( 3 ) j /'—8 + 8 < 1/3 . 

645. Solve the binomial equations: (1) x* + 8 = 0; (2) 
x"* + 4 = 0. 

646. Find the principal branch of the logarithm 
(1) In (—2): (2) In (1 + /); (3) In /; (4) In (x+r//); (5) In (2-2/). 

647. Find the sum sin x + sin 2x + sin 3x+... + sin wx. 

Hint. Applying Euler’s formula, substitute ^ -for 

sin X, and so forth. 

648. Find the sum cosx + cos2x + cos3x+...+cos/ix. 

649. Prove the identity x*— 1 =(x—1) (x*—2xcos 72°+1) X 
X (x* — 2x cos 144° + 1). 
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650. Compute: 

(1) (2) (a + W)” 


{a — bi) 


Represent the following complex numbers as vectors, 
determine their moduli and arguments, and write them 
both in the trigonometric form and in the form 
(for — jt < Ji): 


651. (1) 2 = 4 + 4j; (2) 2 = —l + il/3; (3) z=\ — i. 

652. (1)2 = 5; (2)2 = —i-, (3) 2 = —1/2 — 

653. Construct the domain of points ^ according to the 
conditions 


1 < | 2 | < 3 and -^ < <p < 


654. Given the point Zq = 3 — 41. Construct the domain 
of points 2 for which \z —Zo(<5. 

655. Using de Moivre’s formula, compute: 

(l)(l-()“; (2) (2 +i 1/T2)‘; (3) (l+cosf+ tsinf)\ 

656. Express sin 4a and cos 4a In terms of functions of 
the angle a using the identity (cosa-f-/ sin a)* = cos 4a+ 
+1 sin 4a. 

657. Find all the values of the radicals (1) ^—1 and 

( 2 ) 1 /1 and represent them by radius vectors. 

658. Solve the equations: (I) —8 = 0; (2) x® + 64 = 0; 

(3) x*~8\ =0. 

659. Find the sum 

cosx + cos3x + cos 5 a: + ,.. 4 -cos( 2 n —\)x 
(see Problem 647). 


4.4, Higher-Degree Equations, Approximate 

Solution of Equations 

1°. Cubic equation: 

x® + 4- c = 0. (1) 

If X,, Xj, X 3 are the roots of equation (I), then the 
latter may be rewritten as (x—Xj)(x—Xj)(x—X 8 ) = 0. 
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Hence, a— ^ = -^i -^2 + -^iJr 8 + Jc„A; 8 , c= 

The equation ^® + ax2 + ^>;c-f-c = 0 is reduced to the form 
2 ^ + p 2 + ^ = 0 by the substitution ;r = 2 —The equation 
2 ® + p 2 + ^ = 0 is solved using Cardan’s formula 




^ 4 - l/'^4-^ j_ 

2^ V 4 27 



I. If A_^ + £^> 0 . then z,=u,+v„ 2 ^. 3 =- 

^“^"2 where w, and y, are real values of the roots 

u and V. 


II. If 


^ = T + 5 f= 0 . then 3 . = ^ 



£i 
2 * 


III. IfA = ^ + |^<0, then z, = 2 J/^-^ cos, z^.a = 

= 2 ]/^-^cos (- 2 . ± 120 ° j , where cos(p=—• 

2°. Separating the real roots of the equation /(x) = 0 . 
There is a unique root of the equation f(x) = 0 between 
a and /?, if f(a) and f (jb) have opposite signs and f(x) is 
continuous and has a derivative f'(x)^0 within the in¬ 
terval [a, b]. We suppose that also f"(x)^0 within this 
interval. 

3°. The method of chords applied to approximate solu¬ 
tion of an equation f{x) = 0. Let a„ be the end-point of 
the root isolating interval [a, &] at which ^(ao) < 0 . 
Then the approximation of the root x will be the point 
a, at which i\\e chord AB intersects the axis OX (Fig. 23): 




t 


where 

4®. Method of tangents (Newton’s method). Let Po be 
the end-point of the interval [a, b] at which /(P„)-r(Po) > 
Then the approximation of the root x will be the point p, 
of intersection of the axis OX and the tangent line to the 
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curve at the point /(p,)] (Fig. 23): 



where *i=r(po). 

Applying the methods of chords and tangents 
we obtain the following table: 


once again. 


a 

p 

/(a) 1 

/(P) 

ft 


Aa 

AP 

• « 

• % 

« * 

« • 

« « 

• • 

« • 

% » 



where k and are the slopes of the chords and tangents, 
and 

Aa=—^ and Ap=— 

Continuing the process we find successive values of cc 
and p. The sequence has as its limit the required root. 



Fig. 23 

5. Method of iterations, if an equation /(a')= 0 can 
be reduced to the form x = i(>{x) and in some neighbour¬ 
hood of the root | cp'( a:)| < 0 ^ 1, being any number in 
this neighbourhood, then the required sequence of aDpro- 
ximate solutions will be: 
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In the equations of Problems 660 and 661 choose one 
root out of the integral factors of the constant term, then 
divide the left-hand member by x —Xj and find the rest 
of the roots. 

660. ( 1 ) x»—4x2 + x-f 6 = 0 ; ( 2 ) 4 x«— 4 x —6 = 0 . 

Verify the solution by forming the expressions: 





3* 




661. (1) x3—5x2—2x+24 = 0; ( 2 ) ;t« + x5 + 2x—4 = 0; 

(3) 9X3+ 18X2 —X—2 = 0; ( 4 ) 1 

Solve the following equations, using Cardan’s formula: 

662. (1) 23 — 6 z —9 = 0 ; ( 2 ) z^—\2z—l6 = 0. 

663. (1) z3—122 —8 = 0; (2) 23+62—7 = 0. 

664. x3 + 9x2+18x+9 = 0. 

665. Given the equation /(x)=x^—x—10 = 0. Making 
a table of signs for /(x) at x = 0 , 1 . 2 , ..., determine 
the boundaries of the positive root and compute it to two 
decimal places using the methods of chords and tangents. 

666 . Construct the graph of the function ^ = -^. deter¬ 
mine graphically the boundaries of the roots of the equa¬ 
tion x®— 6 x + 3 = 0, and compute them to three decimal 
places. 

667. Using the method of iterations (i.e. of successive 

approximations), find the real roots of the equations: 
(1) x3+60x —80 = 0; (2) 2^ = 4x; (3) l^x= 0; 

(4) X* — 2x — 2 = 0. 


668 . Solve the following equations, choosing one root 
among the integral factors of the constant term: 

(1) x3 + 8x2+15x+18 = 0; (2) x® —3x* + 4 = 0. 


Check the solution by writing the expressions 2-^/' 

and XjX^Xa. ^ , r 

669. Solve the following equations, using Cardan s tor- 

mula: 


(1) 23+182—19 = 0; (2) 23—62—4 = 0; 

(3) 23—32 + 2 = 0; (4) x3+6x3 + 9x + 4 = 0. 


Sec. 4.4. Higher •Degree Equations 


115 


670. Constructing the graph of the function ^ = 4-^de- 

termine the boundaries of the roots of the equation 

+ 15 = 0 and compute the roots to two decimal 

places. 

671. Find to two decimal places the positive roots of 

the equations: (1) 60 = 0; (2 ) + x —32 = 0 . 

672. Using the method of iterations, find the real root 

of the equation —8 = 0 computing the successive 

approximations by the formula x=l/S—2x (with the 
aid of a slide rule). 



CHAPTER 5 


INTRODUCTION TO MATHEMATICAL ANALYSIS 

5./. Variable Quantities and Functions 

U. Intervals. A set of numbers x satisfying the inequ¬ 
alities a < X < where a and b are fixed numbers, is 
called an open interval', it is usually denoted as (a, b). 
A set of numbers x satisfying the inequalities a^x^b 
is called a closed interval-, its notation is [a, b]. A set of 
numbers x satisfying the inequalities < b or a<x^b 

is called a half-open interval ([a, b) or (a, b]). 

Open, closed, and half-open intervals are covered by 
a single term interval. 

Equivalent inequalities (for a>oy. 

x^C^a^, |x|<a, and —a<x<a 

define an interval which is symmetrical with respect 
to zero. 

2°. Variable quantities and functions. A quantity y is 
called a function of a variable quantity x if with every 
value assumed by x we can associate one or several defi¬ 
nite values of y. Here, the variable x is called the ar¬ 
gument. 

We can put it otherwise: the quantity y depends on 
the quantity x\ accordingly, the argument is called the 
independent variable and the function is termed the depen¬ 
dent variable. The collection of all values which the argu¬ 
ment of a function can assume is called the domain of 
definition (or simply, domain) of the function. 

If to every value of the argument there corresponds 
one value of the function, the function is termed single- 
valued-, if there correspond two or more values, then it 
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is called multiple-valued (double-valued, triple-valued, 
etc.). 

The symbol f {x) is an abbreviation of the phrase 
"a function of x*\ If two or more different functions of x 
are being considered, then, in addition to f{x), we can 
use such notations as /i(x), /a(x), F(x), (p(x). 0(x). 

The notation y = /(x) expresses the fact that the quan¬ 
tity y is equal to some function of x or that (/ is a fun¬ 
ction of the argument x. The letter f is called the fun¬ 
ction symbol. 

The symbol f (x) can be used to designate both an 
unknown function and a known function. 

673. Construct the interval of a variable x satisfying 
the following inequalities: 

(l)|x|<4; (2)x2<9; (3 )|a: —4|<I; 

(4) —1 <x —3<2; (5) x^ > 9; (6) (x — 2)^^4. 

674. Write in the form of inequalities and construct the 
intervals of variables: [ — 1,3]; (0, 4); [—2, I]. 

675. Determine the interval of the variable x =\—, 

where t takes on any value ^1. 

In Problems 676 to 678 plot the graphs of the given 
functions over the interval |x|^3: 

676. (1) y = 2x\ (2) ^ = 2x + 2; (3) ^ = 2x —2. 

677. (1) y = x^\ (2) y=x’^-\-\\ (3) y=.x'^—\. 

678. (1)1/ = ^; (2)^/ = 4 + 1; (3) = 

679. Construct the graphs of the functions: (1) «/ = —; 

(2) y = 2^\ (3) y = \og^x. What feature can be noticed in 
the location of these curves with respect to the coordi¬ 
nate axes? 

680. Construct two curves in the same drawing: 
(1) i/ = sinx; (2) ^ = cosx making use of the points at 
which y has the maximum, minimum and zero values. 
By adding the ordinates of these curves, depict the fun¬ 
ction ^ = sinx-|-cosx in the same drawing. 

68 !. Find the roots and x^ of the function y^^x _x* 

and plot its graph over the interval [x^ —1, Xg-f 1]. 
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682. Graph the following functions: 

(1) y=-\A\ (2) y=—\x—2\\ (3) y=.\x\—x. 


In each of the following problems (683 to 686), find 
the domain of definition of real values of the given fun¬ 
ctions and draw their graphs. 

683. (1) // = l/^+2; (2) (3) y = V^x—xK 

684. (1) y = -\-VT+^- (2) ^ = arcsin^^-5-^-. 


685. (1) (2) y = ±xVT=^x. 

686. (1) (2) = 


687. (1) f{x)=x^—x+\-, evaluate f (0), /(I), 


/(2), /(u+l): (2) <pW=|qrT; evaluate (p(0), q)(—1), 

‘p(t)- ‘p(t)- 

688 . F(x)—x^\ evaluate: 

( 1 )^^^)^; ( 2 ) 

689. /(x)=x^ <p(x)=x^; evaluate . 

690. F (x, y)~x^—3x^—y^; evaluate F (4, 3) and F (3, 4). 

691. A function f(x) is said to be ec/en if /(—x)=/(x), 
and odd if /(—x)=—/(x). Which of the following fun¬ 
ctions are even and which are odd: (I) f(x)==—j^‘t 



JL 

a-^ 



a^-j-1 


(3) F{x)=a^+^; (4) (D(x)=a* — 


; (5) 'F(x)=xsin*x—x»; (6) /i(x)=x + x“? 


692, The midpoint of any chord of a certain graphically 
represented function /(x) lies above the graph of this 
function. Write this property of the function using an 
inequality. Check whether the function f(x)—x^ possesses 
this property. 

693. Which elementary function possesses the follo¬ 
wing properties: 


/(1)=0; f(a)=l; f (xy) = f (x) + f (y)? 
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694. Which elementary function possesses the following 
properties: 


/(0) = 1, /{l)=a. f{x-\-y)^nx)f(y)? 


695. Construct the intervals of the variable x which 
satisfies the following inequalities: 

(1) \x\<3; (2) (3) |jc —2|<2; (4) (x—1)^<4. 

696. Determine the interval of the variable x = 2-i--j, 

where t takes on any value 

697. Graph the functions: 

( 1 ) y^A—Y over the interval |a:|^2; 

(2 ) £/=3.5H-3.v— Y between the points of intersection 


with the axis of abscissas. 

698. Graph the functions: 

(1) y~x —4-[-|x—2| over the interval [—2,5]; 

(2) y=\ — cosx over the interval |a:|^2 jx. 

699. Construct the graphs of the following functions: 

= ( 2 ) = 


700. Find the domains of definition of real values of 
the following functions: 


( 1 ) = —( 2 ) 

(3) i/= 1—]/2cos2x; (4) y = 


V3 

4 


X\ 


1 + 


and construct their graphs. 

701. (1) /(x)=^; find /(O). t{-2), 

f(x-l), /(i-); 

(2) <p(x) = x^ find (x-ft); 

(3) /(x) = 4x—find / (a+1) —/ (a—1). 
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5,2. Number Sequences, Infinitesimals and 
Infinities, The Limit of a Variable, 

The Limit of a Function 

1 °. Number sequences. Let a variable x attain successi¬ 
vely the values 

Xj, Xg, Xg, X„, ,,, (1) 

Such an ordered set of numbers is called an infinite se¬ 
quence or just a sequence. The sequence (1) is given by 
the formula of the nth term. 

For example, let x„ = /i + (—1)"; putting n = l, 2, 
3, we obtain the sequence 

0. 3, 2. 5. 4, 7, ... (2) 


Suppose the variable x attains not only the values 
defined by sequence (2), but also all the intermediate 

values from 0 to 3 (increasing), then from 3 to 2 (de- 

0 ! 1 3 4 5 e 7 

I .1_1_J_i_I_I_I_ 


Fig. 24 


creasing) and so on, then the variation of x can be rep¬ 
resented by the path of a point M (x) moving along the 
axis OX. Figure 24 illustrates the path covered by the 
variable x specified by sequence (2). 

Let us assume here that a variable is given by the 
sequence x — f{n), or in general by the function x — f(t) 
defined on the interval provided x = f(i) fol¬ 

lows Xn = f{to)* i^ t>io (in particular, t may denote 
time). 

2°. Infinitesimals. A variable a is called an infinitesi¬ 
mal if for any positive number e there exists a value ao 
such that each subsequent value of ot will be less than e 
by its absolute value. 

if a. is an infinitesimal, then we say that a tends to 
zero which is written as a—0. Or in other words: an 
infinitesimal is a quantity whose limit is equal to zero. 
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3°. An infinite quantity. A variable x is termed 
an infinite quantity if for any positive number c there 
exists a value Xq such that each subsequent value of -v 
will be greater than c by its absolute value. Notation: 

X —► oo. 

If all the values of the variable x which follow a cer¬ 
tain Xq retain the sign, the notation will be: x—--\-co 
(or x —— oo). 

A quantity inverse to an infinite quantity is an infini¬ 
tesimal quantity, and vice versa. 

4°. The limit of a variable. A constant a is called the 
limit of a variable x if the difference between them is an 
infinitesimal, i.e. if x = a-\-a, then limx = a, and con¬ 
versely. 

If a is the limit of the variable x, then it is also said 
that X tends to a, the corresponding notation being: x — 
or X —— 0 (if x remains on the left of a), or x—»■ a-(-0 
(if X remains on the right of a). 



a-e a+e 


Fig. 25 

The interval (a —e, a + e) is called the i:-neighbour- 
hood of the number a. We may say that x tends to a if 
for any positive number e there exists a value x„ such 
that all successive values of x will be found within the 
e-neighbourhood of the number a (Fig. 25). 

If X —»- + cx> (or X—— oo). then it is said that the 
limit of the variable x is +00 (or — 00 ), the correspon¬ 
ding notation being: 

Iimx= -f 00 {or limx = — 00 ). 

5°. The limit of a function. A number b is called the 
limit of a function f {x) as x tends to o, if from the fact 
that X tends to a never attaining the value a it always 
follows that f{x) tends to b\ notation: lim f{x) = h. The 

given definition also covers special cases, when tlie numbers 
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a or b will be replaced by the symbols -|-oo or — oo: 
lim /(x)=+ 00 , lim f(x)^b, lim /(x) = — oo, and 

X-*■ a X -*■—» x^+oo 

SO forth. 

The limit lim f{x) = b for lim f(x) = b\ is called 

X ^ Q— 0 \ X ^ Q + 0 ) 

the limit of the function f(x) as x tends to a from the 
left (or from the right). 

702. Putting rt = 0, 1, 2, 3, etc. write the sequences: 

I I / 1\« 

—2n* ^ ^~2j 

and represent graphically their variation. Beginning with 
what n will the modulus of each of the variables become 
and remain less than 0.001; less than a given positive e? 

703. Write the sequence of values of the variable 

■^ = 1 represent its variation graphically. 

Beginning with what n will the modulus of the difference 
x—\ become and remain less than 0.01; less than a given 
positive e? 

704. Adding to 3 (or subtracting from 3) first I, then 
0.1, then O.OI, etc. show in terms of “decimal” sequences 
the ways the variable tends to the limit: x —»-3 + 0, 
X —► 3 — 0. 

705. Writing “decimal” sequences, show how the vari¬ 
ables tend to the following limits: x —►S + O, x —»-5—0; 

X —►— 2+0, X —►— 2 — 0; X —► I+O, x —► I — 0; x —► 1.2+0, 

x~^\.2—0. 

706. Prove that lim x^=^A. Clarify this by making tab- 

X 2 

les of values of x and x^. 

Hint. Putting x==2 + a, where a is an infinitesimal, 
form the difference x^ —4 and show that it equals an 
infinitesimal. 

707. Prove that lim (2x —1) = 5. Given the number 

X -► 3 

e > 0, find a maximum number 6 > 0 such that for any x 
from the 6-neighbourhood of the number 3 the corres¬ 
ponding value of the function (2x —1) turns out to be 
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within the e-neighbourhood of the number 5. Explain 
this graphically. 

708. Prove that lim (3— 2x — x^)=4. From what maxi- 

;c -*•— I 

mum 6-neighbourhood of the number —1 is it necessary 
to take a value of x so that the corresponding value of 
the function (3— 2x — x^) differs from its limit by less 
than e = 0.0001? 

709. Prove that sin a is an infinitesimal if a is an 
infinitesimal. 


Hint. Show graphically that |sina|<|a|. 

710. Prove that lim sinx^sina. 

X a 

Hint. Putting x = a + a, make up the difference sinx — 
—sin a. 

711. Prove that lim 5£lLi = 3 , Clarify this by making 

X-*- (D ^ 

tables of values of x and at x= I, 10, 100, 1000,... . 

Hint. Show that the difference —3 is an infinite- 
simal, as x—oo. 

j .. ^ 

= 2. For what values of x 


712. Prove that lim 


will the corresponding values of the function differ from 
its limit by less than 0.001? 

713. Prove that lim 4^4^=—0.5. For what values 

of X will the corresponding values of the function differ 
from its limit by less that 0.01? 

714. Prove that lim 0.333...3 =-^ by forming the diffe- 


n 


09 


rences: -i —0.3; 


n digits 

0.33; 4—0.333; 



715. Write the sequences of values of the following 
variables: 


(!) ^=7r^: (2) O) 


8 cos n 


4 * -y = (6) x = 2 “"acos/ 2 Ji 
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and represent their variation graphically. Does limA: exist 
in each case and what is it equal to? 

716. Find lim —^and lim —^ and give the 
explanatory tables. 


1 

717. Find lim 2-* and 

X 0 + 0 

natory tables. 

718. Find out the exact 
ventional” notations: 


1 

lim 2-* and give the expla 

X ^ 0-0 


meaning of the following “con- 


(1) 1 = 0; (2) (3) 3»=oo: (4) 3-“=0; 

(5) log,o0 = —oo; (6) tan90° = ±oo. 


719. Show that lim sinx does not exist by forming 

JT CO 

sequences of values of sinjc at 
(1) jc = nji; (2) x = ^ + 2nn-, {3) x=—^ + 2nn (n=0, 

1. 2, 3. 4, ...). 

720. Show that lim sin— does not exist. 

X -► 0 ^ 

721. Applying one of the theorems on infinitesimals, 
show that lim xsin—=0 irrespective of the way in which 

jr ^ 0 ^ 

X tends to 0. 

722. Inscribed in a circle of radius ^ is a regular n-gon 
whose side is a„. Circumscribing a square about the circle, 

QD 

show that < 8 as soon as n > — , i.e. a „—►O as n —► oo. 

6 

723. Let be the apothem of a regular n-gon inscribed 
in a circle. Prove that lim = where R is the radius 

of the circle. 

724. The vertex B oi a triangle ABC keeps displacing 
along a straight line BE\\AC moving off infinitely to the 
right. How will the sides of the triangle, its area, its 
interior angles and the exterior angle BCD change? 
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725. Write “decimal” sequences to show how the vari¬ 
ables tend to the following limits: x —►4-|-0, x —>-4—0; 
X —►—1.5 + 0, X —►—1.5—0. 

726. Prove that (1) lim x^ = 27\ (2) lim (x^-\~2x)~3 

(see the hint to Problem 706). 

727. Prove that lim —2.5, showing that the diffc- 

jr -► 0& 

Ky \ O 

rence -2.5 is an infinitesimal if x is an infinite 

value. Clarify this by a table, putting x = l, 10, 100. 
1000. 

728. Prove that lim cos x = cos a (see Problem 709). 

X ^ a 

729. Write the sequences of values of the following 
variables: 


(1) + (2) x=(-l)'> + ^; 

2n sin 

(3) x = (- l)-(2/x+l); (4) JC-——i- 


and represent their variation graphically. Which of the 
variables has a limit at n —^ + 00 ? 


1 


730. Find: (1) lim (2) lim 2-^~>- 

X -*■ ]~0 X » ] +0 * 


(3) lim ( 4 j lim 3 ian 2 x. ^ 5 ^ 

71 


lim 


X -*■ -^+ 0 
4 




tan X ’ 


( 6 ) 


lim -;-; (7) lim —~— 




731. Prove that lim 0.666... 6 =, by forming the 


X 


2 

3 


n digits 


differences |- — 0 . 6 ; y — 0 . 66 ; ...; 0 . 66 ... 6 . 

n digits 

732. Let be the interior angle of a reqular n-gon. 
Prove that lim a,, = ji. 
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733. On the extension of the line segment AB = a o. 
point M is taken on its right at a distance BM = x. Find 

AM 
lim 


CD 


BM * 

5,3. Basic Properties of Limits. 
Evaluating the Indeterminate Forms ~ and — 

0 CO 


1°. The limit of a constant quantity is the quantity 
itself. 

2°. lim (u+ u) = lim «H-Iim y 
3°. lim («y)= lim «-Iim y 

u lim u 


) ' 


if Iim« and limy exist. 


r 

5° 


lim 

V lim y * 


if limw and limy exist and Iimy= 7 <^= 0 . 

If for all values of x within a certain neighbourhood 
of point a, except perhaps x = a, the functions f{x) and 
<p(x) are equal to each other and one of them has a limit 
as x — *-a, then the second function has the same limit. 

This property is applied to evaluating the indetermi¬ 
nate formsy and For example. =x-|-aforanyx, 


except for x=a. By property 5® lim —-—= lim {x-\-a)=2a. 

X ~*-a ^ ^ X -*■ a 

Find the limits: 

734. (1) lim 


I 


735. lim 


2 

x — 2 


2x-\-\ 


/o\ i: 1+Sin 2 a; 

(2) lim -r-^- 5 - 

' ' 1 — cos 4jf 

^"*’T 


(clarify by a table). 


736. Hm^ ^2_3^_l_2 • 


737. lim 


AT* —9 


x‘i^2x—Z 


Hint. Solve Problem 736 by two methods: 
A'=2 + a; (2) factorize the denominator. 


(1) put 


738. lim 


n 


tan X 
sin 2x ■ 


740. lim , —_ — 

3 /•- 

742, lim 

x-*-\ V X 


yic-\ 


1 


739. lim 

71 

741. lim 

JT a 

743. lim 

X -► 0 


Sin X —cos X 
cos 2 a; 

ax—X 
X—a ' 

— 1 


X 
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Hint. Put x = t^ in Problem 742, and \-\-mx—l^ in 
Problem 743. 


744. lim 

X 0 


VT+~x- V 1- 


745. lim 

Sin 2x 


X -► n 


746- (» (2)lim_.^ 


X -► CO 


X 00 


Hint. Two methods can be used: (1) divide both the 
numerator and the denominator by x in higher power; 

(2) put x= * 


a 

747. lim 

•'^+1 


5+i' 


V' X —6a: 


3.+ . 


750. lim 


Zn 


n -*■ <x> 


1—271 * 


751. lim 


n 00 


K 2/1*+ I 
2n—1 


752. lim 

n «o 


i + 2-|-34- ■ - • -hn 
V9n^ + l 


Find the limits: 


753. 


lim 
* —2 


3x+6 
x3 + 8 ■ 


755. 



a:2 —AT —2 

a3+1 


757. 


,. Sa:* — 3ac + 2 
2x^ + 4x-\~\ ■ 


759. 

761. 


lim 

X^oO 


lim 

x->7 



2_ y^x—z 

x^49 


Q_y2 

754. lim . 

X -> 3 K 3a:—3 


756. lim 

K -*■ n +0 


/T+ 


cos X 


sin X 

758. lim 

n-*ee V 371“ -f~ I 

760. lim 

/J-+09 I-f-2-j-3+...-f-rt 


762. lim 


71 

4 


sin 2a: — cos 2x — 1 
cos X — sin X 
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5.4. The Limit of the Ratio 


sin g 
a 


as CL 


0 


If an angle a is expressed in radians, then 


a^O a 

Find the limits: 


1 . sin a , a 

iJm-— 

- " a-^o sm a 


763. lim 


sin4x 


x-^o 


764. lim 


sin 


x->0 


multiply both the numerator and 
the denominator by 4 (or put 4x = a). 


765. lim 


tan X 


x-»-0 


766. lim 


A 

Sin* — 


X-..0 


768. lim 


sin 3x 


767. lim— 

^_..Q X Sin X 




769. lim —sin(jc—A) 


h-*Q 


770. (1) lim 


arctanAT 


*-►0 


: (2) lim^IH^^i^. 


2 

/y/n/. Put arctanx = a in (1) and arcsin(l— 2x)~a 
in (2). ' 


771, lim 

x-^O 


I — cos X 


*3 


772. lim 

x-*-0 


tan X — sin x 


Find the limits: 

773. Hm^. 774. lim 

^_^oSin3x V^x-f-I — I 

•77t; i:„ 1^1—cos 2x .. 2jfsiiiA: 

.1^0 - ^1'™ • 

777. lim 778, lym '-cos 2A; + lan»A; 

A ^ . - -- # 




x-»-0 


X sin x 


+ (put.v = 2 + a). 

780. (1) jx-fp. (2) Hm ^rcsin(Ar+2) 

/ j -*0 * * ^ x -^-2 + ^ 

781. lim 


sin- X 


IliAl y -— -- ^ 

X-*-0 V I + AJ sin AT—cos Af 
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5.5. Indeterminate Expressions of the Form 

oo — oo and 0 • oo 

Find the limits: 

782. lim {,Vx^ + 3x—x). 


QD 


783. 

r-^l V^— * 


h)- 


784. lim (j/x* + jc+l — V x- 

12 


x). 




785 


. lim {— 

*-.2 V^— 


*»—8 


786. lim 
*-♦0 


sin*' X 


787. 


788. 

789. 


790. 


lim 

L 


f I 3-f- ... -f- (2rt — I) 


lim (1 

I 


n + 3 
n 


n 


X) tan yx (put x= 1 

lim + 1 — \^x^ — 4x). 

^ x^-4 )' 


a) 


OP 

lim 


jc + 2 


Find the limits: 


791. lim (x- 

4- OP 

-Kx®- 

— X -|- 1 ). 

792. lim (x- 


-a^). 793. lim 


-r-* + » 


794. lim f ‘+^ + ^+--- + '' — 

a_ao \ rtH-2 2 ) 


QD 

795. lim ^x — y^tanx ^put x = y + ctj. 


1 


4 Slll^ y 


tan® 


x). 


5.5. Miscellaneous Problems on Limits 
Find the limits: 

I -f-jt sin X — cos2x 


796. (1) lim 

.-0 S'" 5* 

^7-1 _ 


(2) lim 

x-*0 


sin^ X 


797. (1) lim h^—r\ (2) lim ,^_L- - 

x-^i f/x—1 ,^o J/1-1-2X-1 


5-1»95 
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798. lim iy x^-\-ax—x 

\^2x 




ax). 


799. (1) 1 


'-Tl ( l/i 


800. (1) lim 




+ 2 - 


sin(^+l) * 


I — cos X 


801. (1) lim-, ,_, 

x^oxiV l-\-x—\) 

802. (1) 

x-*-\ yx-—] 


803. (1) n 



804. (1) lim . V"'_+ . 

,.^.0 rn-irr. 


y 


(2) lim 


X—sinx 
I— 5x 


X-+-C0 

fO\ 7J«-i X^‘^X“— 2 
x^-2 ^ -r^x 


(2) lim 

X^Tl 

(2) lim 


X 

cosy 

x—n * 

1 — 10 « 


/*-►+ CD 


l-f. io«+i‘ 

3—10« 

tSt- 


5.7. Comparison of Infinitesimals 

1®. Definitions. Let the functions a{x) and p (x) be 
infinitesimals as x — *-a. Then: 

I. If lim —= 0, then p is termed zn infinitesimal quan- 

x^a ® 

ilty of higher order relative to a; and a is a quantity 
of lower order with respect to p. 

II. If lim*i = i4 (finite and not equal to zero), then 




P is called an infinitesimal of the nth order with respect 
to a. 

III. If Hm —=1, then p and a are termed the equi- 


x^a 


valent infinitesimals. The equivalence of infinitesimals is 
denoted by the same symbol ^ as approximate equality. 
Thus p « a. 

2°. The properties of equivalent infinitesimals: 

(a) The difference a—p of two equivalent infinitesimals 
a and p is an infinitesimal of higher order with respect 
to either a or p. 

(b) If infinitesimals of the higher orders are rejected 
from a sum of several infinitesimals of different orders, 




then the remaining or principal summand of the lower 
order is equivalent to the entire sum. 

It follows from the first property that equivalent infi¬ 
nitesimals can become approximately equal with an arbit¬ 
rary small relative error. Therefore, we use the symbol 
to denote both the equivalence of infinitesimals and 
the approximate equality of their arbitrarily small values. 

805. Determine the orders of the infinitesimals; 

(1) 1—cos.v; (2) tan x — s\nx with respect to the infini¬ 
tesimal X. 

Show on the graph that a reduction of x to half its 


value results in decreasing l—cos.v to approximately ~ 

its value and tan x —sinx to approximately ~ its value. 

806. Determine the orders of the following infinitesi¬ 
mals: (1) 2s\n^x — x^; (2) sin'^ xx* ■. (3) —1 

with respect to x. 


807. Determine the order of smallness of the sagitta of 
a circular segment relative to the infinitely small arc of 
the segment. 


808. Prove that 


(1) smmx ^ mx-, (2) ian mx ^ mx-, (3) f/ \ -{-x—l ^x, 

as -v —► 0. 

809. The volumetric expansion coefficient of a solid is 
assumed to be approximately equal to three times the 
linear expansion coefficient. On equivalence of what infi¬ 
nitesimals is this assumption based? 

810. Using the theorem that lim-2-=ilim^ if a^a,. 

and that one of the limits exists, find^the follow¬ 
ing imits: 


(1) lim 

X —^ 0 


sin5x 
sin 2x ’ 


(2) lim 

x -*.0 


sin ax-\-x^ _ 
tan bx ’ 


(3) lim 

X —♦ 0 


3A:-^sing.y 
sin2.r — x^‘ 


811. A water drop evaporates so that its radius tends 
to zero. Determine the orders of the infinitesimals exp¬ 
ressing the surface and volume of the drop with respect 
to its radius. ^ 


5* 
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812. Determine the orders of the infinitesimals; 

(1) F-f-X® — 1; (2) sm2x — 2s\nx; (3) 1—2cosx 

(jf + 'j) with respect to the infinitesimal a:. 

813. Prove that as x —*-0 (1) arctan mx 

(2) y I -{~x — l^-^x; (3) 1—cos® X 1.5 sin^ X. 


5,8. The Continuity of a Function 

r. Definition. A function /(x) is called continuous at 
a point x = a if it is defined in some neighbourhood a 
and 

Umf{x)=f(a) 

x^a 

This definition contains the following four conditions: 

(1) / (x) must be defined in some neighbourhood of a; 

(2) there must exist finite limits lim/(x)and lim/(x); 

x-*-a — 0 x-»>a+0 

(3) these limits (both from the left and from the right) 
must be equal to each other; 

(4) these limits must be equal to f (a). 

A function is called continuous on a closed interval 
[x^, X 2 ] if it is continuous at every point of the interval, 
and at its end-points lim / (x)=/(x,) and lim f {x)—f (x^). 

Elementary functions: power function y — x^, exponeri- 
tial function y = a^, logarithmic function i/=logoX, tri¬ 
gonometric functions ^ = sinx, y=cosx, y=ianx, y—coix, 
y = secx, y = cosecX, circular or inverse trigonometric 
functions y = arcsinx, ^ = arccosx, ^=arctanx, (/=arccotx, 
y = arcsecx, ^ = arccosecx, as also their sum, product, 
quotient are continuous at any x at which they have a 
definite value. 

2°. Discontinuities of a function. A function has a dis¬ 
continuity at x = a if it is defined both from the left and 
from the right of a, but at the point a at least one of 
the continuity conditions is not fulfilled. We usually 
distinguish between two basic kinds of discontinuity. 

(1) Discontinuity of the first kind. Such a case occurs 
when there exist the limits on the right and on the left 


See, 6.8. The Continuity of a Function 
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and they finite, i.e. when the second condition of 
continuity is fulfilled, and the rest of the conditions (or 
at least one of them) are not fulfilled. 

For example, the function , equal to —1 for 


x<a and to +1 for x>a, has a discontinuity of the 
first kind at the point x = a (Fig. 26), since there exist 
the limits hm y= — l and lim ^ = + 1, but they are 

Jc-fO-O x-*a +0 ^ 

not equal. 




g. 27 


(2) Discontinuity of the second kind. This is the case 
when [imj(x) either on the left or on the right is equal 

to dz oo. 


For example, the function = = ^ (Fig. 27) has 

of the second kind at the point .r = a. 
All the fractional functions whose denominator becomes 

numerator is not equal to zero, 
have a discontinuity of the second kind at the point 


X 

P- 

X = 


/W=2- (Problem 819, Fig. 42 on 
322) also has a discontinuity of the second kind at 
0, since lim /(;r) = 0, but lim/(A') = oo. 

jr-*.+ 0 


-0 


814. 

4 


Indicate the point of discontinuity of the function 
2 * find (/, lim y^ lim y^ and plot the curve 

4-».2 + 0 x ~*±» 
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using the points 

x = —2, 0, 1. 3, 4, and 6. 

815. Find the points of discontinuity and graph the 
functions; 

(1)1/=—^: (2) y = tanx; {3) y = j^. 

816. Graph the function 


■j for X ^2 

0 for x = 2 


and Indicate the point of its discontinuity. Which of the 
four continuity conditions are fulfilled at this point and 
which are not? 


817. Graph the functions: (I) and (2) y = 

I * Which of the conditions of continuity are 

fulfilled at the points of discontinuity of these functions 
and which are not? 

818. Graph the function 




sinj¥ e , ri 

- for 

2 for X = 0 


and indicate the point of its discontinuity. Which of the 
continuity conditions are fulfilled here and which are not? 

819. Indicate the point of discontinuity of the function 

y = find lim y, lim y, lim ^ and construct the graph 

of the function. Which conditions of continuity are not 
fulfilled at the point of discontinuity? 

820. Graph the function 

( 0.5x2 fQj- IXI < 2 

2.5 for \x\ = 2 
3 for I XI > 2 

and indicate the points of discontinuity. 
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821, Find the points of discontinuity and plot the graphs 
of the following functions: 



(2) ^^arctan^^^; 



822. How many single-valued functions are given by 
the equation = Among them define (I) an even 

function; (2) an odd function so that they have finite 

discontinuities (of the first kind) at — 1 =fc 2 rt 3 

and plot their graphs. 


823. Indicate the point of discontinuity of the function 

f/i=—» find lim lim lim i/and plot its graph 

^ X-\-2 x-k- 2-0 X-.-2+0 x-*.±« or 

using the points ;c = —6, —4, —3, —1, 0, 2. 

824. Graph the function 

( 2 for X = 0 and ;c*=±2 
4 —for 0 < |x| < 2 
4 for IXI > 2 


and Indicate the points of discontinuity. Which continuity 
conditions are fulfilled at these points and which are not? 

825. Find the points of discontinuity and construct the 
graphs of the following functions: 


( 1 ) y -=2 


UEJ. 

X * 


(2)i/ = 2^-2. (3)^===! 


2 

2^ 




4—x3 


4x—I 


826. How many single-valued functions are specified 
by the equation x*4-^*=-4? Oui of them define (1) two 
continuous functions on the interval lx I <2* (2) the one 
which is negative on the interval |x|< 1 and positive for 
the rest of permissible values of x. Graph the latter 
function and indicate its discontinuities. 
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5.9, Asymptotes 

Definition. The straight line AB is called the asymptote 
of curve L if the distance MK from M (on L) to the 
straight line AB tends to zero as M recedes to infinity. 

I. If \imf{x) = ±:oo, then the straight linex = aisan 

x^a 

asymptote of the curve y^f{x). For instance, the curve 

has an asymptote x = a (Fig. 27). 

II. If in the right-hand member of the equation of a 
curve y^f{x) it is possible to single out a linear part 
y—f (x)=kX‘\-b-\-a (x) so that the remaining part a (x) — *-0 
as X —»-dioo, then the straight line y^kx^b is the 
asymptote of the curve. Examples: (1) the curve y = 

*= - ^2 —X -f 1 +- 5 - has two asymptotes: y = xA -1 and 

JC X 

( 2 ) the curve i/** = 0 + has the asymptote 

1/-0 (Fig. 27). 

III. If there exist finite limits lim and 

x-^+co or —<0 ^ 

lim U{x) — kx]^b, then the straight line y = kx-\-b 

X-*--¥<*>OV —09 

is an asymptote. 

4 

827. Determine the asymptotes of the curve |/ = 1—rr 

and plot the curve given the points ^ = ±1, ±2, db4. 

In Problems 828 to 830 find the asymptotes of the given 
curves by singling out of the fractions a whole linear 
part: construct both the asymptotes and the curves. 

828. ( 1 ) (2) y = ^> (3) i/ = FTT- 

829. (1) (2) = (3)j/ = ^. 

830. (1) (2)y = ^; (3)i/ = ^^. 

Find the asymptotes of the given curves and construct 
the curves: 

831. (1) x'^~-y^ = Q^\ (2) x^-\-y^ = 3axy\ 

(3) y = x —2arctanjc: (4) ^ = arctan^^. 
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832. (1) y = y x-^-\- l — lx-*—1; 
(2) y = Vx- -t- 1 -t I — I; 


1 

(3) = x — 


833. Construct the curves: (I) ^ * ; (2) y = ^ —- 

OX * X "I” I 

and the parabolas lo which these curves approach asympto¬ 
tically. 


834. Find the asymptotes of the curves: (1) y=(^ 1 — 

(2) y = — and plot the curves by the points x= zt-i 


i I» zt 2. 

835. Find the asymptotes of the given curves and con¬ 
struct the curves: 


(1) //- 

(4) y = 


X —4 

% 

2x -I- 4 ’ 
x-' 

1 —• 



2 —2x ’ 




1 


5.70. The Number e 


The number e is defined as 


lim 

n CD 



lim (1 +4-V = I'm (1 -fa)® =e. 

'*/ a-^O 


Its value is 2.71828.... Since it is an irrational num¬ 
ber, it cannot be expressed as a fraction, or as a decimal, 
or even as a recurring decimal. It is used as the base 
for natural or Napierian logarithms; notation: log^ x = \nx. 
Common or Briggs’ logarithm: \og^^x=M \nx, where 
M = 0.43429... . 

Find the limits: 


837. ,1) ,2, 

1 I — X 

838. (1) iim (1-f 2 a'}^ ; (2) lim (1—4a) 

x-^O jt-^O 


^/l + 3 


X 
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2x—\ \2X 


2x-\- I 

840. (1) lim rt[ln (M-f-3) — Inn]; (2) lim (1+3tan^A:) 

841. lim (cos (put sin2;c = a). 

x -*-0 

842. (1) lim + ; (2) 

a->0 ^ ■* 

(3) limilpi. 

;c-4>0 ^ 

Hint: In (2) put e~^ —l=a. 

843. Find two consecutive whole numbers between which 
the number 6(1—1.01"“®) is contained. 


Find the limits: 


g-3x_l 


844. (1) lim (l+IV"; (2) lim 

n-^ooV '*/ ^ \ 

845. (2,lta 

846. lim (sin 2x)“"'(p^|; cos* 2x = a). 

n 


n 

— 3 \ 2 


847. (1) lim 


t 


t^o * 


(2) lim n[\nn — ln(n-|-2)J. 


a -► CO 



CHA PTER 6 


THE DERIVATIVE AND THE DIFFERENTIAL 


6,1, The JDerivatwes of Algebraic 
and Trigonometric Functions 


r. Definitions. The derivative of the function y^f{x) 
at a given point x is defined as the limit 


lim + (,) 


If this limit is finite, then the function f (x) is called 
differentiable at the point x\ it is infallibly continuous 
at this point. 

If limit (1) is equal lo-foo(or—oo), the function / (,>:) 
is said to have an infinite derivative at the point x under 
an additional condition that the function is continuous 
at this point. 

The derivative is denoted by y\ or f (x), or ^. or 

. The process of finding the derivative is called the 

differentiation of a function. 

2°. Basic differentiation formulas: 


(1) (cy = 0; (2) (3) (cuy=cu'; 

(4) (u + u)' = u' + u'; (5) (uv)' ==u'v-yuv'; 



u'v — v'u 

—a—- 




(8) (sin x)'=cosx; (9) (cosx)'— — sinx; 
(10) (tanx)^ = — ; (11) (cotx)' = —- 


848. By 


computing lim 

Ax -».0 


Ax 


find 


the derivatives of the 
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following functions: 

(1) (2) y = 

(5) y = (6) i/ = 




V 


(3) y~Y~x\ (4) y = s\nx] 

1 


(7) y = 


•2 » 


(8) y~ianx\ 


(^) y = ^\ (10)*/ 

(12) r/ = |/TT^. 


= Fl + 2x: (11) y = 


3;c+2 ’ 


Taking advantage of the differentiation formulas, find 
the derivatives of the following functions: 

849. (1) i/ = ~2;c^ + 4A:—5; {2)y=^^^. 


850. (1) = 

851. (1) y = x-{-2\/lc\ 


-+X-, (2) y = {\-^)\ 

x\ (2) i/ = (J/a—^/^)^ 


852. (l)i, = ^: (2)^ = 1 + ^ + ^ 


853. ^ = x + 


5jc6 » 


^V~x 


i) 


855. (I) 

856. (1) y = x —sinjc; 

857. (I) y=x^cosx\ 

858. (1) y=^\ 

859. (1) = 

860. (1) f(x) = -^^ 

861. (1) s = ^; 

862. f(x)=^~x^ + . 

863. /(x)=a:»-45-: 




COS X 
1 —sin X 


(2) y^3x—GVlc. 

(2) ^ = tanx. 
(2) i/ = x2cotx. 

(2)1/ = ^. 
(2) </ = ^. 

(2) (p(x)=-^ 


(2) x — a (t —sin /). 

x^-hx; evaluate /'(0), /'(I), /'(—I). 


864 


. f(x)=-x^—^; evaluate (2) —/'(—2). 
• ; evaluate O.OI •/'(0.01). 


X 
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Find the derivatives of the following functions: 
865. (1) y = (a — bx^y- (2) y ^ {\ + . 


866 . ( 1 ) y^^_ 


bx^Y\ 

1 

4x* 


(2) + 


867. (1) f/ = >:4-sin;c; 

868 . ( 1 ) y = x^s\nx\ 

869. (1) y = V~XQ 0 sx\ 






870. (1) y^x 


I 

3x3 


(2) y=x-\- cot X. 
(2) y—x^ tan x. 

(2)5 = 4—f. 

(2)</ = -4^. 


871. (1) y=fl+^V; {2)u = _£2ii_ 

\ y X ) ^ ^ 1+2 sin ;t ' 

872. /(x)=^^; find /'(—8). 

873. ^(^) = 27 ^: find f'(0), /'(2) and f'(—2). 


6.2. The Derivative of a Composite Function 

If y = /(w) and u — tp{x), then y is called a function of 
a function or a composite function of x. Then 


dy Jy du , f. 

dK-du'dx y -f (u)^u\ 


(1) 


Now the formulas of the previous section take the ge¬ 
neral form: 

(I) (u’‘)' — nu'^~^u'; (2) (sin «)'=cosa■ a'; 

(3) (cos«)'= — sin w-w': (4) (l/w)' = —; 

2 yu 


(5) (tan«)' = -;^: 


COS^ u 


(6) (cotw)' = 


sin3 u 


Find the derivatives of the following functions: 

874. (1) // = sin6x; (2) y =cos {,a — bx). 

875. (1) ;/ = sin|-+cos4-; (2) (/= 6 sin y . 

876. (1) y = (l_5.v)*; (2) y^ y(4 + 3x)K 

877. (1) i/ = _^ 2)6 i (2) y ~y 1 — x^-, (3) y = Y cos ix 
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878. = —Sin 2x. 

880. (1) (/ = sm2x; 

881. i/ = sin®;c4-cos3;c. 

883. y = ^ 1 -f cos=* X, 

885. y — Y 1 +sin 2jc — 

886 . (/= * 


888 . y = 

890. y=^ 


(1 + COS 4 x )5 

sin^x 


cos X 

Y2x^ 


879. i/ = sin*x = (sin;c)*. 
(2) y = cos^x;{3) y = sec^x, 

882. y=ian^ x —3 tan;c+3x. 

884. ^ = sinV^. 


V 1 — sin 2x. 


887. y — coi^y, 
889. y = xi/'x^^. 


891. s — a cos* — . 

a 


892. (1) /■ = a]/'cos 2(p; (2)/■= ]/^2cp+cos" ^2(p+-j). 

893. /(0 = Ka^ + 6* —2a6cos/: find T (-j) • /'(")- 

894. f(x) = -/'x + 2yx; find /'(I). 


Find the derivatives of the following functions: 

895. y = Y^x-{-s\n ^x. 896, y = x^Y^ — x-. 

897. |/ = sin*xH-cos*898. ^=^l+cos6x. 

899. (I) ^ = tanx + -|-tan^x + y tan®x; (2) ^ = 

= 901.s= ]/4-_sin|-. 

902. r = cos^(-^—I). 903. 

904. /(/)=J/'l + cos=i/»; find /'(^^) • 

6‘.5. The Tangent Line and the Normal to a Plane Curve 

The slope {k) of the tangent to the curve y = f{x) at 
the point (.sfot yo) is equal to the value of the derivative 
of f(x) at the point XqI 

^ = tan tp = /' (xj = [y']x^x,. 


( 1 ) 
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The equation of the tangent to the curve at the point 
^ (-^ 0 . yo) (Fig. 28): 

y—yo = k(x—Xo), ( 2 ) 

The equation of the normal: 

«/—'/o=—(3) 

where k is determined by formula ( 1 ). 

The line segments T and AN tan 9 

(Fig. 28) are called the subtangent and the subnormal 



respectively; the lengths of the segments MT and MN 
are termed the lengths of the tangent and the normal 
respectively. 

905. Find the slopes of the parabola y==^x^ at the 
points X = rfc 2. 

906. Write the equations of the tangent and the nor¬ 
mal to the parabola ^ = 4 —at the point of its inter¬ 
section with the axis OX (for x > 0) and construct the 
parabola, the tangent, and the normal. 

In Problems 907 to 910 write the equations of the tan¬ 
gent lines to the given curves and construct the curves 
and the tangent lines. 

907. To the curve y=^ the point x = —1. 

908. To the curve y^=x^ at the points and x^^ 1. 

909. To the versieia at the point x = 2. 
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910. To the sinusoid y = smx at the point x = n. 

911. At what angle does the curve w = sin;c intersect 
the axis OX? 

912. At what angle do the curves 2//=^ and 2^ = 8—jc* 
intersect? 

913. Find the length of the subtangent, the subnormal, 
the tangent, and the normal to the curve (1) y~x^\ 
(2) y^ = x^ at the point x=l. 

914. Prove that the subtangent of the parabola f/® = 2/7X 
is equal to twice the abscissa of the point of tangency, 
and the subnormal, to p. 

915. In the equation of the parabola y — x^bxc 
determine b and c if the parabola contacts the straight 
line y = x at the point x*=2. 


916. Write the equations of the tangent lines to the 
hyperbola xy = 4 at the points x, = 1 and Xj = — 4 and 
find the angle of their intersection. Construct the hyper¬ 
bola and the tangents. 

Write the equations of the tangent lines to the given 
curves and construct the curves and the tangents: 

917. y = 4x —x^ at the points of intersection with the 
axis OX. 

918. y^ = 4 —X at the points of intersection with the 
axis OY. 

919. ^2^(4-l-x)® at the points of intersection with the 
axes OX and OK. 

920. Find the distance of the vertex of the parabola 
^ = x 2 — 4x + 5 from the straight line tangent to it at the 
point of intersection of the parabola and the axis OY. 

921. At what angle does the straight line y = 0.6 inter¬ 
sect the curve ^ = cosx? 

922. At what point is the tangent to the parabola y = x^ 

- 1 - 4x parallel to the axis OX? 

923. At what point of the parabola y—x'^ — 2x + 5 is 
the line tangent to it perpendicular to the bisector of 
the first quadrant? 

924. Find the lengths of the subtangent, the subnormal, 

2 

the tangent, and the normal to the curve f/= j at 
the point x= 1 . 


Sec. 6.4. Non’diQerentiabHity of a Function 


145 


925, What angles are formed by the parabola y = ~ 

and its chord if the abscissas of the end-points of the 
chord are equal to 2 and 4? 

6.4. Cases of Non~differentiability of a 

Continuous Function 

r. A corner point. The point A t/i) ^he curve 
y = f{x) (Fig. 29) is termed corner if the curve has no 
single derivative y^ but has two different derivatives at 
this point — a left-hand derivative and a right-hand de¬ 
rivative; lim = and lim tangent 

Ajt-fO + O 

rays emanate from a corner point with slopes and 
2®. A cuspidal point with a vertical tangent line. The 
point B{x^. y^) (Fig. 29) is called the cusp with a verti¬ 



cal tangent line if the curve has no derivative y’ at 
this point, but it has a left-hand and a right-hand infinite 
derivatives of opposite signs ( + 00 and — 00 ). The cusp 
is a particular case of the corner. One vertical tangent ray 
emanates from such a point, or it is better to say that 
two coincident tangent rays emanate from it. 

3°, A point of inflection with a vertical tangent line. 
The point C (Xj. y^) (Fig. 29) is called ihe point of inflec¬ 
tion with a vertical tangent if the curve has an infinite 

derivative at this point; w'— lim lim 4 ^= -I 00 

Aa-* + 0 

(or — 00 ). Jn such a point there exists a vertical tangent 
line. 




At the points A and B the function i/ = f(x) has no 
derivative, at the point C it has an infinite derivative. 
At all three points the function is continuous but non- 
differentiable. 

926. Graph the function r/ = ]/^ (or y = \x\) and find 

the left-hand yL and the right-hand y^ derivatives at the 
corner point of the curve. 

927. Graph the function i/ = 0.5]/(x— 2 )* on the interval 
[0, 4] and find the left-hand yL and the right-hand y\ 
derivatives at the corner point of the curve. 

928. Graph the function y^Y^m^x on the interval 
[ — Ji, ji] and write the equations of the tangent lines at 
the corner point of the curve. 

929. Graph the function y^V cos x on the interval 
[ 0 , 2k] and write the equations of the tangent lines at the 
corner point of the curve and find the angle between them. 

930. Graph the function ^ on the interval [ — 2,2] 

and write the equation of the tangent line at the point 

X = 0. 

931. Graph the function y —\—\/(x — 2)3 on the inter¬ 
val [0, 4] and write the equation of the tangent line at 
the point x = 2 . 

932. Graph the function ^3=4x on the interval [ — 2, 2] 
and write the equation of the tangent line at the point 

X = 0, 

933. Graph the function ^* = 4(2—x) on the interval 
[0, 4] and write the equation of the tangent line at the 
point x = 2 . 


934. Graph the function y=\ —V^cos^x on the interval 
[0, jx] and write the equations of the tangent lines at the 
corner point of the curve. 

935. Graph the function y— ^(x + 1 )*— 1 on the interval 
[ — 2, 0] and write the equation of the tangent line at 
the point x = —1. 

936. Graph the function ^ = |4x—x*| on the interval 
[—1, 5] and write the equations of the tangent lines at 
4he corner point x —0, and find the angle between them. 
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6.5. The Derivatives of Logarithmic and 

Exponential Functions 


The basic formulas: 


u 


(\nuy= ^ . 


{a^y = a° ]n a • u' 


Find the derivatives of the following functions: 
937. (1) y = x\nx\ (2) y = ^ ; i/ = log(5x). 


938. (1) y = \nx—— 


2 ^ 2 * 


(2) y = \n {x^-\-2x). 


939. (1) i/— In (1 +COSA:); (2) i/ = insinx — ysin^x 

940. i/= ln(j/x+Kx+ 1). 


941. y — \x\ 


d^ — x^ 


942. y=^\n 


944 


943. t/ = In tan + . 

945. y = \n {x\yx^). 

946. i/ = 2/x —4 1n (2 + /^). 

947. (1) (/ = -j^+lntan4; (2) 4' = ln 




948. Write the equation of the tangent line to the curve 
y = lnx at the point of its intersection with the axis OX. 
Construct the curve and the tangent line. 

949. Show that the parabola y—-^ 's tangent to the 

curve y — \nx^ and find the point of tangency. Construct 
the curves. 


Find the derivatives of the functions: 

950. (1) (2) y = x^-2^\ (3) y = xH^. 

951. (1) = (2) y = e-^"\ (3) ^ = 

n 


952. y=2\e^^e 

954 . 


953. y = Vlce^. 


-r X 


955. y = e° cos — . 

^ a 
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956. (1) £/ = 

957, ^ = In 


»e-^(sin;c + cosAr); (2) ^ = + 

e* 

^g_|, I • 958. y = (e«*—e-***)®. 


959. /(/)=« In (1+a- 2 <); evaluate f'(0). 

^ = intersect the 

axis OY? 


961. Prove that the length of the subtangent at any 

point of the curve !/ = e^ is equal to a. 

962. Find the derivatives of the following functions: 

( 1 ) y = x^\ (2) = 

Hint. First take logarithms of the given functions. 


Find the derivatives of the following functions: 

963. i/=<lncosA:—yCos^A:. 

964. y = \n(yx—]/x—\). 965. ^ = In , 

_ ^ X 

966. // —ln(sin^+I/^r+ sin^A'). 

967. y=\n-^===^. 968. v = ^ In tanx+lncos.v. 

969. ^ = In |/^I i/ = In (I + sec x). 

971. £/ = a In (Vx + a + Kx)— Vx^ + ax, 

972. y=ae~~^-^xe". 973. y = e~'^) , 

974. = 975. // = ln(e«-+K^^^). 

976. y=\n . 977. y = 

978. /(0 = ln?±|2^; evaluate /'(f). 

979. Write the equation of the tangent to the curve 

y~^ —the point of its intersection with the axis OK. 
Construct the curve, the tangent, and the asymptote of 
the curve. 
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6.6. The Derivatives of Inverse Trigonometric Functions 


(arcsin a)' 


1 —u* 


; (arccosu)' = 


V \ — u^ * 


(arctan w)'=3 ; (arccotu)' 


1 +^ 2 * 


Find the derivatives of the following functions: 

980. y = \/‘\—+arcsin ;c. 

981, y = x— arctan x. 982. y = arcsin Vl~4x. 

983. (/ = arcsin-^. 984. ^ = arctan~. 

985. i/ = arccos(l — 2a:). 986, «=arccot|^, 

987. (1) ^ = xKl—4-arcsin x; (2) (/ = arcsin (e^^). 


988. ^ = arctan x+In 989. 

990. y = x arctan-^——In (x 2 -|-a 2 ). 


y = arccos 



Find the derivatives of the following functions: 

991. f/ = arcsin l/"x. 992. f/= arctan (/6x 

993. (I) ^ = arccos(l—x=»); (2) ^ = arccotx — 

994. y = e^]/^\ —4-arcsine"^. 

995. i/=x arccosX—f/T—x^. 

996. =arctane2X4-In ^ j ■ 

997. s = |/4/ — 4 _ 4 arcsin . 

998. y = arccos — 2x 4 - V^2x— 4x^ 

999. arctan evaluate (0). 
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6,7, The Derivatives of Hyperbolic Functions 

i*. Definitions. The expressions * ajid 

their ratios are termed the hyperbolic sine, cosine^ tangent^ 
and cotangent, respectively. They are denoted: 

sinhx = "-^^^. coshx = ^li^, tanhx = ^, 

2 ’ 2 ’ cosh;ic * 

cothx=^. 

sinh X 

2°. The properties of hyperbolic functions; 

(1) cosh^x—sinh“x=l; 

(2) cosh® x +sinh® x = cosh 2x; 

(3) sinh 2x=i 2 sinh X cosh x; 

(4) sinh0»*0, cosh 0 = 1; 

(5) (sinh x)'= cosh X, (cosh x)'= sinh x; 

(6) (tanh;.)' = ^. (cothx)'-- 

Find the derivatives of the following functions: 

1000. (1) f/= sin h®x; (2) y=x —tanhx; 

( 3 ) ^ = 2]/^coshx—1. 

1001. / (x) = sinh y-f-coshy; evaluate /'(0) + /(0). 

1002. (1) i/=:ln[coshx]; (2) £/ = tanhx + cothx. 

1003. (1) (/ —X — cothx; (2) i/= In [tanhx], 

1004. (1) ^ = arcsin [tanh x]; (2) ^ = ]/’!+sinhMx. 

1005. The line (/ = y (e“ +e “ ) =a coshy is called 

the catenary. Write the equation of the normal to this 
line at the point x = a (see the Tables of hyperbolic func¬ 
tions on p. 391). Construct the curve and the normal. 

1006. Write the equation of the tangent to the curve 
i/ = sinhx at the point x = —2. Construct the curve and 
the tangent to it. 

1007. Prove that the projection of the ordinate of any 
point of the catenary curve ^=ocoshy on its normal 
is a constant quantity equal to a. 
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6,8, Miscellaneous Problems on Differentiation 
Find the derivatives of the following functions: 

1008. (1) ^ •^_^~ - + arcsin^; (2) = IncosA;. 

1009. — 1 -f arccot V^4x— 1. 

1010. x = ln(e®*+I) — 2arctan(e*). 

1011. y = ^\n{yX — 4 + )/x) + ]/ 

1012. s = -^tan */—t — ln(cosO- 


1013. f (x) = (x“4-a^) arctan-^— ax\ evaluate(a). 

1014. (l)^>=lnj^jc—(2) r/ = x (cos ln;c+ sin Inx). 


X—1 


1015. f (x) = arcsin-; evaluate f' (5). 


U 

—:r u 


1016. (p{u) = e ^ cos — ; show that cp (0) +acp' (0) 

1017. /((/) = arctan — — In y* — a*\ evaluate /'(2a). 


1018. F(z)=- 


cos* 2 


1 sin* 2 


; show that F 


(t) 


3f 




1019. Show that the function s — 
rential equation + 5 = 


I 


t [net 


satisfies the diflfe- 


/ - 6^^^ 

1020. Show that the function x = —— satisfies the 


2^* 


differential equation t-^-\-2x = e-^^. 


6,9, Higher-Order Derivatives 

Let i/'°=/'(x) be a derivative of the function y — f{x)\ 
then the derivative of the function /'(x) is called the 
second derivative of the function f (x) and is denoted by y", 

or fix), or-0. 

The second derivative is also called a second-order deri¬ 
vative. In contrast, the function f'(x) is called a first- 
order derivative, or the first derivative. 
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A derivative of the second derivative is called the tfttrd 

derivative of the function f (x) (or the third-order deriva¬ 
tive). It IS denoted by f" {x). 

In similar manner we denote the derivatives of the 
f^ourth order r (x), fifth order ^ (x) and so forth (num¬ 
bers are used instead of dashes to save space and Roman 
numerals are used to avoid confusion with exponents). 

A derivative of the nth order is symbolized by 


the derivative of the third order (x) =.0, 

the derivative of the fourth order ^ (x) = ^ ^ 

and. in general, 


the derivative of the nth order (x) = 


1021. Find the second-order derivative of the function: 
(1) r/ = sin^x: (2) i/=tanx: (3) ^ = 

1022. Find the third-order derivative of the function: 

(1) i/ = cos'*a:; {2)y = -L; {3)y=xs\nx. 


1023. Find the third-order derivative of the function: 

(1) y = x\nx; (2) s = te-^; (3) ^ = arctan-. 

1024. s = -^K2^“ + arcsin-j^: find p,. 

Find the derivative of the nth order of the function: 

X 

1025. (I) ; (2) Inx; (3) ]/lc. 

1026. (1) x«; (2) sinx; (3) cosV. 

1027. Deduce the Leibniz rule by means of successive 
differentiation: 

{uvy + 

iuvy'' - 3«V -f- 3n V -|- nn'"; 

{uv)^'^ = u^'^v-j-du'v'-j-‘iu'v"' and so on. 
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1028. Using the Leibniz rule find the second derivative 
of the function: 

(1) y = e^cosx\ (2) y~a^x^\ (3) y^x^slnx. 

1029. Using the Leibniz rule find the third derivative 
of the function: 

(1) y = smx\ (2) y=*x^\nx\ (3) y = xcosx. 


1030. f(x)=xe^; find f'" (x), f^"^(x), 

1031. /W=(l+xr; find f(0), /'(0), /"(O). /"'(O). ... 
.... ^'"‘( 0 ). 


1032. /(a:) = 


show that for n'^2 


(0) = {-I )"-* 


1033. f(x) = - 

f 


— 5 -; show that 

— JC® ’ 



at n = 2m 
at n = 2m 





Hint. Take advantage of the identity 

I—JC® 2 \\-{-x^\—x/* 

1034. By differentiating the identity {x —l)(x® + x3-f- 
4- ...-fx”) = a:”***^— x^ three times with respect to x and 

n 

putting then x = 1, find the sum ^ k (k — 1) — 

k= \ 

and then the sum of squared numbers of the natural series 

k= 1 


1035. Find the second derivative of the function: 
(1) y = e-^*\ (2) (/ = cotx; (3) y^arcsln—. 
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1036. ^Find the rtth derivative of the function: 

(1) //**a*: (2) y = ^ ; (3) 

1037. /(j:) = arcsin;^; find f(2), f (2) and f" (2). 

1038. Using the Leibniz rule, find the third derivative 
of the function: 


( 1 ) ( 2 ) y^x^s\x\^\ 

(3) y^xf* (a—x)^Zf(a—xt 


1039. Show that the function y=^e^c.osx satisfies the 

differential equation + = 

_^ 

1040. Show that the function y=^xe ^ satisfies the 
equation x^y'—xy* -^y = Q. 

1041. f{x)^x^e show that = 

1042. f {x)=^€~^*\ show that 

/<«> (0) = —2 (n— 1) /<«-=“> (0), (0) = 0, 

p-(0)-(-2r(2m-l)(2m— 3 ) ... S-S-l. 

1043. i(x)=:x"\ show that 


/(,) + m+r(.) 


21 


+ 




6,10, The Derivative of an Implicit Function 

If an equation F (x, = unsolved with respect to y, 

defines z/ as a single-valued function of x, then y is termed 
the implicit function of x. To find the derivative y' of this 
implicit function, we have to differentiate both members 
of the function F(x, y) = 0 with respect to x, conside¬ 
ring y as a function of x. From the equation thus obtained 
we find the required derivative y'. To find y" we have to 
differentiate twice the equation F{x, y) = 0 with respect 
to X, and so on. 


Find £/' from the equations: 

1044. (I) x’*-fr/=* = a^ (2) y^=^2px; (3) p-=l. 

1045. (1) x*+x£/-Fi/« = 6; (2) x^-\-y^-xy=^0. 
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1046. (1) = a® ; (2) e^—e-^-\-xy = 0. 

1047. e^sint/—e“^cos;i: = 0. 

1048. X yarccoi y. 

1049. e^^—x^-\-y^=^0; find ^ at x = 0. 

1050. Find y" from the equations: 

(1) x^-^y^^a^\ (2) ax-\-by — xy = c\ (3) 

1051. -^ + 1 ^= 1 ; find y" at the point (0, b). 

1052. Write the equations of the tangents to the curve 

— 2y — 3 = 0 at the points of its intersection 
with the axis OY. 

1053. Find the points of intersection of the normal of 
the hyperbola x^—y^=9, drawn from the point (5, 4). 
with the asymptotes. 

1054. Write the equation of the tangent to the curve: 

(1) + (2) (/“ = 2/7x at the point {x^, y^). 


1055. Write the equations of the tangents to the astroid 

gag 

-Y y^ = at the points of its intersection with the 
straight line y — x, 

1056. At what angle do the curves = 5 and y^ = 4x 

intersect? 


1057. Find y' from the equations: 

+ x^ + y^^3axy = 0. 

1058. Find y" from the equations: 

(1) = (2) (A —+ = 

(3) arctan r/ = A-f-//: (4) x^-{-xyy^ a\ 

1059. Write the equations of the tangents to the circle 
x^-\-y^-\-4x — 4y-^3 — 0 at the points of its intersection 
with the axis OX. Construct the circle and the tangents. 

1060. Write the equation of the tangent to the ellipse 
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midpoint of the segment of a tangent 
Irihl «S ?„1drant ' "o'"' 


1061. + findat t = 0. 

1062. t\nx—x\nt = \- findat f=l. 

1063. x»sinj/ —cosy + cos2i/ = 0; find y' at y = i! 


6,11, The Differential of a Function 

\ ft •'* .^'fferentiable at the point a:, 

re. it has a finite derivative y' at this point, then 

^=y' + a, where a^O as Ax—*0-, hence 


Ay ^y' Ax-{-a Ax. 


0 ) 


The principal linear part y'Ax of the increment Ay of 
the function which proportional to A;r, is cailed the 
differential of the function and is denoted by dy: 

dy = y’Ax. (2) 

Putting y = ;c in formula (2), we get dx^x'Ax=. 
= l*Ax = AAr, and therefore 


dy==y'dx. ( 3 ) 

Formula (3) also holds true if a: is a function of a new 
variable t. 

It follows from (I) that Ay^dy, i.e. for a sufficiently 
small dx A.s: the increment of a function is approximately 
equal to its differential. ^ 

In particular, for a linear function y = ax-\-b we have* 
Ay = dy. 


Find the differentials of the following functions* 

1064. (1) y^x”; (2) y = x^—3x* + 3x. 

1065. (1) y = Kl+Ar»; (2)s = .^. 

1066. (1) /•=--2q)—sin2(p; (2)x=-^. 



Sec. 6.11. The Differential of a Function 


157 


1067. 

1068. 


(1) d{s\n^t); (2) d(l—cosw). 

(1) d (^y + arctan-^) ; 

(3) d ^cos ; (4) d 


(2) £i(a+lnct): 


arcsin 




1069. By finding the differential of each term of the 
equation, find ^ from the following equations: 


(1) = (2) xy = a^\ (3) — xy — y^ = 0. 

1070. (1) y — x^\ find the approximate value of the in¬ 
crement of y(liy7^dy) for x varying from 2 to 2.01; 

(2) y — V^x\ find the approximate value of the increment 
of y for X varying from 100 to 101. 

1071. (1) The edge of a cube x = 5 m dr 0.01 m. Deter¬ 
mine the absolute and the relative errors in computing 
the volume of the cube. 


(2) The length of telegraph wire s = 26 ^ 1 - where 

26 is the distance between two neighbouring poles, and /, 
the maximum deflection of the wire. By how much will 
the deflection f increase when the wire is elongated by ds 
as a result of heating? 

1072. (1) What must be the accuracy in measuring the 

abscissas of the curve y = x'^ j/x for x^ 4 in order to com¬ 
pute its ordinates with an error not exceeding 0.1? 

(2) With what relative accuracy must the radius of a 
sphere be measured in order to compute its volume with 
an error not exceeding 1 per cent? 

1073. Find the approximate values of the; (1) area of 
a circular ring; (2) volume of a spherical shell. Compare 
them with the exact values. 


Find the differentials of the functions: 

1074. ( 1 ) 1 / = ^—(2) r = cos(a —6(p); 

(3) s=i/r^. 

1075. (I) 1 /= In cos x; (2) z ~ arctan K 4« — 1; (3)s = ^’~^^ 

1076. (1) d(V^xd- 1); (2) d(tana — a)\ (3) d(bt — 
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1077. (1) y = x^-, determine A</ and dy and calculate 
them for x varying from 2 to 1.98. 

(2) The_period of oscillation of a pendulum T = 

Vm '^here / is the length of the pendulum 

in centimetres. How must the length of the pendulum 

(/ = 20 cm) be changed to reduce the period of oscillation 
by 0.1 sec? 


(3) What must be the accuracy in measuring the abscis¬ 
es of the curve xi/ = 4 for x^O.5 in order to-compute 
its ordinates with an error not exceeding 0.1? 


6,12, Parametric Equations of a Curve 

Let a curve be represented parametrically by the equ¬ 
ations x^f(t) and^ = (p(/). Denoting the derivatives with 
respect to the parameter by dots, we find: 


\ ^ J _ y^— '^y 

X * dx 


1078. Construct the curves specified parametrically: 



Eliminating t from the given equations, write the equa¬ 
tion of each curve in the usual form F (x, y)~0. 

Reduce to the form F (x, ^) = 0 (or y = f (x)) the equa¬ 
tions of the curves represented parametrically: 


1079. (1) 


x = a cos t 
y =b sin t\ 



X = a cos® t 
y = a sin® t. 




x = i^n t 
y =cos® t. 


1080. (1) 
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1081. Construct the involute of a circle (see Problem 368) 

{ jc =a (cos / sin /) 
i/ = a(sin/ — /cos/). 


putting /=0, y, Ji. 2n. 

1082. Putting y = xt, obtain the parametric equations 
of the folium of Descartes x^-\-y^ — 3axy — 0 (see Prob¬ 
lem 366) and investigate the motion of a current point 
along the curve with / varying monotonically (1) from 0 
to +oo; (2) from 0 to —I; (3) from — oo to —I. 

1083. Write the equation of the tangent to the cycloid 
(see Problem 367) x = a(t — sin/), y = a{\ —cos/) at the 

point / = y. Construct the curve and the tangent line, 

1084. Write the equation of the tangent to the hypo- 
cycloid (astroid) x = acos‘*/, y — asm^t at the point 

/=--. Construct the curve and the tangent line. 

Hint. Prior to constructing the curve tabulate the va¬ 
lues of x and y t — 0\ y; and so on. 

1085. Find from the equations: 



x = acos / 
= ^2 sin /; 





x==a(/ — sin/) 
y = a(l —cos/). 


1086. Construct the curves given by the parametric 
equations: 

(1) x = 2/ —1, y=r.\—At\ (2) x = /^ y^t^—2, 

by finding the points of their intersection with the coor¬ 
dinate axes and taking into account that for the second 

curve ^=oo at /=0. Write the equations of the curve 
in the form F(x, y) =0. 

1087. Write the equation of the tangent to the cycloid 
x = a{t — &\ni), i/ = a(l—cosO at the point t = ^. Con- 
struct the curve and the tangent. 
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1088. Write the equation of the tangent to 
of the circle x = a (cos ^-f / sin/), y^a{s\r\t 

the point t = 

1089. Find from the equations 



X = 2 cos t 
y = s\x\t\ 


f x = 


I ^ 

(3) ) 

^ ' \ y 


the involute 
— I cost) at 




CHAPTER 7 


APPLICATIONS OF THE DERIVATIVE 


Velocity and Acceleration 


Let a point move along the axis OX and at a moment t 
have the ordinate x — Then at the moment t 


the velocity v = 


lim 
^ 0 


Ax _ dx 

At ~ W 




the acceleration w— lim 

0 


Av 

At 


dv d}x 

IF' 


1090. An antiaircraft projectile is launched upwards at 
the initial velocity of a m/sec. At what height x will it 
be in I seconds? Determine the velocity and acceleration 
of its motion. When will the projectile reach the highest 
point, and at what distance from earth’s surface will this 
point be? 

1091. A body moves along a straight line OX according 

A q 

to the law: -^=-3 -2/* + 3/. Determine the velocity and 

acceleration of its motion. At what moments does the body 
change the direction of motion? 

1092. A material point is in oscillating motion obeying 
the law X = acosiot. Determine the velocity and accele¬ 
ration at the points x==dra and x = 0. Show that the 

d^x 

acceleration and displacement x are related by a difTe- 
rential equation ■^= — 

1093. A revolving flywheel, which is being hindered by 
a brake, in t seconds turns through an angle cp = a + bt — ct'^, 
a, b, and c are positive constants. Determine the angular 


—1895 
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velocity and angular acceleration. When will the flywheel 
stop? 

1094. A wheel of radius a rolls along a straight line. 

The angle tp through which the wheel turns during t se- 

/2 

conds is determined by the equation 9 = ^ + '^. Find the 

velocity and acceleration specifying the motion of the 
centre of the wheel. 

1095. Let V be the velocity and w the acceleration of a 
point moving along the axis OX. Show that wdx = vdv. 

1096. A point is in rectilinear motion characterized by 
the equation v^ = 2ax, where v is the velocity and x is 
the path covered, a being a constant. Determine the ac¬ 
celeration. 


1097. A body situated at a height of 10 m was thrown 
upwards with an initial velocity of 20 m/sec. At what 
height will it be in i seconds? Determine the velo¬ 
city and acceleration of its motion. In how many seconds 
and at what height will the body reach the highest 
point? 

1098. A hemispherical vessel of radius R cm is being 
filled with water at a constant rate of a litre/sec. Determine 
the rate of water level rise at the height of h cm and 
show that it is inversely proportional to the area of the 
free surface of the liquid. 

Hint. The volume of a spherical segment 
Differentiate both members of this equality wi 
to f, ^ being equal to a (by hypothesis). 

1099. The relationship between the quantity x of a sub¬ 
stance obtained in a chemical reaction and the time t is 
expressed by the equation x = A(l —Determine the 
reaction rate. 



1100. Let ^ = ^ (angular velocity) and-^ = 8 (angular 


acceleration). Show that 
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7.2. Mean-Value Theorems 

1°. Rollers theorem. If f (x) (1) is continuous on a clo¬ 
sed interval [a, 6]; (2) has a derivative inside it; (3) 
f (a)~f (b), then for some value of x (say c) between a 
and b 

r(c)=o. (1) 

2°. Lagrange's theorem. If f {x) (1) is continuous on a 
closed interval [a, b]\ (2) has a derivative inside it, then 
for some value of x (say c) between a and b 

f(b)~na)=^{b~a)r{c). (2) 

3°. Cauchy's theorem. If f (x) and (p(x) (1) are conti¬ 
nuous on a closed interval [a, b]\ (2) have derivatives 
inside it, and (p'(x)^O, then for some value of x (say c) 
between a and b 

f(b)-nci) ^ r(c) 

cp(6) —(p(a) q)'(c)* ^ ^ 


These theorems are called the mean-value theorems, 
since they treat some value of a: =:c lying between a and 
Geometrical interpretation: Rolle’s and Lagrange’s the¬ 
orems assert that there is at least one point between A 
and B on the arc AB of a continuous curve y = f{x) where 
the tangent is parallel to the chord AB, provided that 
there is a tangent at every point of the arc AB. It is 
obvious that on arcs having corners and cusps the condi¬ 
tions for the mean-value theorems are not fulfilled. 

The following proposition is a special case of Rolle’s 
theorem when f{b)~f(a) = 0: if a and b are roots of a 
function f(x), then between a and b there is at least one 
root of its derivative f' (x), provided f {x) is continuous 
on a closed interval [a, b] and has a derivative inside it. 


1101. Check to see that between the roots of the func¬ 
tion f{x) = x'^ — 4x + 3 there is a root of its derivative. 
Illustrate this graphically. 

1102. Is Rolle’s theorem applicable to the function 


6* 
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f{x) = \ — l/x^ on the closed interval [—1, 1]? Illustrate 
this graphically. 

1103. Construct the arc AB of the curve ^ = | sin ;c| over 

the interval . Why does the arc have no tangent 

parallel to the chord AB? Which of the conditions of 
Rolle’s theorem is not fulfilled here? 

1104. At what point is the tangent to the parabola 
parallel to the chord connecting the points A (—1, 1) 

and 5(3, 9)? Illustrate this graphically. 

1105. Write Lagrange’s formula for the function f{x)=x^ 
on the closed interval [a, b] and find c. Illustrate this 
graphically. 

1106. Write Lagrange’s formula for the function /(x) = 

= y X on the closed interval [1, 4] and find c. 

1107. Show that on the interval [—I, 2] Lagrange’s 

theorem is not applicable to the functions — and 1 — l/x^. 

X 

Illustrate this graphically. 

1108. Construct AB of the curve i/ = (cosA:| for the in¬ 


terval 



lei to the chord AB? Which of the conditions of Lagrange’s 
theorem is not fulfilled here? 

1109. Construct the graph of the function /(^)= 



x for |a:| < 2 
I for 1x1^2. 


Having taken on it the points 0(0, 0) 


and 5(2, 1), show that between 0 and 5 the curve has 
no point at which the tangent is parallel to 05. Which 
conditions of Lagrange’s theorem are fulfilled for this func¬ 
tion on the interval [0, 2] and which ones are not? 

1110. A train covered the distance between two neigh¬ 
bouring stations with a mean (average) velocity km/h. 

Lagrange’s theorem asserts that during motion there was 
a moment at which the instantaneous (but not mean) ve¬ 


locity of motion equaled 40 km/h. Show this. 

nil. It is given that / (x) is continuous on a closed 
interval [a, b] and has a derivative at each point inside 
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it. Applying Rolle’s theorem to the function 



X f(x) 1 
b fib), 1 
a f(a) I 


f 


obtain Lagrange’s theorem. Find out the geometrical mea¬ 
ning of the function 0{x). 

1112. Write Cauchy’s formula — fJsL for the 

<p(6)—q>(fl) fc) 

functions f(x)=x^ and (p{x)=x\ and find c. 

1113. Cauchy’s theorem asserts geometrically that on an 

arc of a curve given by the parametric equations x=<p (/) 
(/=/(0 corresponding to thg interval there is 

an intermediate point at which the tangent is parallel to 
the chord if the functions (p{t) and f (t) on the closed in¬ 
terval [a, 6] satisfy the conditions of Cauchy’s theorem 
Prove this. 


1114. Write Lagrange’s formula in the form /(x+Ajc) — 
— f (x) =Axf (x-t-6 Ax), where 0 < 0 < I, for the functions: 
p) /(x)=x2; (2) f{x)^x\ and show that for the first 
function 0 is independent of x, and for the second it de¬ 
pends on X and Ax. 


1115. Show that V 101 = \0~] -^ 10.05. 

2 iMdo+e 

1116. With the aid of Cauchy’s formula prove that if 

f (0) = f’ (0) = /" (0) = . . . = /<'>-» (0) = 0, 

then 

fix) _ /*«> (Qx) 

n\ » 

where 


O<0< 1. 


1117. Write Lagrange's formula 

f(b) — f{a) = (b-a) /'(c) 

for the function f(x)=x^ and find c. 

1118. Write Lagrange’s formula and find c for the func- 
tions: 

(1) /(x)=arctanx on the interval [0, 1]; 
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(2) f(x)=arcsinx on the interval [0, 1]; 

(3) f (x) = \nx on the interval [1, 2]. 

1119. Write Cauchy’s formula and find c for the functionsi 

(1) s'lnx and cosx on the interval ^0, ; 

(2) X* and ]/x on the interval [1, 4]. 

1120. Graph the function y=^\x —1| on the interval 
[0, 3]. Why is it impossible here to draw a tangent pa¬ 
rallel to the chord? Which of the conditions of Lagrange’s 
theorem is not fulfilled here? 

1121. At what point is the tangent to the curve (/=4 — x* 
parallel to the chord connecting the points A (—2, 0) and 
B(l. 3)? Illustrate this granhically. 


7,3. Evaluating Indeterminate Forms. UHospital's Rule 


1°. The indeterminate form . The first L’Hospital 
rule. If Urn /{x)= limq)(x) = 0, then — lim , 

X ^ Q X ^ Ct X Q ^ fl » 

when the latter exists. 

2°. The indeterminate form —. The second L’HospI- 


tal rule. 


If lim/(x) = lim (p (x) = cx>, then Hm = 


= ‘lim when the latter exists. 

3°rThe indeterminate forms O-oo, oo —oo, 1® and 0° 
are reduced to the indeterminate forms -y and ^ by 
means of algebraic transformations. 


Find the limits: 


1122. 

,. sin 3jt 

hm -. 

1123. lim 


;c 0 

X 0 

1124. 

X—a 

I'm 

X a 

1125. lim 

X 1 

1126. 

1 — cos ax 

1127. lim 

X -»■ 0 

1128. 

hm -5—. 

„ . A x^ 

1129. lim 


g^— I 
sin 2x * 

JC—1 

In X 

I — cos X 
tan X — sin x 


X — sin X 
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1130. (1) lim (2) lim ‘-I. 


00 


00 

1132. lim 

, ^ 0 cot AC 


1134. lim (JT—x)tan~. 

X -*-n ^ 

1136. lim 

X CO 


1131. lim 


00 


1133. lim 


£l 

2 


In X 


ianx 
tan Sat* 


1135. limxlnx. 
* -► 0 

1137. limx^ 

X 0 


1 




1138. lim (sin x) 

x-*.0 

1140. Determine the order of the infinitesimal xe^ 
with respect to x —#-0. 

1141. Prove that as x —►O: 

(1) X — arctanx^-^: (2) ^ x\n-^\ 


smx 


(3) 6 


3X 


1 —2x 


3 ’ . b 

2x®; (4) 2x—In (1 H-2x) 2x=*. 


1142. Prove that (as x—*-0)x—sinx 


and hence 


sinx«x with an error approximately equal to 
luate sin 1® and sin 6® and estimate the error. 


T 


1143. Prove that (as a—►O) i/\-\-a 


. 1 
1 2 a 

a" 


Eva- 




3 1 

and hence \/ 1 + a ^ I a with an error ^ . Compute 
^1.006, ^0.991, ^^65, ^210 and estimate the error. 


Find the limits: 
1144. lim — 

X 0 sm 


1145. lim 


0 


1146. lim 


1148, lim 


1 — sin ax 
^ i2ax~n)^ * 

2o 

I — 2 sin X 


— 


1147. lim * 

X ^ 0 tan X 


n 


cos 3x 


6*^—1 


1149. lim 


n 


1 — tan X 
cos 2;ic * 


1150. lim , A, , ft ,. 


1151. lim 


In X 
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1 

M52. lim (I—e«)cot x. 1153. limjc'-*. 

^ 0 X I 

• »'55. jim (e- + x)^ . 

1156. Prove that as x—*0 arcsin x—x 4-. 

D 

1157. Prove that (as a—.0) J/T+a—1 —^ and 

hence V 1 +a« 1 +-|- with an error approximately equal 

to^. Compute V 1.006, KlTOOi. j/'0.998. 1/0.994, 
and estimate the error. 

7A* Increase and Decrease of a Function, 

Maxima and Minima 

Definitions. I, A function f {x) is called an increa¬ 
sing function at a point Xo if, in a sufficiently small 
e-neighbourhood of this point, 

</(Xo) <f(Xo+h) 

for any positive /i < e. 

II. A function f (x) is called increasing in an interval 
[a, b] if for any Xj and within this interval /(^iX/fx^) 
when Xj < x^. 

A function decreasing at a point and in an interval is 
similarly defined. 

III. A function f (x) has a maximum or minimum (extre¬ 
mum) at a point Xq if / (Xq) is less or greater, respectively, 
than all neighbouring values. 

2°. Sufficiency tests for the increase and decrease of a 
function y = f(x) (at a point and in an interval): 

if y' > 0, then the function increases', 

if y' < 0, then the function decreases, 

3°. Necessary condition for an extremum. A function 
y^f(x) has an extremum only at points where y' = 0 or 
does not exist. Such points are called critical. At these 
points the tangent is either horizontal (y'=0), vertical 
(at a cuspidal point) or there is no definite tangent (for 
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instance, at a corner point). In the latter two cases w' 
does not exist. 

4 . Sufficient conditions for an extremum. If a function 
/ (x) is continuous st a point Xq and has a finite derivative 
within some neighbourhood of Xq. except, perhaps, the 
point Xq, and If, when x passes through Xq, 
y' changes + for then 
changes - for + then 

y does not change the sign, then there is no extremum. 



The third case takes place at an ordinary point (for 

y 0 OT y <[ 0 ). and also at a point of inflection and 
at a corner. 

Thus, to find an extremum of a function, it is neces¬ 
sary to: 

(1) Find y' and the critical points at which w' = 0 or 
does not exist. 

( 2 ) Determine the sign of y' on the left and on the 
right of each critical point, making a table of he form 



Then find ^^, 3 ^ and y^^^ and plot the curve. Figure 30 

shows a graph constructed by the points given in the 
table. 
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5®. Sufficient conditions for an extremum (a second 
method of investigation). 

If at some point x=^Xq: 

(1) ^'-=>0 and i/"<0, then f (ato) = f/maxl 

(2) y' = 0 and / > 0, then 

(3) y'=0 and «/" = 0, then the problem remains unsol¬ 
ved and it is necessary to resort to the first method. 


Test the following functions for increase and decreasei 

1158. (1) y = x^\ (2) y=^x^\ (3) (4) y^lnx. 

1159. (1) ^ = tanA:; (2) y = e^\ (3) y = 4x —x®. 

Find the extremum of the function and construct Its 
graph *. 


1160. 

1162. 

1164. 

1166. 

1168. 

1170. 

1172. 

1173. 

1174. 


y = x2 + 4x + 5. 
y =-^-—3x. 



1161. i/ = 4x — 

1163. (/=I+2x*>— 

1165. y = 



6x + 13 
x-3 -~ 


1167. y — j * 
1169. y = x^(\—x). 


y=\ — l/(x — A)K m\. y=e-’‘. 

y = x + cos2x on the interval (0, n). 

i/ = 4x — tanx on the interval ^ — y, y) . 

1175. (y = x—arctan2x 


1176. (1) y = xe 

1177. (1) y = V sinx^; 

1178. i/ = sin*x + cos^x. 


(2) r/‘=xlnx. 

( 2 ) = 

1179. r/ = x J/ 1 — X. 


♦ In Problems 1165, 1168, 1173 and some others the curves are 
constructed by finding their asymptotes (see Sec. 5.9). 
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1180. 1/ = ^. 

1182. y = ^ + 

1184. y = ^—x* + xK 

1'86. '/ = 2(l-±). 

1188. ^ = 2tanA: — tan^x. 

1190. (1) y = \nV 

1191. y = x^e-^. 


1181, y = , - 

^ (x —l)(x — 4) 

— 

1183. y = x^ —2)3 . 
1185. (/ = x3(x + 2)3. 

JIS7. r/=,-^3. 

1189, i/ = x+In (cosx). 
arctanx; (2) ^ = |x|(x + 2). 
1192. y = 3 f/(x+ly‘—2x. 


Find the extremum of the function and construct its 


graph; 

1193. y — 4x —x3. 
1195. y=^ + xK 

>197. = 

1199. y = ^ — 2x\ 
1201 » — 


1194. ^ = x3-j-2x—3. 
1196. y = x3-|-6x^-1-9x. 

1198. y = x^ + ^. 

1200. y = 2x—3 i/K 

X» 

1202. y^xe' . 


1203. y = x — 21nx. 1204. y = x^ (x — 5). 

1205. ^ = sin2x—x on the interval ^—y, 

1206. y = 2x + cotx on the interval (0, n). 

1207. ^ = x + arccot 2x. 1208. y=l-\-l/{x —l)^. 

1209. y = 2 sin x + cos 2x on the interval (0, n). 

1210. y = 3x* — 3x^ + &xK 1211. y = 

1212. y = ^-^. 1213. y = x + -. 

1214. (1) ^ = oe"’^cosx (forx > 0): (2) y = 3x*—Sx^. 


1215. 


^ 9(2 —X) * 


1216. 



12 ^^:x + 2)3 
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1217. 

1219. 

1221. 


y 


—1 
X* • 


1218. 


y = 




1220 . y = x + 2V^. 


( 1 ) 

^ ^ (x+2)2 * 


(2) «/ = )/ 1—COS X, 


7.5, Finding Greatest and Least Values of 

a Function 


1222. A rectangular playground of the greatest possible 
area IS to be enclosed by a fence 120 m long. Determine 
the dimensions of the playground. 

1223. Break the number 10 into two addends so that, 

when multiplied by each other, they yield the greatest 
product. 

1224. A rectangle of the greatest possible area is ins¬ 
cribed in a triangle whose base is a and altitude h. 
Determine the area of the rectangle. 

1225. Equal squares are cut away from the corners of 
a square sheet of cardboard and then a rectangular box 
is made. What side must the cut-away square have to 
get a box of the maximum volume? 

1226. Determine the most economical dimensions of an 
outdoor swimming pooi of volume 32 m® with a square 
bottom so that the facing of its walls and bottom requires 
the least quantity of material. 

1227. The non-parallel sides and the smaller base of 
a trapezoid are equal to 10 cm each. Determine its greater 
base for which the area of the trapezoid attains the grea¬ 
test value. 

1228. Inscribed in a semiciccle is a trapezoid whose 
base is equal to the diameter of the semicircle. Determine 
the angle at the base of the trapezoid at which the area 
of the trapezoid takes on the greatest value. 

1229. The section of a tunnel has the form of a rectangle 
completed with a semicircle. The perimeter of the section 
equals 18 m. At what radius of the semicirle the section 
area will be maximum? 

1230. A factory A is to be connected by a highway 
with a straight railway on which a town B is situated. 
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At what angle a should the highway be connected with 
the railway so as to ensure the least freight charges from 
factory to town, if freight charges on the highway are m 
limes higher than on the railway? 

1231. Two sources of light are situated 30 m apart. 
On the straight line connecting these sources find the 
least illuminated point if the ratio of candle powers of 
the light sources is 27:8. 

1232. Two aircrafts are flying in a straight line and in 
the same plane at an angle of 120° to each other and 
with an equal speed of v km/h. At a certain moment one 
aircraft reaches the point of intersection of their routes, 
while the second is at a distance of a km from It. When 
will the distance between the aircraft be least and what 
is that distance? 


1233. A freely supported rectangular beam is uniformly 
loaded over the entire length. Its bending deflection is 
inversely proportional to the moment of inertia of the 

beam section / where x and y are the dimensions 

of the beam. Determine the dimensions of the beam to 


ensure the least deflection if the beam is made from a log 
of diameter D. 


1234. How many times does the volume of a sphere 
exceed the volume of the greatest cylinder inscribed in 
this sphere? 

1235. 1 wo corridors 2.4 m and 1.6 m wide intersect at 
a right angle. Determine the greatest length of a ladder 
which can be carried liorizontally from one corridor into 
the other. 


1236. A cylinder of the greatest volume is inscribed in 
a cone of radius 4 dm and height 6 dm. Find this volume. 

1237. A rectangle of the greatest area is inscribed in a 
semicircle of radius R. Determine its dimensions. 

1238. On the parabola y = x- find the point least distant 
from the straight line y = 2x — 4. 

1239. A picture hangs on the wall. Its bottom is b cm, 
and its top is a cm higher than the eye of the observer. At 
what distance from the wall should the position of the 
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observer be found to ensure the greatest angle of exa¬ 
mining the picture? 

1240. The total length of the walls of the house shown 
ill Fig. 31 must be 90 m. What width x of the corridor 
ensures the greatest area of the rooms? 




1241. Inscribed in a right triangle with the hypote¬ 
nuse 8 cm long and an angle of 60° is a rectangle whose 
base is situated on the hypotenuse. What must be the 
dimensions of the rectangle to yield the greatest area? 

1242. Given the points ^4(0, 3) and B {4, 5). On the 
axis OX find the point M so that the distance S = AM'j-MB 
is the least. 

1243. The resistance of a beam to axial compression is 
proportional to the area of its cross-section. What must 
be the dimensions of the beam to ensure the greatest resist¬ 
ance to axial compression if it is made from a log of 
diameter D? 

1244. A circular sector of angle a is convoluted to form 
a cone. At what a the volume of the cone thus obtained 
will be the greatest? 

1245. A body of weight P lying on a horizontal plane 
must be displaced by a force F applied to it (Fig. 32). 
What angle a with the horizontal must the force F form to 
ensure its least value? The coefficient of friction p = 0.25. 

7.6. Direction of Convexity and Points of 
Inflection of a Curve. Construction of Graphs 

r. The convexity of a plane curve. A plane curve is 
called convex up (down) at a point x — Xq if in a suffici- 
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ently small neighbourhood of this point the curve is 
situated below (above) the tangent at this point. If at 
the point x = x„ 

(1) */'> 0. then the curve is convex down; 

(2) y" < 0, then the curve is convex up. 

2°. The point of inflection. If a curve near some point 
lies on both sides of the tangent then the point is called a 
point of inflection of the curve. The necessary condition 
for a point of inflection: at this point (/" = 0 or does not 
exist, and the sufficient condition; y“ changes sign. 

3°. To construct a curve it is recommended to determine 
the following: (1) symmetry; (2) domain; (3) points of 
intersection with the axes OX and OY; (4) points of dis¬ 
continuity of the function y = (p(x) or x — f{y) an asymp¬ 
totes; (5) increase or decrease of ^ or x and extremum 
points; (6) direction of convexity and points of inflection. 


1246. Investigate the direction of convexity and con¬ 
struct the following curves: 

(1) y = x^\ (2) y = x^\ (3) y = (4) ^ = lnx; 

6 

(5) y = x^ . 

1247. Determine the extrema and the points of inflection 
and plot the curves: 

yS V Ov 

( 1 ) y = -Q—x 


^ (2) = = (4)i/ = 2'=. 


Applying some of the rules of Item 3°, graph the curves 
given in Problems 1248 to 1262 by the following equa¬ 
tions: 


1248. y^ = 2x-}-9. 


1249. y = — x^ — 4x. 


Hint. In Problem 1248 determine the symmetry, do¬ 
main, and points of intersection with the axes, and in 
Problem 1249 the point of extremum and the points of 
intersection with OX. 

I25U. y = sinx, y = cos.v. 1251. i/ —sinhx, ^ = coshx. 

Hint. In Problems 1250 and 1251 determine the points 
of extremum and inflection. 
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1252. (/ = ln (x + 2). 1253. 

In Problems 1252 and 1253 determine the domain 
points of intersection with the axes, asymptote, and 
direction of convexity. 

1254. (1) (2) ^2 = (jc + 3)3. 

1255. (1) r, = 2 + ^-^; = 

1256. (1) = (2) y^exe-. 

,257. = x + = 

>258. (1) |/=.ic_lnx; (2) y = ~{e'^ . 

,259. (l)</=3^; (2) y^^ + -L. 

1260. (1) i/» = 2x’*—X*; (2) x(y—xY = A. 

1261. y^(x + 2yi^ ~(x — 2)^/». 1262. y^=xe-^. 



CHAPTER 8 


THE INDEFINITE INTEGRAL 


8,1. Indefinite Integral, Integration 

by Expansion 


1°. By the indefinite integral ^f(x)dx is meant a func¬ 
tion F (x)-\-C^ containing an arbitrary constant C, whose 
differential is equal to the integrand expression f (x)dxt i. e. 



5 f(x)dx = F (x) + C 
d[F (x) + C]^f (x)dx. 


2®. Table of basic integrals: 


n 1-n +1 

6. 

• 

^ sin x dx ■■ 

= —cosx-l-C. 

(n — 1). 




2. J^=ln|x| + C. 

7. 

1 

r dx 

J cos* X 

tan xA-C. 

3- ] = Cn a + 

8. 

« 

r dx 

3 s'm^x 

— cotx + C. 

4. 5 e^dx = e^-^C. 

9. 

f dx 

J 1 +x*“ 

{ arctan x~\-C 
•! or 

[ — arccot jt-f Cl- 




( arcsin a; + C 

5. J cos;cdx==sinx-f C. 

10. 

f dx 

— 

J yi-x^ 

1 — arccosx+ 
1 


+ C^. 


3°. The properties of the indefinite integral: 

I. d^ udx^udx. II. ^du=u-\-C. 

III. ^ Audx = udx. IV. ^(uA-^)dx=^ udxA-^vdx. 



178 


Ch. 8, The Indefinite Integral 


Integration by expansion means the reduction of a given 
integral (by Property TV) to a sum of simpler integrals. 


1263. Fill 

( 1 ) d{ ) = 


in the blanks in the following equalities: 
■2xdx; (2) d( )^x^dx\ 

(3) d ( ) =Q.osxdx\ 

dx . dx 


(4) d( ) = f; 


(5) d ( ) = 


COS^ X * 


(6)d( ) = 


1 +x' 


Then find the integrals: ^2xdx, ^x’dx and so forth. 
Find the integrals: 


1264. ( 

1265. ( 

1266. ( 

1267. ( 

1268. ( 

1269. ( 

1270. ( 

1271. ( 

1272. ( 


) j(^x‘-f-2x + l)dx; 

) S^dx; 

) ^ (V^X + ^x) dx; 

ij 


( 2 ) 

( 2 ) 

J ( v^- 





x^J 


\ dx. 


X 

e^\ 1 

cos 2x 


dx: 




) 


)dx; 


I 

I 


V 


dx. 


a 


— 



) 


dx. 


cos® x sin® X 
dx 


dx: 


sin® X cos® X 


'I 

) Jsin'Ydx; 

'J( 


V 


(2) ^cot®;icd;c. 

f S—Sco^ 
J C0S2JC 

(2) ycos®ydjc. 

J^^dx; (2) 

1 —x^J ' ' J 1 -i-x® 


dx. 


Find the integrals: 

(x®—1)® 


1273 


1274 


. ( 1 ) s 

. (1) f 


x — 2 


dx; 


dx; 
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1275. (1) + ^ + (2) J(sin-^-cos 

1276. (1) 

1277. r ’ - dx. 1278. ^ tan’xdx. 

J sin*x J 



8.2, Integration by Substitution 
and Direct Integration 

Putting x = cp(«). dx = q)'(u)du, we get 

^ f {x)dx=-'\ f[fp{u)](f'(u)du. (1) 

Such transformation of an integral is called integration 
by substitution. 

In simple cases the new variable u is recommended to 
be introduced mentally, using the following transformations 
of the differential dx: 

dx = -^d{ax-\-b); 2xdx~d (x®); 
cosxdx = d (sin x); — = d(lnx) and so on. 

and denoting mentally the bracketed expression by u. This 
method is called the direct integration. 

Find the integrals: 

1279. JcosSxdx. 1280. ^sin-^dx. 

Hint. Problem 1279 can be solved by two methods: 
(1) putting 3x = w, x — dx — ^\ (2) reducing the integ¬ 
ral to the form — f cos 3x d (3x). 

'282- 

1284. 5 ]/'4x — \dx. 

1286. 5 i/5 — 6,x: dx. 


1281. 

1283. i {e~ + c“~) 
1285. 5 (3 —2.v)M.v. 



dx 


1287. J 
1289. f 


>^‘3 —2a: ■ 
2a:—5 
x'^Sx-i-7 


dx. 


1288. J sin (a— 

'29»- 


//in/. Problems 1289 to 1298 are solved by the formula 


i.e. if the numerator of the integrand is a derivative of 
the denominator then the integral is equal to the loga¬ 
rithm of the denominator. 


1291 




dx 


1293. ^coixdx, 
1295. r 


C 

• J ~ 


dx 


1297. f 


Sin X cos X 
cos X 


dx. 


I + 2 sin 

1299. ^ sin’^xcos.vdA;. 


'292. . - 3,., 

1294. ^ tan;cdx:. 
1296. 

J 1 + 3 cos X 
dx 


1298 


■ I 


x{\ +Injif) ‘ 

1300. J cos® X sin x dx. 


Hint. Problem 1299 can be solved using the substitu¬ 
tion sinx = « or directly replacing cosxdx by d(sin;t). 

*302. 


1303 


■ I 


sin^jc * 

I — 2 cos X 
sin^A: 


dx. 


cos® a; ’ 

1304. ^ sin A:cosA:d;r. 


1305. ^ ^sinXdA;, 1306. ^e^^x^dx. 

Hint. Problem 1306 can be solved using the substitution 
x^ = u or directly replacing x^dx by ~d(x^). 


1307. \e-^’xdx. 1308. [ ^ . 

1309. IVx^ + \xdx. 1310. 5 Vx^ — Sx^dx. 

Hint, Problem 1309 can be solved using the substitution 
■^^+1=" or directly by writing the integral in the form 

4-j(j;“+l)'^d(Ar^ + l). 
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y x^-{-k 
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1311. 


1313 


j 

■If^ 


sin 


+ 2 cos X 
1315. J l/T + 4sin^coSA:dx. 


1312. 


1314. 


I 

I 


X dx 


KI — « ’ 

y 1 -\-\nxdx 


1316. \ l/\—Qx^x*dx. 


Find 

1317. 

1319. 

1321. 

1323. 

1325. 

1327. 


the integrals: 
(e^~]-e‘^ydx 


J' 

/I 

J 

J 

J 


dx 


K1-4JC 

^ 1 + 3x dx. 

'' xdx 


V\-\-x^ 

1 + sin 2x 

sin^ X 

x^dx 


dx. 


1 —a:3 • 


1318. 5 sin^xcosArd;^. 
1320. J cos (a— 

1322. 5 l/V—2x^x^dx 
1326. 5 e**" ^ cos xdx. 


1328. 


bxy • 


S.5. of the form J . J . j 

and Those Reduced to Them 
1329. Show that 

iE 2 ^ = -jar'ctan-^+C. putting x = atan^; 

putting x = asin^; 

® IA 

^y- 


dx 


y x^-\-k 


2a 


In 


X — a 

x-f-a 


H-C, expanding 


I 


1 a + ;if + a—X 


X* — 2a X*—a® 


2a \ X— 


a 


j = ^n\x+V>c^ + k\ + C, 


putting V x^ -\-k = t—x. 
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1330. (1) 

1331. (1) ; 


dx 


1335. 


4x2 


1336. (1) j 

"•I 

•I 


1337. 


5x—2 
x2 + 4 
X+I 


dx\ 


<2) J 

I K*’+5' 

(2) J 

12)J 

( 2 ) 

® I TW- 

(2, f 


x2 + 3 * 
x2 dx 

44-x« * 




dx\ 


(2. J 

1339. I 


1338 


X2dx 


X24-I * 

//m/. In Problems 1338 and 1339 eliminate a whole 
expression from the improper fraction. 

dx -... - f* dx 


1340 




x2 4- 4x 4 - 5 ’ 


1341 


* J X2- 


6x4-13 ‘ 


1342. 


Hint. In Problems 1340-1347 separate a perfect square 
from the quadratic trinomial. 

Itswi- 

'3«-J'7fe- 1333. 

1346. r 1347. (' 

J »^2+3.5-2;t3 J 


V3x^—2x—l ‘ 


Find the integrals: 

• ^ ( x24^"*" Jk2 —3 


1348 


1349. 


X24-3 

I( 7 ra+ 


FTT 


^ dx. 


Sec. 8.4. Integration by Parte 


183 


1350. 

('“‘Jt—8 , 

1351. 

1 

^ x^dx 

) 

] x®-2- 

1352. 

i 

C x^dx 

1353. 

% 

P dx 

] Tqrj- 

3 

T 

H 

• 

1354. 

r xdx 

1355. 

f* dx 


3 jc2+4x + 29* 

1356. 

1 

p dx 

1357. 

« 

P dx 

J 2x + 5 ■ 

J 1^5 —4jc — x® 

1358. 

< 

p xdx 

1359. 

1 

r dx 

3 x»+*+r- 

J |/'4x2 + 4jc + 3 


8A» Integration by Parts 

From the formula of the differential of a product d (uv) = 
„ udv^vdu we obtain the formula for integration by parts: 

J udv = uv — ^ vdu. 

This formula is widely used when the integrand is a 
product of an algebraic function by a transcendental one, 

for instance ^x^e^dx or ^x^\nxdx. Here the role of u is 

played by the function to be simplified by differentiation, 
and the role of dv, the portion of the integrand which 
contains dx and whose integral is known or can be found. 

In case of transcendental functions the role of u is 
usually played by Inx, arctanx and arcsinA:, 

For example, In the integral ^x^lnxdx take u=\nx 
(but not x®), and In the integral J x^e^dx, u = (but not e^). 

Find the integrals: 

1360, ^inxdx. 1361. jA:ln(x — \)dx. 

1362. ^xe^^dx. 1363. ^ xarctanxd;c. 

1364. ^x^cosxdx. 1365. Je^sinxdA:. 

1366. Show that 

f \/~xy^^dx=^\xYx^ -\-k)\-\-C. 


184 


Ch, 8. The Indefinite Integral 


1367. J(lnx)2rfA:. 
1369. 


1371. J arcsin xd.v. 
1373. 5 In (jc=*+ \)dx. 


1368 


^ xdx 
' J sin*^' 


1370. 


arcsin xdx 


1372. \x^e-^dx. 
1374. ^cos(lnJc)djc. 


Find the integrals 

1375. ^]/~x\nxdx, 
1377. ^arctanjcd^. 

1379. ^ cos xdx. 


1381 




cos X dx 
sin^x * 


1376. 

1378. 


^ dx. 


1380. 


x^e 

xdx 

COS*Jf 


arcsin 


—X 


1382. ^ arctan 



dx 


8.5. Integration of Some Trigonometric Functions 


1°. Integrals of the second and other even powers of 
sine and cosine are found by means of the following 
power reducing formulas: 


1 — cos 2x 


‘—WO . _„ l + cos2;ic . sinz* 

Sin X— - - , cos’*x =- - - ; sinxcosx=— 

2°. ntegrals of the third and other odd powers of sine 
and cosine are found by separating one factor from the 
odd power and taking the cofunction equal to the new 
va'iable u. 

The integral J cos'” jcsin " xdx is found by rule 1° if both 
m and n are even, and by rule 2° if either m or n is odd. 


Sin xcosx=s 


sin 2x 


1383. J sIn^ 3 jc 
1385. ^{\—sm2x)^dx. 
1387, J sin’* xcos'^,\:dA:. 


1384. ^ (1 -j- 2 cos xY dx 
1386. ^cos^;i:dx. 

1388. J sin*;ccos^ ;cd;c. 
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1389. 5 sin^ jccos* xdx. 

1391. ^ sin^xcos^xdx. 

1393. 5 cos’ xdx. 

,395. 

J sin^x 

JOQ 7 P dx T sin^x+cos-x 
■ J sin 2x j 2 sin x cos x 

' 3 « 8 - ( 2)1 


1390. J sin®xdx. 

1392. J sin® Xcos®xdx. 
1394. J (1 •4-2cosx)®dx. 


1396 


■ - 


sin® xdx 


cos’^ X 


dx= ? 


cos X 


1399 


■ I 


cos x + sin X 
sin 2x 


dx. 


1400. r ^ 

J sinx—cos 

1402. J cot® xdx. 


cos X 


1401, ^tan®xdx. 1402. Jcot®xdx. 

Hint. In Problem 1401 put tanx = ^, x«=arctan7. 
1403. J sinSxcosxdx. 1404. J cosmxcos «xdx. 

Hint. In Problems 1403 to 1406 make use of the for 
mulas: 

sin a cos p = ~ [sin (a + p) H-sin (a —P)], 

cos a cos p =-^[cos(a-i-P) + cos (a — p)], 


sin a sin p= 4-[cos (a 


cos (a + P)]. 


1405. (1) ^ sin3xsin 5xdx; (2) J sin mxsin nxdx. 

1406. J sin ^5x — cos (^x-\-~^dx. 

1407. Integrating by parts, prove the “power reducing” 
formulas: 

(1) J sin" xdx = — -icosxsin""' J sin"-® xdx; 

(2) ^ cos" xdx= — sin xcos"-‘ J cos"“® xdx 

and using these formulas find: (1) ^sin®xdx; (2) Jcos®xdx. 
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COS^Jt 


1408. Find the integrals: (1) (2) J 

Hint, Apply the formulas given in the previous pro¬ 
blem to the integrals Jand J 


cos X 


1409, ^ (\-{-3cos2x)^dx. 
1411. ^ sin^jccos^xdx. 
1413. ^ sin^xcos^xdx. 

1415. J (ii^—cos ;e)2 


1417 


■p 


sin 2 jiir 
sin®x+ 1 


dx 


cos* X 


dx. 


1410. ^sln^xrfx. 

1412. ^cos^xdx, 

1414. J (l+2sinx)Mx. 
1416. J sin Sxsinxdx. 

1418. Jsin ^x+-^ j cosxdx, 


8,6. Integration of Rational Algebraic Functions 

P. If the integrand is an improper fraction, then it is 
necessary to take out the integral parh 

2° The denominator of a proper fraction is factorized 
into factors of the kind (x—a)“ and (x* + px+^)P, and 
the proper fraction itself is expanded into a sum of ele¬ 
mentary fractions in the following way: 

_ P (^) __ I I [ I 

(x—a)« + + ... ;i:—a ' (;c—a)* “ * • * “(x—a)® ' 

x^-]-px-\-q {x^-^px-\-q)‘^'^ ' ' * * 

where P (x) is a polynomial of the degree lower than that 
of the denominator. 

Find the integrals: 

1419. (1) (2)j‘j^dx: (3)J;^,dx. 

•420. dx. 1421, 

1422. Ji£!+^pidx. 1423. J^^dx. 

>424. Ji^dx. 1425. J|^,dx. 
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>426. i 

1428. + 2 


4- 2x4- 10 


dx. 


>427. 

1 Ann r 4X — 2.4 j 

J x2 —0.2x4-0.17 


Hint. In Problem 1428 single out a perfect square in 
the denominator and then put x4-l=/. 

— 15 


, Ann f 2X^4--*^+4 . 

1430. \ , I T. ; I 

j X® 4-x2 4-4x 4-4 


1431 


r 7x—15 

• J a:®-2x-^4- 


5x 


dx. 


1432 


1434 


■ ">S 


+ 8 ' 


1433 r 1_ jy 

J (x4-l)M^"+f) 


dx 


(2) J 


dx 


J (x24-ft2)®- 

Hint. Put x = b tan t and then (in the second case) use 
formula (2) of Problem 1407. 

(2x4-l)rfx - n dx 


1435 


1436 


.(1) J 

■ I 


(a:® 4-2x4-5)2* 
4x dx 


( 2 ) ^ 

‘437. J-.- 


6x4-10)3 * 
x-41 


dx. 


(F-f^I+x®)-^ • -J x44-4x-H-4 

Find the integrals without applying the general method 
of indefinite coefficients. 


1438 


■ I 


dx 


1439. j' 


dx 


x(x4-a) ■ J (x4-a)(x-6) 

Hint to Problems 1438 to 1442. In the nominator of 
the integrand fraction write the difference of the factors 
of the denominator dividing the integral by the corres¬ 
ponding number. 

'440. '441. 


1442 


C dx 

• J X4-XA • 


3) (X- -4 2) * 

'443. JFFv 


Find 

1444. 

1446. 


the integrals: 

s 


1445 


5x — 14 


x® —X- —4x -^-4 


dx. 


■ 5 sSfe "■> ■ 



1448 


1450 


■ 1 ^ 
■ j 


5x —8 


4x^ -f- 4x 
x^a , 

7-dx. 


dx. 


x^ + a^x 


1452 


C dx 
‘ J Jc8-8* 


.451. f 


'““■liFTsW- 

In Problems 1454 to 1457 integrate without using the 
method of indefinite coefficients. 


1454 


•I 


dx 


x^+5x' 




1455. C ^ . 


1457 


f (ic 

• J x*^xi^2 • 


8,7, Integration of Certain Irrational 

Algebraic Functions 

r. The integral ^ R {x, ^ax+ b) dx, where R (x, y) is a 
rational function, is found by the substitution ax-{-b = t'^, 
and the integral of a more general form ^ 

(X ax'^-\-b)x'^-^dx, by the substitution ax'” + 6 = ^". 

dx is found by 


J 


Mx~\- N 


a) y ax^ bxc 


the substitution x—a = ~, 

3°. Trigonometric substitutions. The following integrals 
are reduced to the rational trigonometric form: 

^ R {x, — x^) dx by making the substitution A: = asin/, 

^ R(x, l^a^-i-x^)dx by making the substitution A: = atan^ 
4°. The algebraic part can be separated from the integral 

y ax^ -j-bx~^c 

where lf7 = l/^ax^-i~bx-l-c. The coefficients A are found on 
differentiating the equality and getting rid of the deno- 


I 


dx by the formula 
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minator by comparing the coefficients of equal powers of x 
on the left and on the right, 

5°. The integral of a binomial differential J {a~{~bx'‘)Pdx 

is expressible in terms of elementary functions in the fol¬ 
lowing three cases: (1) when p is an integer — by expan¬ 


sion; (2) when 


m+ 1 


n 


is an integer — by the substitution 


a-\-bx'* — t^\ (3) when 


m-l-l 

n 


-f p is an integer — by the 


substitution ax~" -\-b = where s is the denominator of 
the fraction p. 

Using substitutions 1®, find the following integrals: 


1458. 


1460. 


1462 


I 
I 

■f 


dx. 


1/3X+I 

dx 

dx 


1459 


■f 


X dx 


y 2x+i-f-i 


1461. J X ya — xdx. 


1 1 + 1 • 
Using substitution 2' 
1464. ^ 


1463. 


f 


x^ dx 




y x“+2* 

find the following integrals: 

dx 


X - 1 ' 

1466 . r — 

J X y 2ax — 

Using substitutions 3°, 
1468. 5 Va^ — x^dx. 

1470. 5x2 1/4 — dx. 

1472. 5 K3 + 2x —x^dx. 


1465. 


1467. 


I 

I 


y2x'^ 4- 2x H- 1 ‘ 

dx 


(x-h 1) ]/x--:-2x • 2 

find the following integrals: 

1 " 


1469. 


1471. 


]/'(4-t-x2)3 * 
x* dx 


1473. 


dx 

Using rule 4®, find the following integrals: 

x2H-4x r xdx 


I 

f d) 

J 


1474. 


I 


V x* 4- 2x -f 2 

1476. 5 Vx^ + k dx. 


dx. 


1475. 




1^3—2x—X- ■ 

1477. J J/ 2ax— 
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Find the integrals of binomial differentials: 


1478. 


1 


dx 


1480. 


dx 




1479. 


1481. 


I 


dx 


JtS 3/2—' 
x^dx 


bx^) 


8/2 • 


Find fhe integrals: 


1482. 


V^x—l 


1484 


1486. 


1488. 


1490. 


1492. 


I _ 

f y^xdx 

' J7TTT* 

I 

I 
j 

f x^dx 

J 


X V'x-2 

xdx 


dx. 


;e2-f 2+2 Kl-f jc2' 
dx 


X y x‘^-\-2x 


1483. 


1485. 


I 


dx 


3JC + 1 - 1 


I y^x 


1487. 


I 


x^ dx 


1489. 


yx^+\-i ' 

J 2+ yx=^ * 


1491. 




dx 


1) ]I'x‘^-—2x' 


1493 


. I |/^ 2-x^^' 


Hint. In Problem 1493 put x^2sin’*/. 
1494. + dx. 


1496. 


1498. 


J 

i 


dx 


/'l-h 


dx 


VT^ 


1495. 


1497. 


1499. 


I 

I 

J 


V‘5 + 4x—x2 
dx 


dx. 


x2 Kl + ^2 
dx 

X y 3x^ — 2x—l 


8.8. Integration of Certain Transcendental 

Functions 

The following integrals are reduced to the algebraic 
form: 
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S dt 

R{e^)dx by the substitutions e^ = t, x=\nt, dx = —; 
^ R {ianx)dx by the substitutions tan x=^t, x=arctant. 


dx = 


I * 


^y?(sinx, cosx)dx by the substitutions tany=^ 


2/ I—/a 

sin X— I , cosx= t 


dx = 


2dt 

1+^2 • 


Find the integrals: 
>500. 

>502. J^. 

*504. Js+fb^- 


1504 


1506 


f* dx 
’ J 5 + 3CO 

P dx 

' J sin^jc* 


1501. ^ tan^ xdx. 


1503 


1505 


1507 


J sin X 

• 

J 3 sin X 
f d) 

• J 


dx 

3 sin x’+4 cos x ' 
dx 

1 3 cos* X ■ 


Hint. In Problems 1506, 1507, 1512, and 1513, where 
the integrand expressions contain only even powers of 
sinx and cosx, it is better to apply the substitutions: 

tan x ~ t f sin* x = ^ | > cos^ x — ^ ^ , dx ~ | | • 


Find the integrals: 
>508. J-^. 

>5>0. 


1512. 


1514. 


1516. 


n dx 

J COS^ X ' 


dx 

2 sin xH- sin 2x * 


J S 


1509. ^ian^xdx. 


1511. 


1513 


1515 


1517 


■In 

•14 

■54 


dx 

3 + COS X ■ 
dx 

1 +3 sin*x * 
I + cos X , 

— . o — dx, 


sin® X 


tan X 

sin 2x 


dx. 
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8.9, Integration of Hyperbolic Functions, 
Hyperbolic Substitutions 

1. 5cosh;cdx =sinhx + C. 2. J sinhA:dA: = coshx+C. 

= + —‘=°thx + C. 

Integrals of the second and other even powers of cosh^ 
and sinh^c are found by the following formulas: 

cosh^= £2!!l|£±i. sinh^x = ?2!!l^. 

sinh X cosh x= 

Integrals of odd powers of sinh x and coshx are found 
in the same way as integrals of odd powers of sinx and 
cosx. 

Hyperbolic substitutions are sometimes used for finding 
integrals of the form 

^R(x,Yx^ — a‘^)dx by the substitution x = acosh/; 
^R{x, l/'x^a^) dx by the substitution x = asinh^ 


In this case if x = a cosh/, then/ = In 




a 


and if x — a sinh/, then/ = ln 


Find the integrals: 

1518. (1) J sinh’^ 3xdx; 

1519. ^cosh^xd;c. 


• I 


dx 


1521. , u , , . 

J cosh AT-f* 1 

1523. \y^x^-\~a'^dx. 

%} 

dx 


1525 


■ J 


+ 4) 


x~\- V +fl* 


a 


(2) J (1 +sinh2x)=*dx. 

1520. ^ianhxdx. 


■I 


dx 


1522. . , ^ . 

tanh a:— 1 

1524. dx. 


1526. 


I 


dx 


V {X^ — 5)3 ‘ 
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Find 

the integrals: 



1527. 

J sinh*3xdx. 

1528. 

J sinh^xcosh^xd^:. 

1529. 

5 sinh^jccoshxdjc. 

1530. 

5 coth^xdx. 

1531. 

J )/coshx4- 1 dx. 

1532. 

r 1 + 2slnhx . 

\ — — uT ,— dx. 

J cosh^x 

1533. 

f x^dx 

1534. 


J V ^^ — 3 

J 


8.10. Miscellaneous 

Problems 

on Integration 

Find 

the integrals: 



1535. 

f y \-\-xdx 

J 

1536. 

f arctan x dx 

J I+x2 ■ 

1537. 

C dx 

1538. 

C dx 

J x^-{-ax^ ■ 

J 1 -f- sin X * 

1539. 

r 

1540. 

r ■ dx 

J }^xi\~x) 

\ sin^^tr , cos^JC * 

J a2 I ;,2 

1541. 

^ xcos^ xdx. 

1542. 

P dx 

J • 

1543. 

j 

1544. 

f cos^xdx 

J sin^x • 

1545. 

J X tan^ X dx. 

1546. 

f cos^ xdx 

J sin X 

1547. 

P sin xdx 

1548. 

r dx 

J b'^-\-cos^x’ 

J yir^-y2yi * 

1549. 

f dx 

1550. 

p dx 

J (ax + b)*^^' 

J X^ + AT^* 

1551. 

P dx 

1552. 

P dx 

J (sin x + cos x)- ' 

J X y a~^b ]nx 

1553. 

n x^dx 

1554. 

J y 1 — 2x — dx. 

J (a— 

1555. 

r dx 

1556. 

p arctanjc^^A: 

J (1+ 

J a:2 

1557. 

f 

1558. 

P dx 


J(2j:+1)(1 + J/2a:+1) 

7 —1896 
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1559. 

156U 

1562. 

1563. 
1565. 

1567. 

1569. 

1571. 

1573. 

1575. 

1577. 

1579. 

1581. 

1583. 

1585. 

1587. 

1589. 


cos X 
cos 3jt 


^ coi^xdx. 

"Ij 

I 


dx; 

dx 


Vx-\^a+\ni ' 


JC® — JC® 

dx 


X VX^—\ ’ 

arcsin x 


I 
I 

I 
I 

I 
j 

I 

I 

I 

I 

j 


dx. 


\nc 

cos 2x 
sin*x 
dx 

e^x—ex ' 

In (;c+ l)dx 

dx 

I + sin^ X ' 

e-^ *dx, 

ianxdx 
sin 2a: 

ax dx 


dx. 


a^x^l • 


(X—1)2 


x^Yx^---] 

X—a 

Y^2ax + x^‘ 


dx. 


cos®a:+ 1 

sin®^ 


dx. 


1560 


•I 


^■ 4 - 


dx. 




(2)f 


dx 


+ 1 — JC * 


1564 




+ 2Ar 


1568 


1566. Jj 

■J 

•J 

■i 


3 

dx 


dx. 


1570 

1572 


-}-tan X ’ 
sin 2x , 

- T-dx. 

cos*x 

In (cos x)dx 
sin® a: 
sin® a:£Dc 
cos® X 


1574. J V \ — s'lnxdx 

1576. r 

J JIC«—Af®— 2 

f arctan y~xdx 


1578. 


J 


1580. J 
1582. I 


1584. 


V~X • 

In (ac®+ \)dx 
x^ 

1 — sin Af J 

- 7r=^ - dx. 

V X 

X arcsin xdx 


C X arcsin X a 

J VT^ 


1586 


■ I 


x^dx 


ix-\-l)* * 


<588- 


1590 


r dx 
* J x*-\- 


+ 4 • 


CHAPTER 9 


THE DEFINITE INTEGRAL 


9.1. Computing the Definite Integral 

Let a function / (x) be defined on a closed interval 
[a, 1)]. This interval is partitioned into n subintervals by 
points a =Xo < .v, < Xg < ... < x„ = tj. In each of the subin¬ 
tervals (x._,,x,-) take an arbitrary point §,• and form the 

n 

sum 2 / (?,) A-V/, where A.v,-= a:,— jr,- _,. The sum of the 

n 

form f A.v^- is termed the integral sum, and the 

limit to which this sum tends as the largest subinterval 
approaches zero (max Ax,- — 0). if it exists and is finite, 
is called the definite integral of the function /(x). The 
end-points a, b of the given interval (the interval of in¬ 
tegration) are called the limits of integration: the lower 
limit (a) and the upper limit (/?). 

The definite integral is denoted by 

r 

\fix)dx= lim 2 / (?,) Aat,-. (1) 

a max lx. 0 /= I 

In this case the function ^x) is called integrable over 
the interval [a, i?]. 

For a function to be integrable it is sufficient that it 
is either continuous on the interval [a, b] or has a finite 
number of finite discontinuities. 

Let /(X) be continuous on [a, b]. Then on this interval 
there exists an indefinite integral 

5 f {x)dx = F {x)~\-G 


7 * 


( 2 ) 
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and the following formula takes place: 

b 

J f(x)dx = F(b)-F(a) = [lf(x)dxX. (3) 

a 


i.e. the definite integral of a continuous functions is equal 
to the difference of the values of the antiderivative (or the 
indefinite integral) for the upper and lower limits. For¬ 
mula (3) is called the Newton-Leibnitz formula. 


1591. By forming integral sums and proceeding to the 
limit, find the following integrals: 


a a an 

(1) ^xdx\ (2) ^x^dx\ (3) (4) Jsinxd.^:. 

0 0 0 0 
Hint. When solving (2) and (4) make use of the results 
of Problems 1034 and 647. 

1592. Compute the lower and the upper integral sums 

2 

and Sj for the integral \—, dividing the closed inter- 

J ^ 

I 


vql [1, 2] into five equal subintervals. Compare the re¬ 
sult thus obtained with the exact value of the integral. 

5 5 

Hint, s, = 2 nxAx, S. = 2 jW.Ax, where mi is the 

least value, and Mi, the greatest value of the integrand 
function in fth subinterval. 

Compute: 



4 


1595. 5 l/^xdx. 
1 

a V~3 

1697. J 

o 


1 

1596. r - , ■ 

0 

^ X 

1598. ^e^dx. 

0 
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1599. 




1600. Jsin4xdj:. 


1601 


■ .) V~x- 1 ‘ 


O 

1602. r l+tan“* .. 

^ . « 1 I < • n • 


(1 + tan x)^ 


Hint. In Problem 1601 apply the substitution x=^H\ 
then the limits of the integral will change, which is 

X 4 9 

written in the tabular form -. Analogously, in 

/|2[3 

Problem 1602, when integrating by the substitution 
tan x = t, change the limits accordingly. 


1603. 


J 1+ K2x-hl 
0 


1604. r , 

J |/^4—a:2 


1605 


P dx 


1606. ( l/"-^dx. 

r a — X 

6 


A 

1607. J sin;ccos^xdx. 


' lA 

1608. J A'^j/a — x^dx. 


I 

1609. J In (A 4- 1) dA. 


r 3 


1611 


■1 


dx 

l^(TT^ * 


I 

1610. IV^T^dx. 


1612 


■ i 


dx 

x + x^ * 


1613. From the formula of Problems 1407 obtain that 


'J 

J sin"xdx = ^^^ sin'’-^xdx. 
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and compute: 


n 

2 


2 


2 


(1) 5 sin^xdx; (2) ^ sm*xdx; (3) J sin®xdx. 


0 


0 


Compute: 


a 


1614. J (a'2— ax)dx. 
0 


1616. 


K 3 

I 


xdx 


V 4- 


1618. 


1620. 


0 


j 

1 

6 

i 


dx 




xdx 


1 /' 4 a +5 * 


1615 


•I 


dx 

TT 


1617. 


n 


o 

I 

8 




cos^2x 


1 


1619 


■ 1 

0 


e*^ dx 


1 -j-e- 


ix 


V-2 

1621. 5 V^—x^dx. 


71 


1622. J xcosAcfA 
0 




1623. Jtan®AdA 


0 


1624. From the formula of Problem 1407 obtain 


71 

2 


2 


J COS^AdA J COS"“®AdA, 


0 


and compute 


71 

y 


2 


2 


(1) ^ cos^AdA; (2) 5 cos^AdA; (3) J cos^xdx 


that 
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9.2, Computing Areas 


r. The area of curvilinear trapezoid A.ABB, adjacent 
to the axis OX (Fig. 33): 





The differential of a variable area A^AMNiy dS = ydx. 
If a curve is given by the equations x = f{t) and 

= then, d5== 9(/)•/' 




Fig. 34 


2®. The area of the curvilinear trapezoid adjacent to the 
axis OK: 


S = lim 

Ay ^ 0 


i/s 

2 Jc A{/= 5 a: di/. 

l/l 



The differential of a variable area dS — xdy. 

3°. The area of the sector OAB (Fig, 34) of a curve 
given in polar coordinates: 



The differentia! of the area 


variable dS = 4-/-“d(p. 


( 3 ) 
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Compute the areas bounded by the following lines: 




1625. i/=4—xS £/ = 0. 1626. ^ + ^=1. 

1627. y^ — 2px, x = h, 

1629. x^ = 4, x= 1, 
x = 4, y = 0. 

1631. ^2 = 2x + 4, x = 0. 

1633. i/ 2 = (4—x)3, x = 0. 


i/ = 0. 


1628. z/ = 3 —2x —x2 
1630. y=\nx, x = e, 

i/ = 0. 

1632. y^^x\ y = 8, x = 0. 
1634. The loop of the curve 
4(y^~x^) + x^ = 0. 
1636. y = x^~i-4x, y = x-j-4. 
1638. (r/—x)2==x^ x=l. 


1635. y = x\ y = 2 — xK 
1637. ay = x3(2a—x). 

1639. The loop of the strophoid y^ {2a — x)=x (x—ay. 

1640. Catenary = - 1 -e x = dbci and y = 0. 


1641. One arc of the cycloid x = a{i — s\ni), y = ax 
X(l— cos/) and the axis OX. 

1642. Astroid x = acos®/, y = asin^t. 

1643. Lemniscate r^ = a^cos2(p. 

1644. Cardioid r = a(l—cos(p). 

1645. r = 3 + sin2(p 1 find the area enclosed between the 

1646. r = 2—cosSqp / adjacent maximum and minimum 
radius vectors of each curve. 

1647. r = a cos 2q). 1648. r = o sin 3q). 

1649. r = a(sin cp + cosqj). 1650, 


1651. r = asin3-|-, located below the polar axis. 

1652. The loop of the folium of Descartes x®+y^— Saxy^O 
(see Fig. 83 on p. 386) (pass to polar coordinates). 

Hint. In the integral JPut tan (p = «. 

first dividing both the numerator and denominator by 
cos® 9 . 


Compute the areas bounded by the following lines: 
1653. y = Sx—x^, i/ = 0. 1654. y = x\ y = 8, x = 0. 

1655. 1 / 2=1 —X and x = —3. 1656. y^ + x^ = x^. 

1657. i/ = x 2 + 4x+5, x = 0, y = 0 and the minimum 

ordinate. 


Sec. 9.3. The Volume of a Solid of Revolution 
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1658. A half-wave of the sinusoid y — s\nx and y — 0, 

1659. 4y = x- and y- = 4x. 1660. xy = 6 and 

x~\-y — 7 = 0. 

1661. The loop of the curve + = 

1662. r = 3 — cos 2q) | find the area enclosed between the 

> adjacent maximum and minimum 

1663. r = 2H-sin3<p J radius vectors of each curve. 

1664. r = asin2(p. 1665. /' = Qcos3<p. 

1666. r = ae^ from = — n to (p=Ji. 

1667. Find the area of the common portion of the 

ellipses ^ + ^ + * (pass to polar coordi¬ 

nates). 

1668. r = n (1 -j sin'^ 2<p) and r—a. 

9.3. The Volume of a Solid of Revolution 

1°. The volume of a solid generated by revolving a 
curvilinear trapezoid A^ABB^^ about the axis OX (Fig. 35), 



where AB is the arc of a curve y — f{x), is determined by 
the formula 



Ihe differential of a variable volume dV = ny-dx. 

2^. The volume of a solid generated by revolving about 
the axis OY a curvilinear trapezoid adjacent to the axis 
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OY is determined by the formula 



yt 

Urn [ nx^dy, 

Ay-^O " ,i 



The differential of a variable volume dV — nx^dy. 


Determine the volume of the solid generated by revol¬ 
ving a figure bounded by the following lines; 

1669. y^~2px and x = h about the axis OX, 

1670. ~y—dtzb about the axis OK. 

1671. xy = 4, x=\, x = 4, y = 0 about the axis OX. 

1672. (/^ = (x + 4)^ and x = 0 about the axis OY, 

1673. x^-{-y^ = a^ about the straight line x = b>a. 
Hint, dV — n {b-\-xYdy — n (b — xy dy = 4nbxdy, 

1674. z/ = acosh-^, ^ = ±^ 2 , 2 / = 0 about the axis OX. 

1675. y‘^ — 4 —X, x = 0 about the axis OK. 

1676. (y — ay=ax, x —0, y = 2a about the axis OX. 

1677. r/ = cosx and // =—1 about the straight line 
y = —1 for — 

1678. y = x]Y —X, x = —4 and y = 0 about the axis OK. 

1679. ^ = cos^x—x = 0, ^ = 0 (for x>0) about 
the axis OX. 

1680. ^ = a—— and x-yy = a about the axis OK. 


♦ 

Determine the volumes of the solids generated by re¬ 
volving the figures bounded by the following lines: 

1681. ^ = sinx (a half-wave), i/ = 0 about the axis OX. 

1682. x^— y'^ — 4, y—-±:2 about the axis OK. 


1683. 

1684. 


y — ^ , x = dbl, y = 0 about the axis OX. 

^ + ^=1 about the axis OK. 

0 “ 


1685. x^ts ^y2/9 — q2/3 about the axis OX. 

1686. y — x^y x = 0, y = 8 about the axis OK. 

1687. x^— y^ = a^^ x = ±2a about the axis OX, 


Sec. 9.4. The Arc Length of a Plane Curve 
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1688. y — x-, i/ = 4, about the straight line x = 2. 

Hint, dV = TL {2x)"^ dy — n (2— x)^dy, 

1689. One arc of the cycloid 

x = a(t —sin 0. y = a{\ —cos^ about the axis OX, 

1690. {y — 3y ~\-3x = 0y x = —3 about the axis OX. 

9.4. The Arc Length of a Plane Curve 

1®. The length of an arc AB of the curve y = f(x) is 
given by the integral 

s= S V\+y’'dx. (1) 

Differential of arc lengthy rfs =)/1 dx== V dx^ + dy"^, 

2®. The length of an arc i4B of the curve a: = /(0.//= 9 (0: 

_ 

s = ^ V-{-y^dt. (2) 

8 °, The length of an arc AB of the curve r = f{(p): 

^B 

s =* J (3) 

Determine the length of the arc of the curve: 

1691. y^—x^ cut off by the straight line x = ^, 

1692. Of the entire curve x^-\-y^=^a^. 

J_ J_ 

1693. Of the entire curve x^ -j-y^ =a^ . 

1694. = (x-l- ly cut off by the straight line x = 4. 

1695. Of one arc of the cycloid 

x = a (t —sin t), y = a(l — cos t). 

/IS fA 

1696. x=-^, y = 2-^ between the points of inter¬ 

section with the coordinate axes. 
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1697. y = ^—1 cut off by the axis OX. 

Hint. -\-x’^dx can be found by parts, or written 

by the formula of Problem 1366. 

1698. = ~\-e ^) = acosh-j between the straight 

lines x=dza. 

1699. y = \nx from x=~ to x = ^. 

^ 0 

Hint. The integral J —is found by the substi¬ 
tution 1+^2 = 

1700. ^ = ln(2cosx) between the adjacent points of 
intersection with the coordinate axes OY and OX. 

1701. (1) 9y^ = x{x —3)^* between the points of inter¬ 
section with the axis OX. 

(2) e’^^tanhx=l between the points x=l and x = 2. 

1702. (1) The cardioid r~a(\ —cos(p). 

(2) The first turn of the spiral r—a^. 

1703. The entire curve/' = u sin® 

1704. A flexible thread is suspended from the points A 
and B situated at the same height; AB = 2b, the sag is/. 
Taking the suspended thread as a parabola, show that its 

length s 2fr ^ 1 for a sufficiently small -j. 

Hint. Apply the approximate formula V 1 -f a1 +4-a 
from Problem 1157. 


Find the length of the arc of the curve: 

1705. —x)® cut off by the straight line x = —1. 

1706. f/ = ln(sinx) from to x = 

1707. ^ = ln(l—from x——~ to = 

1708. —2px cut off by the straight line 

1709. x = i^, 

y=L(t^_Z) 


I between the points of intersection 
I with the axis OX. 
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9.5. The Area of a Surface of Revolution 

1°. The area of a surface formed by the revolution of 
an arc AB of the curve y = f{x) about the ;c-axis is 

P^ = 2 jx 5 yds, where ds~ \/dx^-\-dy'^. 

AB 


2®. The area of a surface formed by the revolution of 
an arc AB of the curve x = q)(i/) about the ^-axis is 

Py = 2n ^ xds, where ds = \^dx-dy‘^. 

Xb 


Determine the area of the surface formed by revolving 
the curve: 

1710. x‘^~\~y'^ = R~ about the x-axis. 

1711. y ^-2 cut by the straight line i/=1.5. about 
the (/-axis. 

1712. f/ = acosh-^ between x = d=a about the x-axis. 

1713. 4 x'^ + ^ 2_4 about the axis OY. 


Hint. Taking y for an independent variable, we get the 

2 

required area P = — ^y~dy. Then make use of the 

0 


substitution u= , _ sin ^ 

1714. One half-wave of the curve ^ = sinx about the 
axis OX. 

1715. One arc of the cycloid | ^ |l _ 
x-axis. 

1716. ‘The loop of the curve x = /^, p — 
the x-axis. 


about the 

•COSf) 


— 3 ) about 


1717. about the straight linex = ^>a. 

Hint. dP = 2ji(6 + ^)ds-l-2rc(b — x)ds. 
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Determine the area of a surface formed by rotating 
about the axis OX: 

1718. The arc of the curve^ = from x = —2 to x~2. 

1719. The arc of the curve ^2 = 4+ x cut by the straight 
line x = 2. 

1720. The entire curve x = acos®^, y = as\n^t. 

1721. The arc of the curve x = -4-, i/ = 4—~ between 
the points of intersection with the coordinate axes. 


9M, Problems in Physics 

1722. Determine the force of pressure acting on a ver¬ 
tical rectangular water lock with base 8 m and height 6 m. 
Find also the force of pressure experienced by the lower 
half of the lock. 

1723. Compute the force of pressure acting on a verti¬ 
cal triangle whose base a is flush with the water surface 
and altitude is equal to h. 

1724. Find the force of pressure acting on a semicircle 
of radius R submerged vertically in water so that its 
diameter is flush with the water surface. 

1725. A vertical dam has the form of a trapezoid whose 
upper base is 20 m, the lower one 10 m and the alti¬ 
tude 6 m. Find the force of water pressure experienced 
by the dam. 

1726. Find the moments of inertia about the x- and 
|/-axis of the rectangle bounded by the straight lines 
x = a, y — 0, y = b, and x~0. 

Hint. Subdividing the rectangle into horizontal strips, 
multiply each strip by its squared distance from the 
axis OX, i.e. by y^. Summing and passing to the limit, 
we get 

b 

Jx= lim '^aAyy‘=\ay^dy. 


a 

Similarly Jy=^hx?dx. 

0 
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1727. Find the moment of inertia about the x- and 
^-axis of the triangle bounded by the lines x = 0, y = 0, 

and —1. 

a b 

1728. Find the moment of inertia about the y-axis of 

the figure bounded by the lines x = 2, and y = 0. 

1729. Find the static moments about the x- and ^-axis 
and the coordinates of the centre of gravity of the triangle 
formed by the lines x = 0, y=0, and x-\-y = a. 

a a 

Hint. The static moments: M^=^xydy, = ^ xydx. 

0 0 

The coordinates of the centre of gravity: = yc~~^ * 

where S is the area of the figure. 

1730. Find the centre of gravity of the figure bounded 
by the lines a^y~bx^, x = a, and y = 0. 

1731. Find the centre of gravity of the semicircle 
x^~\-y'^ = a^ cut off by the axis OX. 

1732. (1) Calculate the work needed to overcome the 
force of gravity in pumping the water out of a cylindri¬ 
cal vessel with the radius of the base circle 0.5 m if at 
the starting moment the water level in the vessel reaches 
2.8 m and is 0.2 m lower that the outlet hole. 

(2) Calculate the work needed to overcome the force of 
gravity in pumping the water out of a hemispherical boiler 
of radius R m. 

1733. Compute the work needed to overcome the force 
of gravity in lifting a mass m from the earth surface 
to a height h. 

Hint. The force F of gravity at a distance x from the 
centre of the earth is determined from the proportion 
F:mg = R^:x^, where R is the radius of the earth. 

1734. A cauldron has the shape of a paraboloid of re¬ 
volution; its depth is H = 0.5 m and the radius of the 
circle base i? = 0.4 m. Calculate the work needed to over¬ 
come the force of gravity in pumping the water out of a 
brim-full cauldron. 

1735. There is air of volume Fo = 0.1 m® and pressure 
Po = 103,300 N/m“ under a piston in a cylinder. Determine 
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the work done by an isothermal compression of the air 
to a volume l/j=0.03 m®. 

1736. Compute the work done by a 0.001 m stretching 
of a 1 m copper wire whose cross-sectional radius is 2 mm. 

Hint. The force F required to stretch a wire of length / 
and cross-sectional area s by x is determined by the for¬ 
mula F = E~ . where E is Young’s modulus. We may take 

E \2‘ 10^" N/ni* for copper. 

1737. How long would it take the water in a full cylin¬ 
drical vessel of base area S = 420 cm® and height /7 = 40cm 
to flow through an orifice on the bottom of area s = 2cm®? 

Hint. The velocity of discharge of a liquid at level x 

is determined by the formula u = |li \/2gx, where p is a 
coefficient which depends on the liquid viscosity and the 
shapes of the vessel and the orifice. We assume here, as 
we shall in Problem 1738, that p = 0.6. 

1738. How long would it take the water to flow out of 
a conical funnel of height ^/=40cm, lower base radius 
r = 0.3 cm and the upper base radius y? = 6 cm (see hint 
to Problem 1737)? 


1739. Determine the pressure exerted by water on a 
vertical triangle of height h, whose base a is parallel to, 
and whose opposite vertex is on, the surface of the water. 

1740. Determine the pressure exerted by water on a 
vertical parabolic segment whose base is equal to 4 m 
and situated on the surface of the water, and whose vertex 
is at a depth of 4 m. 

1741. Find the depth x at which a rectangular water 
lock of height h may be divided horizontally into two parts 
on each of which the water pressure is identical. 

1742. A cylindrical cistern with horizontal axis is half 
filled with oil (specific gravity 0.9). Determine the pres¬ 
sure exerted by the oil on each of the cylinder plane 
walls, if its radius is equal to 2 m. 

1743. Determine the moment of inertia of the quadrant 
jc = i?cos^ y = asmt about the x-axis. 

1744. Find the coordinates of the centre of gravity of 
the area bounded by the curves i/ = 4—x® and y = 0. 
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1745. Compute the work necessary for pumping the water 
out of an (inverted, circular) cone-shaped hole, whose 
height // = 2 m and base radius 7? =0.3 m. 

1746. Determine the work done by adiabatically com¬ 
pressing air of volume Vo = 0.1 under pressure Po = 
= 103,300 N/m^ to a volume V, =0.03m®. (Adiabatic 
compression obeys Poisson’s law: pV* = po^o. where 1.4.) 

1747. How long would it take the water in a full he¬ 
mispherical bowl of radius 40 cm to flow through an ori¬ 
fice on the bottom of area 2 cm^? (See hint to Problem 
1737; set coefficient of viscosity |j. = 0.8.) 


9.7. Improper Integrals 


1®. Definitions. 


+ CO 


I. The integral \ f{x)dx is defined as lim ^f{x)dx 

a b-*- + 9 a 

b 

if this limit exists and is finite. The integrals J f{x)dx 


» CD 


■f » 


and ^ f(x)dx are determined analogously. 


CD 


II. If f (x) is continuous at all points of the closed 
interval [a, b] except the point c at which f (x) has a 
discontinuity of the second kind, then the integral of the 
function f (x) from a to 6 is defined as the sum 

c-e b 

lim ^ f{x)dx-{~ lim { f{x)dx, 

'' a «-*'0c + 6 


e 0 


if these limits exist and are finite. 

Integrals with in-finite limits and those of discontinuous 
(unlimited) functions are called improper integrals. 

If the above-mentioned limits are finite, we say that 
the improper integrals converge, if they are infinite, then 
we say that the improper integrals diverge. 

2®. An improper integral is often tested for convergence 
by the method of comparison; if for x > n | f (x) | ^ (p (x) 

+ CD + CO 

and J fp{x)dx converges, then ^ / (x) dx also converges. 

a a 
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An analogous convergence test can also be formulated for 
the integral of a function with a discontinuity. 


Compute the integrals: 


06 


06 


1748. (2)Jf; (3) 


dx 



(4) 


CD 

r ^ 

J AT"' 


00 


GO 


OD 


1749. 


(1) J e-* dx; (2) f xe-*’ dx; (3) J ; 

0 0 I 


oo 


00 


CD 


(4)f 


I T 0 


«0 


1750. 


1751. 


2 

6 

"•J 


dx 


X — 1 ’ 


00 00 

/ox C QTcianxdx . ,o\ 0 ^ 

\ ^2 . KO) J 

i 


dx 


/(4-x)' 




1752. Test the following integrals for convergence: 


00 


00 


00 




0 

CO 


(2)f 


dx 


2 

CD 


(4)tS 


sin xdx 


•2 » 


(5)J 


X dx . 


(3) r 


e~^ dx 


1 

OP 


(6) Je-^'dx. 


I b 

1753. (1) J^; (2) j*(for & > a). 

0 a 

Hint. Consider three cases: n =\—a<I. n = l and 
n= 1 +a > 1 . 

1754. Compute the area bounded by the versiera y = 

= * and the asymptote of this curve. 

1755. Compute the area bounded by the curve y = xe * 
and its asymptote (for x> 0 ). 
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1756. Compute the area contained between the cissoid 

y^'^ 2a-~x asymptote. 

Hint. Putting a: —2asin2/, pass over to parametric equa¬ 
tions. 

1757. Find the volume of the solid formed by revolving 

the cissoid about its asymptote (see Prob¬ 

lem 1756). 

1758. Determine the area of the surface formed by re¬ 
volving about the x-axis an infinite arc of the curve 
y^e~^ for positive x. 

1759. Find the volume of the solid formed by revol¬ 
ving about the x-axis an infinite branch of the curve 

l/ = 2(^——) for x^\. 

1760. Show that 



dx-=m\\ 


\ 


( 2 ) = 


If m Is a positive integer 


1761. Compute the following integrals: 




00 


CO 


Hint. In case (3) use L’Hospital’s rule for finding 
lim 


<» 


GO 


* The function ^ dx = T {t) is termed the gamma function 

0 

of /. For integral / > 1, as it follows from Problem 1760 (1), I'(0 = 
= (f —1)! Putting here / = !, we get conventionally 01 = r(l) = 

CC 

= J 1. Therefore, by convention, 01=1. 

A 
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1763. Compute the area contained between the curve 
^ = and the coordinate axes (for x > 0). 

1764. Find the volume of the solid generated by revol¬ 
ving about the £/-axis an area of infinite length contained 
between the lines xy = 4, i/=I, jc = 0 . 

1765. Determine the volume of the solid formed by re- 

X 

volving the curve y — xe ^ (for x > 0) about its asym¬ 
ptote. 


P.5. The Mean Value of a Function 

The mean-value theorem. If on a closed interval [a, 
a function f (x) is continuous, then for some value of 

b 

x(x = c) between the limits of the integral ^f(x)dx 

a 

b 

J f(x)dx=^{b—a)f{c). (1) 

a 

The value of the function 

b 

5 f W dx 

= ( 2 ) 

is called the mean value of the function f(x) on the 
interval [a, b]. 

1766. Determine the mean value of the following func¬ 
tions on the given intervals: 

(1) ^ = sinx on [0 , jt]; 

(2) i/ = tanx on [^0, yj ; 

(3) y=lnx on [1, e]; 

(4) y = x^ on [a, b]\ 

(5) ‘/ = 7q!^ [ —•- >]• 

Indicate the mean value of each function on Its graph. 


Sec. 9.9. Trapezoid Rule and Simpson's Formula 


213 




9.9, Trapezoid Rule and Simpson's Formula 
The trapezoid formula: 


i f {X) dx 


h 


yo 


n — I 




i = i 


(I) 


where h~{b — a)/n, and ... y„ are equidistant 

of the curve y = f{x) on the interval [a, b]. The limiting 
error formula (I): 


E(h) 


(6 — 0 ) 62 
12 


y 




max* 


( 1 ) 


2°. Simpson’s formula (for parabolic trapezoids) for 
two subintervals: 


^ fix) dx^-^ (y„ + 4y, + y^). 


(II) 


where h = {b — a)/2. 

3°. Simpson’s formula for 2n equal subintervals: 

b , 

h . . 

yo -f- !/an + 4 


J'W 


dx 


n n-~ ] ' 

• (III) 

<=1 i=\ 


where h = {b — a)/2n. The limiting error of formulas (II) 
and (111) 


® ^ IgQ \y Imax* 


( 2 ) 


i.e. formula (II) is accurate for parabolas of second and 
third powers: y = a~{-bx-\-cx^-\-dx^. 

2 

1767. Using the trapezoid rule, compute ln2 — 

and estimate the error by formula (1). 

1768. Using Simpson’s formula (III), compute the in- 

5 2 

tegrais ^x^dx and ^.\^dx, estimate the error by for- 
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mula (2), and compare the results with exact values of 
the integrals. 

1769, Compute the following integrals by Simpson’s 
formula (III): 

n 

2 T 

(1) 5 1/1 +x^dx (2n =4); (2) ^ 1/ 3—cos 2xdx {2n « 0); 

4 

f' dx 

(3) yyxp(2ft = 4), and estimate the error, putting In 


formula (2) ft* 1 I/*''Lax « I Uax- 


1770. Using Simpson’s formula (II), find the volume 
of a barrel 50 cm high, the diameter of the bottoms being 

equal to 20 cm, and the diameter of the midsection to 
30 cm. 

1771. Deduce the formulas for the volume of a pyramid 
and a sphere from Simpson’s formula (II). 

2 


1772. Compute In 2 = J Y l^y means of Simpson’s for¬ 
mula (III) (at 2/z=10) and estimate the error by for¬ 


mula (2). 

1773. Find the length of the arc of the ellipse x 
= 5cosC i/ = 3sin^ applying Simpson’s formula (II) to 
the integral determining the first quarter of the entire arc. 


dx 

1774. Compute approximately ^ = * apply* 

0 

ing Simpson’s formula (II) to the integral. 


1775. Compute 



means of Simpson’s for- 


0 

mula (III)*(at 2n = 10), and estimale the error, putting 
approximately in formula (2) ^ 
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1776. Considering the area of the portion of a circle 

4 

boundedby the curve + = 32, show that J }/32—x^ dx = 

0 

= 4ji + 8 ; find Ji computing the integral by Simpson’s 
formula (at 2 /i —4). 

1777. Using Simpson’s formula (III), compute the length 
of the arc of a half-wave of the sinusoid ^ = sinx divi¬ 
ding the interval | 0, Ji) into six equal subintervals. 



CHAPTER 10 


CURVATURE OF PLANE AND SPACE CURVES 


10,1. Curvature of a Plane Curve. 
The Centre and Radius of Curvature. 
The Evolute of a Plane Curve 


1®. Curvature 



2°. The radius of curvature 


^ - I .Jf I 


\yx—xy\ 


3®. The coordinates of the centre of curvature 



y‘ 


V w 

X=x —‘ y' =x-\- y; 

xy—yx 


y + y+ ■■■ 

y yx—xy 



The locus of the centres of curvature C(X, Y) is cal¬ 
led the evolute. Equations (3) are the parametric equations 
of the evolute. 

4°. The radius of curvature of the curve r — f{(p)t where 
r and cp are polar coordinates 





Determine the radius of curvature and construct the 
curve and the circle of curvature of the given curve at 
its vertex: 

1778. y^4x—xK 1779. y = 
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I x = a(t 
I i/ = a{l 


,780. .v= + 4,^ = 4. 1781. i - = 

y^a(\ —cos/). 

1782. y = xe~^. 

Determine the coordinates of the centre of curvature 
and construct the curve and its circle of curvature: 

1783. xy = ^ at the point x = 2. 

1784. y = \nx at the point of intersection with OK. 

1785. w = — at the point of intersection with OX. 

Write the equation of the evolute of the given curve 
and construct the curve and its evolute: 

v 2 ( X = 2 cos t 

1786. 1787. ^ 

2 f/ = sin/. 

1788. X-— y^ = a- (or x = acosh/ and r/ = asinh/). 

1789. i ^ = «(cos/ + /sinO 

\ y = a{s\nt — tcost). 

1790. Find the maximum curvature of the curve y = e^. 

1791. Prove that the radius of curvature of the cate¬ 
nary i/ = iicosh-^ is ^ at any point and is equal to the 

segment of the normal between the curve and the x-axis. 

1792. Determine the radius of curvature at an arbitrary 
point of the curve (1) r = a{\ —coscp); (2) r-= u-cos 2(p; 

(3) = 


Determine the radius of curvature and construct the 
given curve and the circle of curvature of the curve at 
its vertex; 

\l^Z. y = j^,. 1794. A-= —,/-^ = 4. 

1795. ^ = sinx. 1796. 2^ —x-H-4x. 

Determine the coordinates of the centre of curvature 
and construct the curve and the circle of its curvature: 

1797. y^e^ at the point of its intersection with OY. 

1798. y = y at the point ^—1, —. 

1799. y~=x^ at the point (1, 1). 

1800. y^cosx at the point = y • 
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Write the equation of the evolute of the given curve 
and construct the curve and its evolute: 

1801. t/2 = 2(A:+l). 1802. r/=^. 

1803. xy — A. 1804. x = acos^^, y~as\x\^t. 

_ 2 _ 

1805. Show that at any point of the astroid + 
-]ry^ =a^ the radius of curvature is equal to 3 

10,2, The Arc Length of a Space Curve 
The differential of the arc ds — ^dx^-A-dy^ + dz^ or 

ds^y y^dt. 

The length of the arc s=^'^x^~\-y^-{-z'^dt, 

u 

Find the length of the arc of the given curve: 

1806. x = /, y = t^, 2 =—/® from ^ = 0 to /=3. 

1807. a' = 3cos^, ^ = 3sin/, 2 = 4/ from /=0 to an 
arbitrary /. 

1808. i/ = y , 2 = ^ from x = 0 to x = 3. 


Find the length of the arc of the given curve: 

1809. x = t — sin /, ^= 1—cos/, 2 = 4sin y from / = 0 to 

/ = ji. 

1810. x = e^, y = e'*, z~t\/'2 from ( — 0 to / = 1 . 

1811. y = ylnA-, x=l to x = 2. 

10,3. The Derivative of a Vector Function 
of a Scalar Argument and Its Mechanical and 

Geometrical Interpretations. 

The Natural Trihedron of a Curve 

The radius vector r = xiyjzk of a point of the 
curve x = x(/), y~y{^t), z~z(t) is a vector function of 

the scalar /. The derivative r = xi-\-yjik is a tangen- 
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tial vector and has the modulus \ r\=:Vx^'i-y^-\-z^ = s = 

ds 

=. Therefore, if t is time, and the curve is the path 

of motion, then r = v is the vector of velocity, and r — w, 
the vector of acceleration. 



Fig. 38 


Through the point M (x, y, z) of the curve (Fig. 36) draw 
three planes: 

(1) perpendicular to r, which is called the normal plane; 

(2) containing r and r, which is called the osculating 
plane; 

(3) perpendicular to the normal and osculating planes. 
The three planes form a natural trihedron of a curve. 

They intersect along three straight lines: the tangent, 
the binormal and the principal normal determined by the 
vectors: 

(1) r which is termed the tangential vector, 

(2) B^rxr which is called the binormal vector, 

(3) N=Bxr which is termed the principal normal 
vector. 


Let us denote the unit vectors of these directions by 
T, p, v; they are related in the following way: ^ 

and p^TAV. 
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Let Y, Z) be a point on the tangent (Fig. 36). 

Then MM^ II r , and from the condition of parallelism of 
vectors we get the equations of the tangent: 


X^x Y~y Z-z 




-2) be a point in the normal plane. Then 

3rid from the condition of perpendicularity of 
vectors we get the equation of the normal plane: 

x) + (}(K—r/)+i(Z-2)=0. (II) 


The equations of the binormal and the principal nor¬ 
mal are obtained by replacing x, y, z in equations (I) 
by Bjf, By, B^ or NNy, N^ respectively. The equation of 

the osculating plane is obtained by replacing x, y, z in 
equation (II) by B^, B,, B.. 


1812. The radius vector of a moving point at the mo¬ 
ment i is given by the equation r = 4ti —3// Determine 
the path, velocity, and acceleration of motion. 

1813. The equation of motion is r = 3//-f(4/--^*)y. 
Determine the path and velocity. Construct the path and 
the velocity vectors for the moments ^= 0 , 1 , 2 , and 
3 sec. 

1814. In Problem 1813 determine the acceleration w 
and its tangential w^ = ~ and normal w„ = jYw'—wi 

components at any moment t and at ^= 0 . 

1815. The equation of motion is r = acos^-Z + ^sin/•/ 
Determine the path, velocity and acceleration and const¬ 
ruct the vectors of velocity and acceleration at the points 

/ = 0 — — 

In Problem 1816 through 1818 write the equations of 
the tangent line and the normal plane of the curve: 

1816. x = t, y = t^, z=zt^ for any point and for / = !. 

1817. y = x^, z^ — x for any point (x^O) and forx = 4. 

1818. i ^ for the point (1, 3, 4). 
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Hint. Take the differentials of both the left-hand 
and right-hand members of each equation, and then find 
the ratios dxidyidz. 

1819. Find the vectors r. B, and TV of the curve x — 
= 1 — sin/, y = cost, 2 = / at the point / =0. Find also t, 
p, and V at the same point. 

1820. Write the equations of the principal normal, the 
binormal and the osculating plane of the curve x = i, y = i‘^, 
Zz=t^ at the point / — I. 

1821. Write the equations of the principal normal and 
binormal to the curve x = e^y y = e~\ z — t at the point 
/=0. 

1822. Show that the equations x = / cos/, ^/= /sin/, 2 = / 
determine a conical helix, and write the equations of the 
principal normal, the binormal, and the tangent to it at 
the origin. 

1823. Write the equations of the tangent to the helix 
x = acos/, f/ = asin/, z = bt for any point and at 1=^. 
Show that the helix intersects the elements of the cylinder 

= at one and the same angle Y = arccos - ^ 

1824. Find the angles formed by the tangential vector 
of the curve x'^ = 2az and y^ = 2bz with the coordinate axes 

at the point z~\^ab. 

1825. The plane ^ = 0 containing the curve 22 = ^ = 0 

is wound onto the cylinder x"^ y"^ ~ 2y. Write the para¬ 

metric equations of the helix formed by the given curve 
and determine the binormal vector of dhe curve at any 

point and at the point / = y. where t is the angle through 

which the plane is turned. 


1826. The radius vector of a moving point at the moment 
/ is given by the equation r = a{t — sin/)/ + a(l—cos/)/ 
Determine and construct the velocity and acceleration 

vectors at / = -? and t = n. 


In Problems 1827 through 1829 write the equations of 
the tangent to the curve: 

1827. y = Xy 2 = 2x® at the point x = 2. 

( + 1 /^ + 2 :®= 14 

^^28* I x^2y—z^2 (see Prob¬ 

lem 1818). 

1829. x = 2t, y^\nt, z==t^ at the point t~l. 

1830. r = eH + e-^J~{-tV2k. Find the angles formed by 
the binormal vector b with the coordinate axes at the 
point ^ =0. 

1831. Write the equations of the principal normal and 
binormal to the curve ^/ = x^ z=^y^ at the point 

1832. Write the equations of the principal normal and 

binormal of the curve x~tsint, ^=1—cos^ 2 = 4siny 
at the point t = K. 


10.4. Curvature and Torsion of a Space Curve 

The curvature is the limit of the ratio of the angle 
<p (through which the tangent is turned) to the length of 
the arc As as As—The torsion — is the limit of the 

P 

ratio of the angle G (through which the binormal is turned) 
to As as As —► 0. Since cp | At | and 6 ± | Ap |, — and 

turn out to be equal to the moduli of the vectors: 


dx _ 1 _ 

ds ~ R 


ds 


I 

—- V. 
P 


( 1 ) 


If a curve is specified by the equation r = r(0, then 


R 


_ \rxr\ 


2 

P 


rrr 


rxrl 


• • • 

2 


( 2 ) 


1833. Differentiate the equality z/=^vt with respect to t, 
and with the aid of the first formula of (1) resolve the 
acceleration w into the tangential and normal components: 
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1834. A point is moving along the parabola 

— where i is the time of motion. Determine the 

curvature of the path and the tangential and normal 

accelerations at the moment t and at / = 0, 

1835. A point is moving along the ellipse .v = 4cos/, 
^ = 3sin^, where t is the time of motion. Determine the 

curvature ^ of the path, and also the tangential and 
normal accelerations at t — 

1836. For the motion specified by the equation r = ^/-h 

+ determine the curvature of the path and 

the tangential and normal accelerations at any moment t 
and at ^ = 1. 

Determine the curvature 4- and the torsion — of the 

R p 

curve; 

1837. x = ty y = z = P at _any point and at ^=0. 

1838. x = e*, y = e~*, z = t]^2 at any point and at i^O, 

1839. z — at any point and at a:=1. 

1840. Show that the torsion of the right-handed helix 
(x = acos^ y = as\nt, z^bt) is positive; that of the left- 
handed helix (x = acos/. ^=:_asin/, z=bi) is negative. 


Determine thecurvature -^and the torsion — of the curve: 

1841. x = 2t, y = \nt, z = at any point and at t=l. 

£j2 

1842. e = at any point and at y—l. 

1843. x = e^sint, y^e^cosi, z = e‘ at the point ^=0. 


CHAPTER 11 


PARTIAL DERIVATIVES, TOTAL DIFFERENTIALS. 

AND THEIR APPLICATIONS 


11.1. Functions of Two Variables and Their 

Geometrical Representation 

r. Definition. A variable quantity z is called a single¬ 
valued function of two variable quantities x and y if every 
pair of numbers that may (by the conditions of the pro¬ 
blem) be the values of the variables x and y is associated 
with one definite value of z. The functional dependence 
of 2 on X and y (which are called arguments) is written 
in the form 

z^F(x, y). (1) 

2°. Geometrical interpretation. Geometrically equation 
(1) defines some surface. A pair of values of x and y defines 
a point P{x, y) in the plane XOY, and z = F(x, y) the 
2 -coordinate of the corresponding point M {x, y, z) on the 
surface. Therefore, we say that 2 is a function of the 
point P (x, y), and we write z — F{P). 

3°. The limit of the function F (P): IimP(P) = A if the 

difference F (P) — A is an infinitesimal asp = PoP—►O. 
where P approaches P^ in an arbitrary fashion (for instance, 
along any line). 

4°. Continuity of a function. A function F (x, y) is cal¬ 
led continuous at point Pq if lim F (P) = F {P^). In other 

P -*■ Po 

words, a function F (x, y) is continuous at some point 

(X, y) if 

lim F(x+^x, y + iXy) = F(x, y). 
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1844. Indicate the ranges of x and y for which the 
following functions have real values: 

(1) e = + (2) az=a^-x^-y\ (3) 

(4) z = Ya^—x^—y^-, (5) z = Y^\ (6) z= ‘ 


Y 1—*2 — 


(7) 2 = 


xy 


y—X ’ 


and depict the functions geometrically, cutting the surface 
by the planes x = 0, y = 0, z = 0, and z = h. 

1845. Given the perimeter 2p of a triangle. Express the 
area S of the triangle as a function of its two sides x 
and y. Define and construct the domain of possible values 
of X and y. 

1846. F{x, ^)=£^; evaluate/=• (3, 1), f (1. 3). f (1, 2). 
F{2, 1), F{a, a), F {a, —a). 

1847. F(x, y)^yx*-{-y* — 2xy; prove that F (tx, ty) = 

= t^F (x, y). 

1848. 2 = —x(/ = i/2; determine A^z, and Az. 

Compute Aj^z, A^z, Az if x varies from 2 to 2.1 and y 

varies from 2 to 1.9. 

1849. Show that the equation x*—— 2 » = 0 defines an 
infinite number of single-valued functions z of x and y, 
two of which are continuous. Indicate the domain of 
definition of all these functions and represent geometrically 
the positive continuous function. Give an example of 
a single-valued but discontinuous function z = F(x. y), 
defined by the same equation x*— y^ = z*, 

1850. Construct the level lines (2 = 0, I, 2, etc.) for the 
following functions: 

( 1 ) ]/ l—^—y^-. ( 2 ) z = x^~y, 

(3) z = x‘ — y‘; (4) z = xy. 


1851. Show that the expression u = —^ tends to any 

limit as x —.0 and y —.0. Find the routes along which 
{x, y) approaches (0, 0), for which IimK = 3, liniu=2, 

limu=l, limM = 0, limu = —2. 


8 -1895 


Hint. Consider the variation of x and y along straight 
lines y = kx. 

1852. Show that 

x~^0 ^ jr -^0 

(3) lim5i!lM = 0 

y -^0 


irrespective to the way (x. y) approaches (0, 0). 
Hint. Put xy = a. 

1853. Represent geometrically the function 


z = F{x, 



I for xy>0 
0 for xy = 0 
—1 for xy <C0 


and indicate the lines of its discontinuity. 


1854. Indicate the domains of definition of the following 
functions: 


(1) z = x-{-y\ (2) z = 




(5) z^^x-^-Vx^—y^', 


( 6 ) yi^v~x+v^ 


and depict geometrically these functions. 

1855. F {x^ ^) = —show that 

X y 

F{a, b)-\-F(b, a)=l. 


1856. Show that the equation defines an 

infinite number of single-valued functions 2 of jc and y, 
of which two are continuous. Indicate the domain of 
definition of all these functions and give the geometrical 
representation of the function which is positive within 
the domain x^-\-y^^\ and negative outside it. 
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1857. Depict geometrically the single-valued function 
y) defined by the equation ^ posi¬ 
tive within the domain and negative outside 

it. Indicate the line of its discontinuity. 


11.2, Partial Derivatives of the First Order 


Tht derivative of a function z^F{x, y) with respect 
to the argument a:, found proceeding from the assumption 
that y remains constant, is called a partial derivative of ^ 

with respect to x and is denoted or F’^(x, y). Analo¬ 
gously, , a partial derivative of z with respect to y 
-Flix, y). 




Find the 
1858. 2 = 


partial derivatives of the following functions 
x^^Zx'^y — y^. 1859. z = \n(x^ + y^). 


I860. 2 = -^ 

X 


1861. 2 = arctan — 

X 


1862. 2 = 


xy 


x—y 


1863 


1864. 

1865. 

1867. 

1869. 


■ “-H-h 


C 

U 

u 

2 


V a^-{-b‘^ — 2a&cosa. 

1866. M = 

2x — t 


V 


r) 


K~ y z ' 


1868. a = arcsin (/]/lc). 


jc4*2/ ■ 

prove that 

1870. 2 = l/^sin^: prove that x~-\-u~^ — 

X ^ dx~ ^ dy 2 ' 


1871. U-- 

1872. U-- 

1873. In 


e'* ; prove that 2 a: 4^ + /-^ = 0. 


dx 

x^\ prove that —* 


dt 


da 


= 2m. 


y dx ' \t\x dy 

Problem 1898 we shall prove Euler’s theorem 


8 * 
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If z = f(x, y) is a homogeneous function of degree n, 

dz , dz 

thenx^ + i/^ = n2. 

Verify this theorem for the following functions: 

( 1 ) z = x^-{-xy^—2y^; ( 2 ) z = Vx^ + xy-\-y^; 


(3)^ = 


1 




(4) z = ey. 


Find the partial derivatives of the following functions: 
1874. 2 = cos(ax— by). 1875. 2 = arcsin—. 

1877. w==lnsin(;c— 2t). 


1876. 2 = 5-^. 

3y — 2x 

1878. « = sin’*(x + ^)—sin’^x—sin^^. 

1879. u = yx^~\-y^-{-z^; prove that 

du\'i ‘ ( ^ V ■ ^ * 


dx 




dz 


= 1 . 


1880. \ny; prove that + = 

1881. T = ji l /~prove that = 


g 


dg 


1882 


. 2 = ^^ sin^-^—Yj ; prove 


that 


( 


dz . dz\^ 1 - 

dx^dy) 


2^ 

2 * 


1883. Verify Euler’s theorem on homogeneous functions 
(see Problem 1873) for the following functions: 

0 ) 2 = ’ -jc 


(3) 2 = arctan- 7 . 


11.3, Total Differential of the First Order 

If a function z=F(x, y) has continuous partial deri¬ 
vatives at point (x, y), then its total increment may be 
represented in the form 


( 1 ) 
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0. Then the expres- 


where e —0 as p = KTa^I^ + I 

sion JA// is the principal part of the total increment 

Az, it is called the total differential of the function and 
is denoted dz: 




( 2 ) 

Putting in formula (2) ^ equal to (1) (2) y, we find: 

dx = Ax, dy^Ay. Therefore 


dx 

From (1) it follows that 

Az 


dz ~^^dx-\~^dy. 


( 3 ) 


dz. 


( 4 ) 


i. e. for sufficiently small Ax and Ay the total increment 

of a function approximately equals its total differential 
(see Sec. 5.7). 

A function F{x, y) is called differentiable at {x, u) if it 
has a total differential at this point. 

1884. Find the total differentials of the following func¬ 
tions: ® 


(I) z=x^y- (2) ^ = (3) u=/‘- (4) z^yi^^+yi, 

1885. Evaluate the total differentials of the following 
functions: ^ 


(1) ^ = ^ for x = 2. y=\, dx^QA, dy = Q.2-, 

(2) for x=l, j/ = 2, dx=—0A, dr/ = 0.1. 

1886. Compute dz and Az for the function z = xu at 

1887. Calcuiate approximately the change of the func¬ 
tion cp = arctan ^ , when x varies from 2 to 2.1 and y from 
3 to 2.5. 

1888. As a result of deformation the radius /? of a 
cylinder increased from 2 dm to 2.05 dm. and its height H 
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decreased from 10 dm to 9.8 dm. Find approximately the 
change in its volume V using the formula AV^i:^dV. 

1889. When measured, the legs of a right triangle tur¬ 
ned out to be equal to 7.5 cm and 18 cm (an accuracy 
of 0.1 cm). Determine the absolute error in computing 
the hypotenuse. 


1890. Find the total differentials of the following func¬ 
tions: 

= (2) s = x\nt; (3) u = Vx‘ + y‘ + z^. 

1891. Find the values of dz and Az for the function 
z == \n (x^-\-y^) if x varies from 2 to 2.1 and y from 1 
to 0.9. 

1892. Compute approximately the increment of the fun¬ 
ction ^ = arcsin-^ when x varies from 5 to 4.5 and y 

X 

from 3 to 3.3. 

1893. As a result of deformation the radius of a cone R 
increases from 30 cm to 30.1 cm and its height H decreases 
from 60 cm to 59.5 cm. Find approximately the change 
in the volume of the cone using the formula 


11,4, The Derivative of a Composite Function 

r. If z==F(x, y), x = f(t), // = (p(0. then a is called a 
composite function with respect to t. In this case 

— ^ /l\ 

dt ^ dx dt dy dt t ; 


if the functions F, and (p are differentiable. 

2°. If z = F{x, y), where x=-f{u, v), y = v), and 

if the functions F, /, and (p are differentiable, then 


dz _ dz dx ^ dz dy ^ dz _ d^ dx^ , dz^ d^ 

du dx du * dy du * dv dx dv ' dy dv ' 



1894. Using formula (1), find ^ from the equations: 

(1) ^ +-yy + j/^ x = t\ y = t; 

(2) 2 = ]/x* 4-z/^, x = sinC y = cost. 
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Check the result by preliminary substitution of the values 
of X and y into the expression for the function z. 


1895. z = 4, x = e\ 


y =* I —find 


dz 

dt 


1896. z = where u and v are functions of x. Find 


dz 

1897. where v is a function of x. Find . 

1898. The function z~F{x^ y) is called homogeneous if 
f{xt, yt)=i"‘F (x, y). Differentiating both members of 
this equality with respect to t and putting in the result 
/ — I, prove Euler’s theorem on homogeneous functions* 

dz , dz 

^ d-x +y d-y = 

1899. 2 = ^. where x = u—2o, y = v + 2u. Find ^ 

y '' ' du 


1900. z = F{x, y). Express ^ and ^ in terms of 


and I if: 


(1) u = mx + ny, v = px + qy, 

(2) u==xy, ^ = -J- 


1901. u = F{x, y)] x = rcos^>, y = rs\n(f>. Express 

terms of ^ and and show that 

(— V_l / * du\2 /du\a 

[dr ) d^) -[-^) * 

^1902. z=^y-\-f(u), where u = x^ — £/“. Prove that 

for any differentiable function F(u), 


1903. Find from the equations: 

(1) z = Ax^^2Bxy-\-Cy^, x = smi, y = cosi; 

(2) 2 = arctan-^. x = e*'4-l, 
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1904. z = xy-\-xF (u), where u = —. Prove that 

dz . dz , 

1905. z — y(^(u), where u = x^ — y^. Prove that 

« 

I dz . 1 dz ^ z 
X dx* y dy y^ ‘ 

1906. z = F(x, y). Express ^ and ^ in terms of ^ and 


dz -c 

^ It: 

dv 


(1) u = x + 2y, v = x—y; 

(2) u = V^, v=x + y. 


11,5, Derivatives of Implicit Functions 


1®. The equation F (x, i/) = 0, having a solution (Xp,//„). 

defines the variable y in the neighbourhood of x^ as a 

. . dF 

continuous function of x, provided the derivative -^¥=0 
and is continuous in some neighbourhood of the point 


{Xq, yo)- 

If, in addition, in the neighbourhood of the point 

{^ 0 * Uo) there also exists a continuous derivative ^ , then 

an implicit function has a derivative ^ defined by the 
formula 





2°. Under analogous conditions the equation F{x, y, z) = 0 
defines z as an implicit function of x and y which has 
the partial derivatives 



( 2 ) 
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Find ^ from the equations: 

1907. x^-\-y^ — 4x-\-6y = 0. 

2 2 2 

1908. (1) (2) xe^y—ye^^ 

1909. Ax^--\-2Bxy-^Cy^-\-2Dx-^2Ey-\-f = 0. 

Find the slope of the tangent line to the given curve: 

1910. x^-\-y^ — ^0y at the point of intersection with the 
straight line x = 3. 

1911. x^A-y^ — 2axy = 0 at the point x = y=a. 

1912. Find the points at which the tangent line to the 
curve x 2 + ^ 2 _|_ 2 ;c — 2y = 2 is parallel to (1) OX; (2) OK. 

Find and from the equations: 

1913. x^-\-y^^z^ — 6x^0. 1914. z^=xy. 

1915. cos(ax-\-by — cz) ^ k (axby — cz). 


1916. xyz~a^\ prove thatx^ + ^^ = 


22 . 


1917, Prove that the differential equation y^ = z 
is satisfied by the implicit function z defined by the 
equation (of conical surfaces)-^= q) . 


Find ^ 

dx 


from the equations: 


1918. x'^~-4y^ = 4. 1919. xyA^\ny-{-\T\x = 0. 

1920. y-yx = e^ , 1921. 2cos(x—2z/) = 2^—x. 

1922. Find the slope of the tangent line to the curve 
—xy = 4 at the points of intersection with the straight 
line x = 3. 


1923. 

1924. 

— 

dx"* dy~ 


Find ~ and ^ . 

dx dy 


+ + 22x = a=*. 

2 sin (x + 2y —32) = x + 2y —32. 

= 1 . 


Show that 


1925. Show that the differential equation 1 

is satisfied by the implicit function z defined by the equa¬ 
tion (of cylindrical surfaces) x —mz = (p(y — nz). 
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11.6. Higher-Order Partial Derivatives 
and Total Differentials 


Let there be given a function z = F(x, y) having par¬ 
tial derivatives and ^ . The partial derivatives of 

these derivatives are called partial derivatives of the 
second order (or second partial derivatives). They are 
designated as follows: 



Partial derivatives of the third and still higher orders 
are defined and designated in a similar way. 

Mixed derivatives, differing only in the order of diffe¬ 
rentiation, are equal if they are continuous: 


d^F d^F 
dx dy dydx* 


d^F _ d^F _ d^F 
dx^ dy dx dy dx dy dx^ 


and so on. 


We get the following table of 

d^F d^F 


of the second order 


dx^ ’ dxdy 


derivatives of higher orders: 

• dy^ » 


of the third order 


d^F 


d^F 


d^F d^F 


and so forth. 


dx^ ’ dx'^ dy ’ dx dy^ * dy^ 

Total differentials of higher orders are determined in 
the following way: d^-z=^dx^+2-^dxdy+^dy\ This 

equality can be rewritten symbolically as d-z = (^^dx + 

+ Analogously, d ’2 = ^^£i«: + ^di/yzandso on. 


1926. z=^x^-i-x^y-\-y^. Find the partial derivatives of 
the third order. 

1927. Check that = for the following functions: 
(1) z = sin{aA:—bi/); (2) 2 = p; (3) z=\n(x—2y). 
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1928. u=x*-\-3x^y^ — 2y*, Find the partial derivatives 
of the fourth order. 

1929. w = Find the partial derivatives of the third 
order. 

1930. s = in (1-1): check thatg^+0 = ^. 

1931. ^«=arctan-^. Find the second-order derivatives. 


1932 




that 


/ d , a \a / 1 I \3 

\dx~^dyj ^ (a bj^ 


1933. w —arctan(2x—/); prove = 0 


1934. s=\/ax-\-bt\ prove that 


( 


d . ,a \a 


dx 


2s 
9 • 


1935. Show that the function ii^xe ■* 
differential equation 

a3« 


satisfies the 


\ o du I du\ a*« 

+ 2(gj + 5^j=i/g^. 


dxdy 

1936. Prove that if z = F(x, y) is a homogeneous func¬ 
tion of degree n, then 


^2x1/-f i/* ^ = n (n 


dx^ 


dy^ 


1)2 


or symbolically 




Mini. Differentiate the equality t/^ = « 2 (see Pro¬ 

blem 1898) (1) with respect to x; (2) with respect to y 
and add termwise the results multiplied by x and by y 

respectively. 

1937. Check the equality + z = n(n —1)2 for 
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the homogeneous functions: (1) z = x^-\-xy-i-y^; (2) 2 = -^ 




(3) ^ = a = ln(f-l). 

1938. Find d’u if (1) u = ^; (2) u = xln^. 

1939. z = cos (mx-\-ny). Prove that ^ 

d‘z = — z(mdx + n dyf. 

1940. z=\n(ax+by). Prove that; (1) d^z^2dz^- 

(2) d"z = (—1) idz". 

1941. Prove that if z — F(u, v) where u = mx + nu and 


v = px + qy^ then 


d^z 

dx^ 


2, 


+ PTv 





-fL 

dxdu 


= l'"5-«+ 


du 


1942. Express 


dv 
d^z 
dx^ 


Z\ 


-{'^§-u+pV) 

dH 
dy^ 

d^z 

+ a function of 


( d , dV 


the 


tions of X and y, then 


ill 4- 

XX ~ 


new variables u = 3x-\-y and i; = ^ + ^(see Problem 1941). 

1943. Express^—a function of the 

new variables u = 2x-\-y and v = y (see Problem 1941). 

1944. Prove that if z — F{u, v), where « and t;are func- 

dx^ [^^du~^^^dv) 

+ Determine analogously ^ and |i. 

1945. Express 

variables u-=xy and y=-^(see Problem 1944). 

1946. Express ^ + + as a function of 

new variables X = r cos cp and ^ = r sin <p (see Problem 1944). 


as a function of the new 


the 


cond order. 

1948. 

yt 

third order. 


Find the partial derivatives of the se- 
Find the partial derivatives of the 
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1949. z = —Prove that 

x—y 


d^z , dH 

“r ^ “T ^-.*2 — 


dx^ 


dxdy ‘ dy '^ x—y * 


1950 


1951 


. s = ln(ax—60; prove that (^x ts = 2. 
. z = 2 cos®^x—: prove that 2 - 1 ^ + 


dx dt 


X 

1952. 2 = e ^ : prove that y-^^= 


dz 

dx 


dx dy dy 

1953. u — y\v\x. Find and d^u. 

d^z d^z 

1954. Express ~d^ ® function of the new 

variables u~ax-\-y and v = ax—y (see Problem 1941). 

d^z d^z 

1955. Express • 5 ;^ + */a function of the new 
variables u=y and v-— (see Problem 1944). 

1956. Show that the function u — satis¬ 

fies the differential equation 

d^u , , d^u , du , n du « 

dxdy "aTT ^ 


dy^ 


dx 


dy 


for any twice difTerentia()le functions f and qp. 


11.7, Integration of Total Differentials 


1° For an expression P dx~\- Q dy, where P and Q are 
differentiable functions of x and y, to be a total differen¬ 
tial du, it is necessary and sufficient that the condition 

I = is fulfilled. 


To find u from the conditions 


dti w-k j du 

_= P and 3 -= Q 

dx dy ^ 


we 


have two expressions: u— J Pdr + q), {y), w — J Q dy~\-(p 2 (-v)- 

Writing out all known terms from the first expression 
and the terms containing y and missing the first one from 
the second, we get the function u. 

2°. For an expression P dx-i-Q dy-{-R dz, where P, Q, 
and R are differentiable functions of x, y, and z, to be 
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necessary and sufficient that 
the following conditions are fulfilled: 

dy dx * dz dx * dz~ dy ' 

For finding u we have; 

= \ Pdx-\-(^^(y^ 2)^ 2 ), 

«= ^ /?d 2 + (P 3 (x, y). 


Taking all known terms from the first expression and 
the missing terms with y and 2 from the second and 
third expressions, we get the function u. 

Finding a function from its total differential is called 
the integration of the total differential. 


Check to make sure that the following expression is a 
total differential du and find u\ 

1957. (2x-]-y)dx^(x — 2y — 3)dy. 

1958. xsin2^dx4-x2cos2^d^. 

1959. (x -f" In dx T*^*p' “h sin y^ dy* 

1960. 

x^-i-y' 

1961. (yz —2x) dx + {xz -\-y)dy-\- (xy—z) dz. 

,962. + 


Check to make sure that the following expression is a 
total differential du and find u: 

1963. — l)dx-\-{2xy-{-3y)dy. 

1964. (sin 2y—y tan x) dx+ (2xcos 2^-f- lncosx-i-2y) dy. 

1965. [y-?^dx+[x+^ + lidy. 

,966. f/-j^dt+ '+^' dx. 

1967. (In y —cos 2z) -\-z'^dy-\-(y~\-2x sin 2z) dz. 

1968. 

Z 2- 
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11.8. Singular Points of a Plane Curve 


A point of a curve (x, i/)=0 is called z singular om 


dF 


dF 


if at this point -^ = 0 and -^ = 0 . 

The slope k = if of the tangent at such a point is found 
from the equation A-\r2Bk-\-Ck-= 0, where A, B, and C 

iu 1 f *1 . • d-f , d-F 

are the values of the uenvatives , 3 - 3 -, and . 

ox- oxoy ’ dy- * 

respectively, at this singular point. Three cases are pos¬ 
sible here: 

(I) if — /4C > 0 (two tangents), then the point is a 
node. 


(2) if B^ — AC<,0 (no tangent), then the point is an 
isolated point. 

(3) if B^ — AC = 0, then the point is either an isolated 
point, or a cuspidal point (a cusp), or a point of oscula¬ 
tion; at cusps and points of osculation there exists one 
common tangent to two branches of the curve. 

To arrive at a final decision in the third, doubtful, case 
one has to find out whether there are points of the curve 
in an arbitrarily small neighbourhood of the point under 
investigation. 


Determine the domains, points of intersection with the 
coordinate axes, and singular points of the given curves; 
construct the curves: 

1969. + —1970. (.y-1-2)*. 

1971. x^ — x^—y^^O. 1972. + x* —a-= 0. 

1973. {y — x)^=x^. 1974. y^ =x {x — 2)\ 

Determine the domains, singular points, and asympto¬ 
tes of the given curves; construct the curves: 

1975. ix-\~2a)^A-xy^ = 0. 1976. x'-^--y^ — 3y-= 0. 

1977. x^-\-y^ — 3axy = 0. 1978. if (x- — a^) = x*. 


Determine the domains, points of intersection with the 
coordinate axes, and singular points of the given curves; 
construct the curves: 

1979. + 2x2 = 0. 1980. ^ 2^2 _ (2flx —x^). 

1981. yi = x(x + 2)2. 1982. xi/2 = (x-fa)^ 

1983. 4i/2=x^-f 5x*. 1984. _x^ + x* == 0. 
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1985. Find the points of intersection with the coordi¬ 
nate axes, singular point, and asymptote of the curve 

^x^—y^-\-x^—y^ = 0; construct the curve. 

Determine the domains, singular points, and asymptotes 

or the following curves: 

^ ^ ^ 


1986. (1) y^2a-x)=x(x 
( 2 ) a^{x^-}-y^)=x^y\ 

1987. (1) X (x^y^) = a {x^ 
( 2 ) a(x^-j-y^)=x(x^ — y^). 


ay (strophoid); 

■y^y. 


11.9» The Envelope of a Family of Plane Curves 

A curve is called the of a one-parameter family 

of curves F (x, a)=»0 if (1) it is tangent to each curve 

of the family; (2) different lines of the given family touch 
it at different points. 

The envelope of a family of curves F (x, y, a)=0 (if it 
exists) is found by eliminating the parameter a from the 
equations 

F (x. y, a) *= 0 and F^ (x, y, a) = 0. 

It may, however, happen that the curve thus obtained 
is not an envelope but a locus of singular points of the 
curves belonging to the family [see the answer to Prob¬ 
lem 1990, (2)]. 

Find the envelope of the family of curves and construct 
the envelope and the curves belonging to the family: 

1988. (1) y = ax-ya'^\ (2) y = ax^-{-^, 

1989. (1) (x—ayJry^ = Ry (2) 4a£/ = (x—a)*. 

1990. (1) ^-I=.(x-a)»; (2) (i/-l)« = (x-a)*; 

(3) (y-iy = {x-ay; (4) 9(e/-a)* = (x-a)». 

1991. A line segment of a constant length a slides 
with its end-points along the coordinate axes. Find the 
envelope of the family of such segments. 

1992. Find the envelope of the family of circles passing 
through the origin with centre on the parabola ^* = 4x. 

1993. Find the envelope of the family of circles whose 
diameters are radius vectors of the points belonging to 
the hyperbola xy — a^. 
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1994. A projectile is launched from the origin with 
initial velocity b at an angle a to the axis OX. Find the 
envelope of a family of trajectories for different a. 


1995. Find the envelope of the family of (1) straight 
lines xcosa + ^sina —p = 0 with p constant: (2) straight 

lines y^ax-\-~\ (3) cubic parabolas y — l=(x — a)^. 

1996. Find the envelope of the family of circles with 
centres on the x-axis, whose radii are the corresponding 
ordinates of the parabola y^ = Ax. 

1997. Find the envelope of the family of ellipses 

X- y- 

■^ + ■^=1 if the sum of the semi-axes has a constant 
length 1. 

1998. Find the envelope of the family of parabolas having 
an axis of symmetry parallel to the £/-axis and passing 
through the points (—a, 0), (3a, 0), and (0, 3a^) for 
different a. 


11.10, The Tangent Plane and the Normal to a Surface 

Let a surface be given by an equation F (x, y, ^)=0 
and let us take a point M (x, y, z) on it. 

The equations of the normal to the surface at this point: 

X —X y — y Z —2 

dF ~ dF ~ ~ dF * (*) 

dx dy dz 

The equation of the tangent plane to the surface; 

^{X — x) + ^{Y —y)-i-^(Z — z)=.0. ( 2 ) 

In equations (1) and (2) X, Y, Z are the current co- 

ordinates of the normal and of the tangent plane respec¬ 
tively. 

Vector called the nu/'/ua/vector 

of the surface. 
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If there is a point on the surface at which 4^=0, 

-^=0, and -^=0, then it is called a singular point. 

At such a point there is neither a tangent plane nor a 
normal to the surface. 

Write the equations of the tangent planes to the surfaces: 

1999. z~x^-\-2y^ at the point (I, I, 3). 

2000. xy=:z^ at the point (x^, y^, aj. 

2001. xyz = a^^ at the point (x^, aj. 

2002. + at the points (Xq. j/q, a^) and 

(n. 6. c), 

2003. Determine the plane tangent to the surface 
^ 2 -f_ 4 ^ 2 _j _22 = 36 and parallel to the plane x + ^—a = 0. 

2004. Write the equations of the normal at the point 
(3, 4, 5) to the conical surface x^ + ^’* = a2. At what point 
of the cone is the normal indeterminate? 

2005. Find the angles between the coordinate axes and 
the normal to the surface x^ + i/* — ax—wa = 0 at the point 
( 0 . 2 . 2 ). 

2006. Write the equations of the normal to the surface 
x‘^z-\-y^z = 4 at the point (—2, 0, 1). Construct the nor¬ 
mal and the surface. 

2007. Show that the tangent planes to the surface 
xyz = a^ form pyramids of a constant volume with the 
coordinate planes. 

2008. Show that the sum of the squares of the inter¬ 
cepts cut off on the coordinate axes by a plane tangent 

_ 2 _ 2 2 2 

to the surface x ^ -f-^3 ~\-z^ =a^ is equal to a constant 
quantity n*. 

2009. Find the distance from the origin to the plane 

tangent to the helicoid (/ = x tan-^ at the point (^a, ■ 

Construct the surface using the sections: 2 = 0; ^;na. 


2010. Write the equation of the tangent plane to the 
surface az=x^-\-y^ at the poinls of its intersection with 
the straight line x=y = z. 
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^2011. Show that the tangent plane to the surface 

+ + 1 at the point {Xq, z^) on it is deter^ 

mined by the equation 

jEa _L ^ _i_ i£e. — i 

qI 1" "T ^3 — 1 * 

% 

2012. Write the equations of the normal to the surface 
x^-{-y^ — {z —5)^ = 0 at the point (4, 3, 0). Construct the 
surface and the normal in the first octant. 

2013. Find the angles formed by the normal to the 
surface 2z — x^ — y^ with the coordinate axes at the point 
(2, 2, 0). 

2014. Find the distance from the origin to the plane 

tangent to the conoid {2a^—z^) = 0 at the point 

{a, a, a). 

2015. Show that the sum of the intercepts cut off on 
the coordinate axes by a plane tangent to the surface 

_i_ _i_ _i_ jl_ 

X * y *+z®=a® is equal to a constant quantity a. 

2016. At what point the tangent plane to the surface 
z = 4 — x^ — y^\s parallel to the (1) plane XOY\ (2) plane 
2x + 2^ + ^ = 0? Write the equations of these tangent planes, 

11.11. Scalar Field. Level Lines and Level 
Surfaces. A Derivative along a Given Direction. 

Gradient. 

The equation u = F{x, y) defines u at each point (x. i/} 
of some domain which is called the scalar field of u 
Along each of the lines F(x, y)=u„ F (x, y) = u^, . . .] 
where u ... are constants, the scalar u remains 
constant and changes only when the point (x, y) passes 
from one line to another. These lines are termed isolines 
(isotherms, isobars, etc.), or level lines. 

The equation w==F(x. y, z) defines the scalar field u in 
some part of three-dimensional space, fsosurfaces, or level 
surfaces are given by the equations: 

Fix. y. = F(x. y, z) = u„ ... . 

Let a point (x, y, z) displace along the straight line 
x = Xfj-\~ Icosa, ^ = t/o “F ^ cos p, z = Zu + /cosY with the 
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velocity -^ = 1. Then the scalar u = F(x, y, z) will change 
at the rate 

. du du dF , dF « dF 

where is ihe normal vector of a level 

surface and /o{cosa, cosp, cosv} is he unit vector of 
direction /. 

The derivative 

If = •£■ cos a +-J cos P + If cos Y = A?./. 

is called a derivative of the function u = F{x, y, z) along 
the given direction /o{cosa, cosP, cosy}. 

The gradient of the scalar u = F{x, y, z) is defined as 

the vector grad w = + The gradient is the 

vector of the rate of the quickest change of the scalar u. 

2017. z = 4— x^ — y^. Construct the level lines and gradz 
at the point A (1, 2). 

2018. z = arctan-j. Construct the level lines and gradz: 

(1) at any point of the straight line y = x\ (2) at any 
point of the straight line y = — x, and in particular at 

the points ± y) 

2019. The contours of a hill are determined by the 

^2 

equation= 20— ^ — y^. Construct the contours corres¬ 
ponding to the height marks /i = 20, 19, 18, 16, and 11 m. 
Here the direction of grad/i determines the direction 
of the line of the steepest slope, and its magnitude the 
steepness of this slope. Construct grad/i at the point 
x = 2 and y= 1. 

2020. Find the greatest steepness of the surface z^ = xy 
at the point (4, 2). 

2021. Find the derivative of the function w = In 

in the direction parallel to the bisector of the first quadrant. 
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2022. Find the derivative of the function u — z‘^ 

at the point (1, 1, I) in the direction /{cos 45°. cos 60°, 
cos60°}; find grad u and its length at the same point. 
Construct the level surfaces. 

2023. Construct the level surfaces of the scalar 

— 2z; find and construct gradw at the points of inter¬ 
section of the axis OX with the surface m = 4. 

2024. Find the derivative of the function w = ^4-4- 

at the point (a. b, c) in the direction of the radius vector 
of this point. 


2025. z = Construct the level lines and grad z at 

the point (—1, 2). and find |gradz|. 

2026. u = xyz. At any point and at the point (1, 2, 1) 

find derivative in the direction forming equal angles 

with the coordinate axes. 

2027. Construct the level surfaces of the scalar 

— determine grad u on the surface passing through 
the origin, and construct it at the points of this surface 
at which y = 0 and z = 2. 

2028. u = y x"^y'^z'^. Find grad u and its length. 

2029. Construct the level surfaces of the function 
2 

^ derivative of u at the point 

{a, b, c) in the direction of the radius vector of this point. 


21.12. The Extremum of a Function of Two Variables 


1°. Necessary conditions. A function z = F{x, y) can 

have an extremum only at the points where -^ = 0 and 
OF 

— = 0. These points are called critical. 

2°. Sufficient conditions. Let A, B. and C denote the 
values of the derivatives 4^. and ~ at the cri¬ 


tical point (Xo, 


dx^ » dxdy* 


dy 
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If 



> 0, then 


^(•^0* ^/o)=2max ^or A<0 
i/o) = ?min ^or A > 0; 


< 0, then we have no extremum; 


= 0, then the existence of an extremum is 


doubtful (it may exist, and it may not). 

3°. Conditional extremum. To find the extremum of the 
function z = F{x, y), provided x and y are related by the 
equation (p (x, y)=Q, form an auxiliary function u = 
= y)+'k(^{x, y). 

The coordinates (x, y) of the extremum must satisfy 


three equations: <p(jc, i/) = 0, 
X, and y are found. 




wherefrom A,, 


Find the extrema of the following functions: 

2030. z = — xy-[~y^-{~9x — 6^ + 20. 

2031, z = i/2—x + 6r/. 

2032. z —+ — 6xy-\-\. 

X 

2033, z~2xy —4x— 2y. 2034. z~e^ 

2035. z = sin x + sin^ + sin (x + ^) for and 

2036. z = — + — if x-j-y = 2. 

2037. z = x4-^ if 

2038. Determine the dimensions of a rectangular out¬ 
door pool having the least surface if its volume is equal 
toF. 

2039. Construct the ellipse x^~\-Ay'^ = 4 and the straight 
line 2x + 3(/ —6 = 0 and find the points on the ellipse 
whose distances from the line are the greatest and the 
least. 

2040. On the hyperbola x®— y^ — ^ find the point nearest 
to the point (0, 2). 
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2041. Determine the dimensions of a cylinder of the 
greatest volume if its total surface 5 —6jt dm^ 

2042. (1) In the ellipse 12 inscribe an isosceles 

triangle with its base parallel to the major axis so that 
its area is the greatest. 

(2) The axis OX is situated on the boundary line of 
two media. Along what path must a beam of light pass 
from the point .4(0. a) to the point 5 (c, —b) in order 
to spend minimum time to cover this distance (a > 0. 
& > 0. c > 0)? 

Hint. Find the minimum of the function r = — - -h 

D, cos a 

+ cos p * a tan a + ^tan p = where and are 

the velocities of light in the two media, and a and p are 
the angles of incidence and refraction respectively. 


Find the extrema of the following functions: 

2043. 2=3xH-6(/ — — xy — 

2044. z = x'^ + — 2x — 4 Kxy — 2y -f- 8. 

2045. 2 = 2x3 —5^2 + 

2046. z = 3x^ — 2xVy + y — 3x-\-3. 

2047. z ~xy if -\-y^ = 2. 

2048. Find the greatest volume of a right parallelepi¬ 
ped if the length of its diagonal is equal to 2|/3. 

2049. (1) On the parabola y'^—'^x find the point nearest 
to the straight line x — y-f-4 = 0. 

(2) A rectangle of he greatest area is inscribed in the 
ellipse Find this area. 

2050. Determine the dimensions of a cone of the grea¬ 
test volume, provided its lateral area is 5. 


CHAPTER 12 


DIFFERENTIAL EQUATIONS 

12.1, Fundamentals 

1®. An equation of the form 

</. y\ y", • • ■ . (/<"’) = 0 ( 1 ) 

is called an ordinary differential equation of the nih order, 

A function q){jc) which when substituted into 
equation (1) instead of y turns it into an identity is 
called Ms solution. The equation (/=cp(A:) or 0(x, ^) = 0 is 
called the integral of the differential equation. Each in¬ 
tegral defines in the plane XOY a curve which is called 
an integral curve of the differential equation. 

The equation 

y. C,, .... C„) = 0. (2) 

containing x, y, and n arbitrary constants, is called the 
general integral of equation (I) in the domain of exis¬ 
tence and uniqueness of solution if, giving different va¬ 
lues to the arbitrary constants in equation (2), we get 
the integral curves passing inside this domain and only 
these curves. 

Integrals obtained from the general integral for certain 
values of the arbitrary constants are called particular 
integrals. 

Differentiating general integral (2) n times with respect 
to X and eliminating n arbitrary constants from the ob¬ 
tained n equations and equation (2), we get the given 
differential equation (1). 

2°. A differential equation of the first order has the 
form 

F[x,y/£j=0. (3) 
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Solving equation (3) with respect to ^ (if it is pos¬ 
sible) we obtain: 

^ = y)^ (4) 

Equation (4) defines the slope A = tana = ^ = f (x. t/) of 

the integral curve at a point {x, y), i.e. defines the di¬ 
rections of field of integral curves. 

If in some domain a function f {x, y) is continuous 
and has a limited partial derivative fy(x, y), then it 
turns out that only one integral curve passes through 
each interior point (Xo, y^) of this domain. 

In such a domain equation (4) has a general integral 
y — ^{x, C) or y, C) = 0 from which we can find 

the only partial integral satisfying the initial conditions: 
y = y^, at x^x^. 

2051. Check by substitution that y = Cx^ is the solution 
of the differential equation 3y—xy = 0. Construct the 
integral curves passing through the points: 

(1) (l. 1); (2) (1. 1); (3) (l, -4). 


2052. Check by substitution that the differential equa¬ 

tions (1) i/" + 4(/ = 0 and (2) y'" — 9y' =0 have the gene¬ 
ral integrals (1) = cos 2xsin 2x and (2) y = C,4- 

-frespectively. 

2053. Construct the parabolas y = Cx^ for C = 0; ±1; 
±2 and derive a differential equation of a family of such 
parabolas. 

2054. Represent graphically a family of (1) circles 
x~-yy‘^ = 2Cx\ (2) parabolas ^=x--f-2Cx and derive their 
differential equations. 

2055. Represent graphically the direction fields defined 
by each of the following equations: 





dx 


= X2. 


2056. Represent graphically the direction field defined 
by the equation Kx '^-1 with the aid of circles along 



which ^^ = y: 1; 2; 3; 


... . Draw approximately the in¬ 


tegral curve passing through the origin. 


12.2. Fii'st-Order Differential Equation with 
Variables Separable. Orthogonal Trajectories 


1°. The first-order differential equation 


Pdx-^Qdy^O, ( 1 ) 

where P and Q are functions of x and y, is termed the 
equation with separable variables if the coefficients and Q 
of the differentials are factorized into multipliers which 
depend only on x, or only on y, i.e. if it has the form 

f M (p (y) dx + /, (X) (p, iy) dy = 0. (2) 


Dividing both terms of equation (2) by (pftf)/. (x), 
get 


/ (X) dx 

f\ {x) 


I 

^>{y) 



we 

(3) 


The total integral of equation (3) and, 
of (2) will be: 

C f{x)dx C ^i{y)dy ^ 

J fxix) "t’J q>{y) 


consequently, 



2°. Orthogonal trajectories of a family of lines F(x, 
y, a) = 0 are defined as lines intersecting the lines of the 
given family at right angles. Differentiating the equa¬ 
tion F{x, y, a) = 0 with respect to x and eliminating a 
from the obtained and given equations, we get the diffe¬ 
rential equation of the lines of the given family y'=f (x, y). 
Then the differential equation of the orthogonal trajectories 

will be ^'= — 7 -—!— 

^ f{Xr y) 


In each of the following differential equations: (I) find 
the general integral; (2) construct several integral curves; 
(3) find the particular integral for the given initial 
conditions; x = —2, y~4. 

2057. xy'—y = 0. 2058. xy' -\-y = 0. 

2059. ^^'4-x^O. 2060. y'==y. 

Find the total integrals of the following equations: 
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2061. x^y' ~\-y~0. 2062. xxyy' {y'i~xy) = 0. 

2063. (pMr + (r —a)dtp = 0. 2064. 2sPds = (\ 

In the following equations find the total and particu¬ 
lar integrals for the given initial conditions: 

2065. 2y'V^x=y. y= \ at x = 4. 

2066. (/'= (2^ + 1) cot X, t/ = Y at x — 


2067. x'y' -l-y~ = 0, y=l at x = —I. 

2068. Construct the integral curves of each of the equa¬ 
tions: (I) y'(x- — 4) = 2x^, (2) y' + ^tanx = 0 passing 

through the points: 

(1) (0. I); (2) (o. i); (3) (o. —1): (4) (0. -1). 


2069. Find the curve passing through the point (^1, -jj 

if the slope of the tangent to it at any point of the curve 
is three times the slope of the radius vector of the point 
of tangency. 

2070. A curve passes through the point ^(0, a); M/V is 
an arbitrary ordinate of the curve. Determine the curve 
from the condition that the area of OAM/V = as, wheie s 


is the length of the arc AM. 

2071. Find the curve passing through the point (a, a) 
if its subtangent at any point is twice the length of the 
abscissa of the point of tangency. 

2072. Find the curve passing through the point (— 1. 
—2) if its subnormal at any point is equal to 2. 

2073. In what time a body heated to 100°C will cool 
to 25°C in a room with ambient temperature of 20°C if 
in 10 minutes it cools to 60°C? (According to Newton's 
law, the rate of cooling is proportional to the difference 
of temperatures.) 

2074. The load carried by a cable of a suspension bridge 
(see Fig. 6 on p. 39) from each unit length of the hori¬ 
zontal beam amounts to p N. Neglecting the weight of 
the cable, find its shape if the tension of the cable at 
the lowest point is taken to be equal to H N. 


Hint. Take an arbitrary point M on the arc OC (Fig. 6). 
Three forces will act on the sector OM: a horizontal 


force H (to the left of the point M), a vertical one, i.e. 
the weight px, and a tangential force of tension T (to 
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the right of the point M), For equilibrium to exist the 

sum of the pro[ections of the forces on the axes OX and OY 
must be zero. 

2075. Determine and construct the curve passing through 
the point P{ a, a) if the segment AB of any tangent 
to it contained between the coordinate axes is bisected 
by the point of tangency M. 

2076. Find the orthogonal trajectories of a family of 
parabolas ay^x^. Construct them. 

2077. Find the orthogonal trajectories of a family of 
parabolas xy~c. 

2078. Find the orthogonal trajectories of a family of 
semicubic parabolas ay^=x^. 

2079. Find the orthogonal trajectories of a family of 

ellipses x^ • 


Solve the equations: 

2080. y'x^ = 2y. 2081. + x) r/'= 2(/+I. 

2082. y'\^a^ + x^ = y. 2083. {\ + x^)y'+ I + y^ = 0. 

2084. dr-j-r tan q)ii(p = 0; r~2 at (p = ji. 

2085. y' = 2 In x\ y= \ at x =e. 

2086. (\-\-x'^)y'A-yV^+x^=^xy\ y=\ at x = 0. 

2087. Determine the curve passing through the point A 
(—1, I) if the slope of the tangent at any point of the 
curve is equal to the squared ordinate of the point of 
tangency. 

2088. A curve passes through the point /I (0, a), MN is 
an arbitrary ordinate of the curve. Determine the curve 
if the area of OAMN = a(MN — a). 

2089. Determine and construct the curve passing 
through the point (—1, —1). for which the line segment OT 
cut off on the x-axis by the tangent to the curve at any 
point is equal to the squared abscissa of the point of 
tangency. 

2090. Find the orthogonal trajectories of a family of 
hyperbolas x^ — 2y^ = a^. 

2091. Determine the curve the radius vector of any 
point of which is equal to the segment of the normal 
between the curve and the x-axis. 
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2092. Determine the line if the area bounded by the 
coordinate axes, this line, and its arbitrary ordinate is 
equal to one third the area of a rectangle constructed on 
the coordinates of the end-point of the line. 

12,3. First-Order Difjerential Equations: 

(1) Homogeneous^ (2) Linear, (3) BernoullFs 

1°. Homogeneous. The equation P dx-\- Q dy = is called 
homogeneous if P and Q are homogeneous functions of x 
and y of the same order. It is reduced to the form 

^ —<p(-j) and is solved by the substitution -—= w or 

y = ux. 

2°. Linear. A differential equation is called linear if it 
is of the first degree with respect to the required function 
y and all of its derivatives. A linear equation of the first 
order has the form y' Py= Q. It is reduced to two equa¬ 
tions with separable variables by the substitution y = uv. 
Another method of solution {variation of constants) con¬ 
sists in that first we solve the equation y' -i- Py =0; we 

get y =^—Substituting this solution into the gi¬ 
ven equation (taking A as a function of x), we then find 
A' and A. 

3°. Bernoulli's equation y' Py ~ Qy" is solved in the 
same way as a linear one, i.e. either by the substitution 
y~uv or by variation of the arbitrary constant. Ber¬ 
noulli’s equation is reduced to the linear one by means of 
the substitution z — y^~'^. 

Integrate the following differential equations: 

2093. yy'=2y — x. 2094. x^-h — Zxyy' = 0. 

2095. ^ = ± — 1. 2096. y'—^ = x. 

2097. 2098. y' cosx — ^sinA:=sin2x. 

X X 

2099. y'xA-y = ~xy^. 2100. y'—xy — y^e-^\ 

2101, xy'cos ~ — y cos -j — x. 

2102. x^y' =y'^-{-xy. 2103. xt/'-f-^ = In x + 1. 
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2104. x'^y'^y'-\-yx^=\. 

In Problems 2105 to 2107 find the particular integrals 
for the given initial conditions: 

2105. y + Vx^+y^—xy' =0-, y = Q at x^l. 

2106. = —3; s=l at t = —l. 

2107. xy'=y(^l + ln^y, y=-^ at x^l. 

2108. Find the family of curves, the subtangent at any 
point of which is the arithmetic mean of the coordinates 
of the point of tangency. 

2109. Find the orthogonal trajectories of the family of 
circles x^-{~y^ ==2ax. 

2110. Current intensity i in a circuit with resistance/?, 
inductance L, and electromotive force E satisfy the 

differential equation L^ + /?f = £, Solve this equation 

taking R and L for constants and the electromotive for¬ 
ce E for a linearly increasing quantity: E = kt. The ini¬ 
tial conditions are: f = 0 at /=0. 

2111. Find the shape of a mirror that will reflect all 

incident rays from a point source parallel to a given di¬ 
rection. 

Hint. Considering the plane section of the mirror, take 
a given source as the origin, and a given direction for 
the ^-axis. The tangent to the required curve at the 
point M forms equal angles with OM and the ^-axis, 
i.e. cuts off on the ^-axis an intercept ON =OM. 


Solve the following differential equations: 

2112. xy-\-y^ = (2x^-^xy)y\ 

2113. {a^^x^)y'^xy=\. 

2114. xy'-{-2ylcy^y. 2115. {2x-{-1) y'-y y = x. 

2116. r/'—^tanx = cotx. 2117. ids — 2sdt = H In t dt. 
2118. y'-\-xy—xy^. 2119. (/'+^cosjc = sin2x. 

2120. i/' = 4—forx = —1(/=1. 

X X 

2121. ^y^y' +y^ = x-\-\\ for x = l y = —1. 
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2122. (1— x^) y' — xy~xy^\ for a: = 0 ^ = 0.5. 

2123. Determine the curve passing through the point 
A (a, a) if the distance of the origin from the tangent 
at any point of the curve is equal to the abscissa of this 
point. 


12.4. Differential Equations Containing 
Differentials of a Product or a Quotient 

y \ _ xdy — ydx , 

X j * 

Such equations are sometimes solved easily if we put 
xy = u, y=— or — — u. y — ux respectively. 

JC X 


d {xy) —xdy-\-ydx\ d 


2124. x"^ dy A- xy dx = dx. 2125. y-xdy — y^dx^x^dy. 
Hint. In Problem 2125 the equation is reduced to the 
form 



y'^du =dy. 


2126. ydx~\-{x — y^)dy^0. 2127. ydx — (x — y^)dy = 0. 

2128. ycosxdx~i-s\nxdy = cos2xdx. 

2129. t ~ — s = s^\nt. 2130. x-y-+ \ + x^yy' =0. 

2131. t^sdt -\-Hds=^dt. 2132. xdy — ydx~x-dx. 


2133. jrt/'+ tan 1 /= 2x sec i/. 


2134. y{ye » +1 



12.5. First-Order Differential Equations in 
Total Differentials. Integrating Factor 

1°. If in the differential equation 

P dx-\-Qdy = Q^ 

^ = then it has the form du = Q and its general 
integral will be u~C. 


256 


Ch. 12, Dijfereniial Equations 


^ certain conditions there exists 

a function fi(x, y) such that \iP dx-\-iiQdy==:du. This 

lunction fi (x, y) is called the integrating factor. 

The integrating factor is readily found in the follo¬ 
wing cases: 

d^_dQ 

^1) if =^(x), then Infx = Jo(A:)dx:: 

(2) if — (t/), then In (x = f O, (y) di/. 


The differential equations considered in Sec. 12.4 are 

particular cases of the equations treated in the present 
section. 


Solve the following differential equations “in total diffe¬ 
rentials”: 

3x^ey dx -H (x<‘ey— 1) dt/ = 0. 

e-y dx + (l —xe-y) dy = 0. 

2x cos^ ydx + {2y—x^s\n2y)dy = 0. 

Find the integrating factors and solve the following 
differential equations: 

2139. {x^ — y)dx + xdy^0, 

2140. 2xtani/dx + (x2 —2sin^)d^ = 0. 

2141. {e^^ — y^)dx~i-ydy==0. 

2142. (l-^3x^s\ny)dx—xcoiydy = 0. 


2135. 

2136. 

2137. 

2138. 


Show that the left-hand members of the following diffe¬ 
rential equations are total differentials, and solve the 
equations: 

2143. l3x^~^2y)dx-\-{2x—3)dy = 0. 

2144. (3x2^ — 4xy^) dx + (x^ _ 4 ^ 2 ^ + 1 2y^) dy = 0. 

2145. (xcos2^+l)dx—x 2 sin 2 ^d£/ = 0 . 

Find the integrating factors and solve the equations: 
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2146. y^dx-\-(yx — l)dy = 0. 

2147. (x^ — 3y^)dx-\-2xydy = 0. 

2148. {sinx-\-e^)dx-{-cosxdy=^0. 

2149. (x sin y -hy) dx{x^ cos y-\-x\nx)dy = Q, 


12.6. First-Order Differential Equations Not 

Solved for the Derivative. 
Lagrange's and Clairaut's Equations 


1®. If F (x^ r/, y') — 0 is a second-degree equation with 
respect to y\ then it has two solutions with respect to 
//': I/'=/, (x, y) and (/'=/a(x. y), continuous with respect 
to X and y in some domain, and. geometrically, deter¬ 
mines two directions of integral curves at any point 
(■^ 0 . yo) of this domain. 

Such differential equations F (x, y, y')~0, in addition 
to the total integral O(x,y,C)=0 and particular integrals, so¬ 
metimes also have a strtgu/a/-integral which does not con¬ 
tain an arbitrary constant and at the same time is not 
obtained from the total integral whatever is the value 
of the constant. 

A singular integral, if it exists, can be obtained by 
eliminating p = y' from the equations F {x, y, p) = 0 and 
Fp{x, y, p)—0 or by eliminating C from the total integ¬ 
ral 0(x, y, C) = 0 and Geometrically, a singular 

integral determines the envelope of a family of integral 
curves •. 

2°. Lagrange's equation 

y = xf{p)-{-^{p). ( 1 ) 


where p^y\ is integrated in the following way. 
Differentiating (1) with respect to x, we find; 

P = f{P) + [xf' (jE?)H-tp' (P)]^. 


This equation is a linear one with respect to x and 
We get the following solution: 


dp * 


x^CA (p)-{~B{p). 



• For the definition of the envelope see Sec. 11.9. 


9 -.1895 
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Equations (1) and (2) parametrically determine the 
general integral. Eliminating from them the parameter p 
(if it is possible), we get the general integral in the form 
y, C)=0. 

3'^. ClairauVs equation 

y=.px-^^{p) (3) 


is a particular case of Lagrange’s equations. It has a ge¬ 
neral integral y = Cx-\-^{C) and a singular one obtained 
by eliminating the parameter p from the equations y= 
=pjc-l-(p(p) and —cp'(p). 

2150. Construct several integral curves of the equation 
y' = Find two integral curves passing through the 
point M (1, 4). 

2151. Construct two integral curves of the equation 

—1—0. Determine the two integral curves pas¬ 
sing through the point • 

2152. Show that the integral curves of the equation 
xy'* — 2yy' -\-Ax = 0 are contained inside the acute angle 
between the straight lines y — ±2x. Construct the integ¬ 
ral curves, putting in the total integral C = zt-j, ±L 

2, etc. 

2153. Solve the equations: 

(1) yy'’‘ -\-y' (x — y) — x = 0\ (2) xy'^+ 2xy'—y = 0 


and construct the integral curves. 

2154. Solve the equations with one of the variables 
expressed implicitly: 

{l)y=\+y''; (2) x^2y' -L. 

Hint. Denoting y‘ by p, differentiate the first equation 
with respect to x, and the second one with respect to y. 

2155. Find the general and singular integrals of Lag- 
range’s equations: 

(1) y = xy'- + y'‘-, (2) y = 2xy’-i- (3) 2y = ^. 
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2156. Find the general and singular integrals of Clai- 
raut’s equation and construct the integral curves: 


(I) y = xy' — y'^; (2) y = xy' — a V 1 + 

(3) y = xy' + ^. 


2157. Construct the integral curves of the equation 

y' 1. Determine two integral curves passing through 

the point M ~ 

2158. Solve the equations with one of the variables 

expressed implicitly: (I) y = y'*y*""; (2) — 

2159. y = 2y'x + ^ + y'\ 

2160. Find the total and singular integrals of Clai^ 
rauFs equation and construct the integral curves: 

(I) y = y'x + -^- (2) y=xy'+ y’+y'‘. 


2161. Find the curve whose tangents form with the 
coordinate axes a triangle of constant area equal to 2a’. 

2162. Find the curve whose tangent cuts off intercepts 
on the coordinate axes the sum of which is a. 


12.7. Differential Equations of Higher Orders 
Allowing for Reduction of the Order 

1°. An equation of the form = is solved by 
successive n-fold integration of the right-hand member. 
Each integration yields one arbitrary constant, with the 
final result containing n arbitrary constants. 

2°. The equation F (x, y\ i/") = 0. not containing y in 
an explicit form, by means of the substitution y'=p 

y"— ^ is reduced to the form 

f{x. p, ^) = 0 . 


9 * 
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3°. The equation F (y, y\ t/') =0^ not containing ;c in 
an explicit form, by means of the substitution y'=p 

= = is reduced to the form 



Solve the equations: 

2163. (I) y "'the initial conditions: for x=\ 
y = 2, (/' = !, i/" = 1; (2) y" = 4 cos 2x; for x = 0 ^ = 0, ^' = 0; 

(3) 

2164. xY + x^y' = L 2165. yy" + y^=^0. 

2166. !/"+£/'tan x = sin 2x. 2167. y"-\-2y (y'y = 0. 

2168. y'x\n X — y'. 2169. r/" tan ^ = 2 

2170. (1) xy''—y'^eV\ (2) t/-\-2xy^ = 0, 

2171. Determine the bending curve for a horizontal 
beam whose one end is fixed and the other is acted upon 
by a concentrated force P (the weight of the beam should 
be neglected and the bend considered small enough so 
that ! + //'*;» 1). 

2172. Determine the curves whose radius of curvature 
is twice the length of the normal. 

2173. Determine the curves whose radius of curvature 
is equal to the length of the normal. 

2174. On the closed interval [0. 1] determine the curve 
tangent to the axis OX at the origin if its curvature 
k=x, i.e. increases uniformly along the x-axis (the 
transition curve). Put 


Solve the equations: 

2175. ^ ; for x = ^ 

^ cos^x ’ 4 

2176. (1+x2)^/" + 2x^/' = x^ 
2178. 2yy''={y')K 


ln2 , f 

y = — . y 

2177. r/V= 1- 
2179. + ~ + f 


2180. 2yy''=l-\-y\ 2181. / tan x - r/'-f 1. 

2182. Determine the curves whose radius of curvature 


is equal to the cubed length of the normal. 
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2183. In the interval 


determine the curve 


(-■?• f) 

tangent to the axis OX at the origin if at any point its 
curvature A = cosx. 


12.8. Linear Homogeneous Differential Equations 

with Constant Coefficients 


The homogeneous linear differential equation 

+ ... -\-p„y = 0, (I) 

where pi is a function of x, has a general solution of 
the form 

+ • • • + ^nV/ii (2) 


where y^, -‘-f yn ^re linearly independent particular 
solutions of equation (1) and C^, C^, ..C„ are arbitrary 
constants. 

If the coefficients /?,. •••. Pn of equation (1) are 

constant, then the particular solutions y^, y^, .... are 

found with the aid of the characteristic equation 

rn^p^r^-ij^ ( 3 ) 

(1) To each real root r = a of equation (3) of multipli¬ 

city m there correspond m particular solutions 

Y^CCX yffl^XpCLX 

I • • « I ^ V* • 

(2) To each pair of imaginary roots r = adzpi of mul¬ 
tiplicity rn there correspond m pairs of particular solu¬ 

tions 

J e^^cospjf. xe“-*cospx, a:'”"^€“-*cos pjc. 

\ sin px, sin px, .... sin px. 


Solve the equations: 
2184. p" —4(/' + 3p=:0. 
2186. 4i/' + 13i/ = 0. 

2188. f/"+4i/ = 0. 

2190 . ^ + 3^-4x=^0. 
2192 . |^ + 2 ^ + 2 s = 0 ; 


2185. /_4^' + 4^ = 0. 
2187. y^' — 4y = 0. 

2189. /4-4p'=:0. 


2191. 4 


d^p 

<icp2 


+ p = 0. 


for ^ = 0 s= 1, s' = 1. 
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2193. 5/ + 8i/'--4i/ = 0. 

2194. ^»v_i6^=0. 2195. y' 

2196. y”-[-3ay'*-\-Za^y'~\-a^y=^Q. 

2197. y^'^~\-Ay = 0. 2198. Ay 


'-8^ = 0. 


y^o. 


2199. Determine the equation of oscillations of a pen¬ 
dulum of mass m suspended from a thread of length / 
(neglect the resistance and put sina^a for small a). 
Determine the period of oscillation. 

2200. Two equal weights are suspended from the end of 
a spring. Under the action of one weight the spring is 
elongated by a cm. Determine the motion of the first 
weight if the second one drops (resistance should be neg¬ 
lected). Determine the period of oscillation. 

2201. Solve Problem 2200 taking into consideration 
the resistance which Is proportional to the speed of motion. 


Solve the equations: 

2202. / + 3f/' + 2^ = 0. 

2204. r/" + 2^' + 5// = 0. 
2206. ^ + w2a: = 0. 


2203. y" + 2ay' + a^y = 0. 

2205. ^—2^—3x^0. 
at“ at 

2207. ^ + = 


2208. iit,+ 2xt + 3x = Q. 2209. 3i/" + 4(/ = 0. 

2210. i/'v_ 3 /_ 4 z/ = 0. 2211. (/'v + 8(/"+16(/ = 0. 

2212. Find the integral curve of the equation y"—y = 0 
tangent to the straight line y = x at the point (0,0). 


12.9, Linear Non-homogeneous Differential 
Equations with Constant Coefficients 

1°. Basic property. Let there be given the equations: 

•. • +p„f/ = /(x)—non-homogeneous, (1) 
+ = homogeneous, (2) 

and let u be the general solution of equation (2), and yi 
a particular solution of equation (1). The general solu¬ 
tion y of equation (1) will be: 


( 3 ) 



Sec. 12.9. Linear Non'honiogeneous Equations 


263 


2^. The method of undetermined coefficients. With con¬ 
stant Pa. p„ the particular solution is found 

by the method of undetermined coefficients in the follo¬ 
wing cases: 

(1) f {x) is a polynomial, 

( 2 ) f {x)=e^^ {a cos nx-]-b sin nx), 

(3) f (x) is a sum or a product of the previous fun¬ 
ctions. 

In these cases the particular solution has the same 
form as f{x), differing from the latter only by coeffi¬ 
cients. 

Exceptions are the cases when: (1) f [x) is a polyno¬ 
mial but r=0 is the root of a characteristic equation of 
multiplicity k\ (2) f{x)=e'"^ (acos nxb sin nx) but 

r ^ m zh ^i is the root of a characteristic equation of mul¬ 
tiplicity k. In these special cases y^ differs from f {x) not 
only by coefficients, but also by the factor x^. 

3°. The method of variation of constants. The most 
common method of solving a non-homogeneous linear 
equation is Lagrange’s method, or the method of variation 
of constants. 

If (/, and y^ are independent particular solutions of the 
equation y" -y py' -\- qy — 0, then the solution of the equa¬ 
tion y" + py'-rqy=^ f (x) by Lagrange’s method is found in 
the form y Ay^~\~ By^, where A and B are functions of x 
satisfying the system of equations 

( ~ 0 * 

1 A'y;-\-B'i/^==f {x). 

Hence 




and w = 






Solve the equations: 

2213. y" — 2y’ + y = e^’‘. 2214. y"—4y = 8x\ 

2215. y" -\-8y' -\-2y = &\n2x-\-2c.os2x. 

2216. y"-J^y = x+2e^. 2217. (/" + 3i/' = 9x. 

2218. i/''+4(/' + 5i/ = 5x'‘ —32x + 5. 

2219. (/" —3i/'+2i/ = e*. 2220. +k'^x ^2k s\n kt. 
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2221. 2(/ = Afe-*. 2222. y"—2y'^x^—x. 

2223. / + 5y' + 6(/ = e-* + e-=“*. 

2224. i+2kx + 2k:‘x = ^k^smkt. 

2225. i/'" + (/" = 6x + e-*. 2226. t/iv_81(/ = 27^"”. 

2227. x + x=3/*. 2228. t/"'+8(/ = e-«. 

2229. (!) x + 4x + 4x = e-^<; (2) a’i‘+aA:=l. 

2230- y’' + ^y = ^- 2231. y'_4/ + 5, = ^. 

22.32. y"—2y‘ +y = x-‘e\ 2233. (/"+;/ = tanx. 

2234. ( 1 ) + + (2) y" + 4y' + 4y = . 

2235, A unit mass moves along the axis OX under the 
action of a constant force a directed along the axis with 
tractive resistance numerically equal to the velocity of 
motion. Find the equation of motion if at / = 0x = 0and 
velocity i; = 0. 


Solve 

the equations: 





2236. 

y’-\-y'-^y = ^x\ 

2237. 

y’' 

—5^'+6t/ 

= 13 sin 3x. 

2238. 

y'‘-\-2y'^y = e\ 

2239. 

i/"- 

-\-y’ -\-2.by 

=25 cos2x. 

2240. 

^y" — y~x^ — 24x. 

2241. 

y’’ 

—y = e-^. 


2242. 

|i + 2| + 25 = 2t3 

-2. 




2243. 

(1) y"—2my' + m^y 

= sinmx; 

(2) nY- 


2244. 

+ 5^" + 4^ = 3 sin X. 




2245. 

y"’-Zy'' + 3y'-y-- 

= e^. 




Solve 

the following equations using the method of va- 


riation of constants: 


2246. y"-{-4y = e~^*\nx. 

2247. (l)/+t, = ^: (2)y-- + 4y=^^. 


2248. y" — 2y'^y^ 
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12.10. Differential Equations of Various Types 

Determine the type of the following differential equa¬ 
tions and solve them: 


2249. 2250. !/' + «/tan tan ;c. 

2251. (x — x^)y^ ^(2x^~\)y^x\ 

2252. (\^x^)y^-Vy{x^VT^^)=0. 

2253. Dds + 2tsdt==e^dt. 2254. xy' == A {y + Y~^). 

2255. 2xyy' = 2y^ + |/ (/* + 

2256. xy'' + y' = \nx. 2257. yy" — 2y'* = 0. 

2258. y" — m^y = e~^^. 2259. y'x\nx-{-y = 2\nx. 


2260. +^ln-^ = 0. 

X 


2261. 2y'-Vy=^y^(x—\). 


2262. I/'" — 2£/" + (/'=x2. 2263. y" = y' + y'\ 

2264. ^—3^—2s =sln ^ + 2 cos ^ 


2265. (I) sin/ds = ^4^sin2—+s)d/; (2) yy'x — if^\, 

2266. (1) A:£/'+^(xtanx-f l) = secx: (2)«'"4-£/ = e 


-X 


2267. (1) + = (2) y"'y=^y'y. 


2268. A cylinder of radius a m and weight 

floats on water with its axis in the vertical position. 
Find the period of oscillation which is caused when the 
cylinder is a bit dipped into the water and then is left 
free. Tractive resistance should be taken approximately 
equal to zero. 

2269. A hollow iron sphere has the radii of the surfa¬ 
ces a and 2a. Its interior surface is kept at a constant 
temperature of lOO^C, its exterior surface at 20° C. De¬ 
termine the temperature inside the wall at any distance r 
from the centre {a^r^2a) and at r~\.6a. 

Hint. The rate of temperature drop ^ in a conductor 

with stationary distribution of temperature is inversely 
proportional to the area of its cross section. 
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12.11, Euler's Linear Differential Equation 
+ + . a„_,xy'-^a„y = f (x) 

A particular solution of a homogeneous equation (for 
f(x)~0) can be found in the form ^ = where r is a 
pnstant number. To find r we have to substitute y = x’‘ 
into a homogeneous differential equation and to solve the 
obtained characteristic equation with respect to r. In this 
case: 

(1) To each real root r = a of multiplicity m there cor¬ 
respond mparticular solutions x^ \nx, x^{lnx)^, .... 

(2) To each pair of imaginary roots r = a±pi of mul¬ 
tiplicity m there correspond m pairs of particular solu¬ 
tions: 

I x“cos (P Inx), x^costpinx) Inx. 

V sin (P In x), x^ sin (P In jc) In x, .... 

Euler’s non-homogeneous differential equation is solved 
by the method of variation of constants. 

Solve the equations: 

2270. (1) xY"~3xy'-j-3y=^0; (2) jcV-2l/ = 0; 

(3) xY~h^xy' — n{n-i-l)y = 0. 

2271. (1) xY+^xy'-\-4y = 0', (2) xy'y = 0. 

2272. (1) xy"+2y'==\0x; (2) ;cV' —6(/= 12 In x. 

2273. (1) xY — 2xy'-\-2y = 4x; 

(2) xV'-f-+ x^= 6 In X. 

2274. (1) x^y' — 4x^' + 6^=:x®; (2) x^y' + xy' 4- y =^x. 


12.12. Systems of Linear Differential Equations 

with Constant Coefficients 


Solve the equations: 

dt 

dx dy 


+ I/ = 0 


2276. 


dt 


dt 


= 3x~\-y. 


( ^ 
dt 

dt 


+ X 


y = e* 


2275. 


x-\-y = e'. 



Sec. 12.13. Partial Differential Equations 


267 


Hint to Problem 2275. By differentiating the first equa¬ 
tion with respect to t, eliminate y and from three 
equations. 

/ 51-21 + 4.-,-.-. 

2277.^ . 

I ^ + 8x-3i/ = 5e-'. 


2278. 


•• « 

X — 4 x + 4 a :— y = 0 

y~\- 4r/ + 4^ — 24x= 16e^ 


Solve the equations: 

2279. ( ^ + 3^ + '/ = 0 
I y—x-\-y = 0. 


for / = 0 a:= 1, ^ = 1 


2280 


rx = y 
I y^x 


+ 2 sinh t. 


12.IS. Partial Differential Equations 
of the Second Order (the Method of Characteristics) 

2281. Find the general solution (containing two arbi¬ 
trary functions) of the equations: 


( 1 ) 


dxdy 


= 0 ; 


(2)^ = 0; (3)^^“ 


(4) 


d^u 


dx dy 


-P = 0; 

X dy ’ 


5-^ = 2a- [-b. 

dxdy y ' 


dll 


Hint. Put ^ = z. 


dx^ 


2282. Find the particular solution of the equation 


1 = 0 for the initial conditions: for x=l z-y'-^^ 


2283. Reduce the equation — 4 ^^+3 ~=0 to the 

canonical form and find its general solution. 

2284. Reduce the equation 

2xw —4-w=^ —-0 
X -h ^xy Qy2 — u 


d'^u 


d'^u 
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to the canonical form and find its general solution. 

For the following differential equations find the general 
solutions, and, if given the initial conditions, also the 
particular solutions: 


2285. 


d'^u . d^u . . d^u 


2286. 


d-u d^u ^ 
dx- 


for x = 0 u = smy, 



2287. X 


d^u 

dx^ 




du 


for Ar= 1 u =2^+ \,-^^ = y. 


2288. 



for < = 1 u = 2x\ ^ 



Find the particular solutions of the following differential 
equations: 


2289. + ^ + = 


d/2 * dxdt 


du 


for ^ = 0 «=0. ^ = 


1 . 


2290. S + 2g^^ = 0; 


dx^ dt^ 


du 


for /=0 w=0, -^ = ax. 

2291. ^2 4^ = ^; for / = 0 w=/(x), ^ = F{x). 


dx^ 


dt 



CHAPTER 13 


DOUBLE, TRIPLE, AND LINE INTEGRALS 


13.1. Computing Areas By Means of Double Integrals 


1®. If a domain (S) is defined by the inequalities 

(xX 1/< £/2 (x), 

then the area of this domain 



2^ 


then 


If a domain (5) is determined by the inequalities 

Xi {y)^x^x^{y). 


I x,iy) 

S=^l^dxdy=^^ dy ^ dx. 

iS) h Xiiy) 


3°. If a domain (S) is defined in polar coordinates by 
the inequalities tpj ^ <p 2 » fi (9), then the area 

of this domain 

<Pt '’t(«p) 

S = ^ ^ r dr d^> = ^ d<p ^ r dr. 

( S ) < p , '' i (< P ) 

Express by double integrals and compute the areas 
bounded by the following lines: 

2292. xi/ = 4, y = x, x = 4. 

2293. (1) ^ = x^ 4y = x\ y = 4\ 

(2) ^/ = A:^ 4^/ = x^ x=dz2. 
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2294. + a: + 3^ = 0. 

2295. ay=x^ — 2ax, y = x. 

229Q, y=\nx, x—y=\ and y = ~l, 

2297. Construct the domains whose areas are expressed 
by the following integrals: 





V2a*-‘X* 

X 


Change the order of integration. 

Hint. To get the equations of the lines bounding the 
domain equate the limits of the integral with respect to 
dx to X, and those with respect to dy to y. 

2298. Construct the domains whose areas are expressed 

1 2-x* 0 0 

by the integrals: (1) J ^ dy, (2) J dy J dx. Change 

Ox _2 

the order of integration and compute the areas. 

2299. Compute the area bounded by the lines 
r=a{\ — cos(p) and /'=a and situated outside the circle. 

2300. Compute the area bounded by the straight line 
rcosa = a and the circle r = 2a. 

Compute the areas bounded by the lines: 

2301. xy = ‘^, xy^2a^, = y = 2x. 


Hint. In this problem it is advantageous to pass over 
to the new coordinates xy = u and y = vx\ then the area is 

determined by the formula \\\J\dudv, where J = 

\'^x dy\ 


du du 

^ dy 
dv dv 


and is called the Jacobian. In Problem 2302 


put y^ — ux, vy^ = x^, and in Problem 2303 pass over to 
generalized polar coordinates x = /'cos®(p and y — rs\n^(p. 

2302. y^~ax, ^* = 16ax, ay^=x^, \6ay^ = x^. 

_ 2 _ 2 

2303. X 3 4- V s = a ® . 
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Compute the areas bounded by the following lines: 

2304. = f/ = x + 2. 

2305. ajc = !/*—2ai/ and y-\-x~Q. 

2306. ^ = sinx, ^ = cosa:. and x — 0 . 

2307. y^ = a'^ — ax, y = a-\-x. 

2308. r = 4(l+cos(p), rcos<p = 3 (to the right of the 

straight line). 

2309. r = a(l — cos(p), r — a and situated outside the 
cardioid. 

2310. xy = 8, y^ = x, y^ = 8x. 

2311. Construct the domain whose areas are expressed 
by the integrals: 

h X a /*a*-y* 4 8 —x 

(1) J dx ^dy\ (2) ^dy J I 

a a 0 0 2 V‘x 

Change the order of integration and compute the areas. 


13.2. The Centre of Gravity and the Moment of Inertia 
of an Area with Uniformly Distributed Mass 

(for Density p=l^ 


The coordinates of the centre of gravity of an area 5 
with uniformly distributed mass: 







The moments of inertia of the area S 
J ^^^'^y-dxdy, J^=^^x‘^dxdy, J dx dy. (2) 

(S) (S) (S> 

Determine the centre of gravity of an area bounded by 
the given lines: 

2312. y~0 and a half-wave of the sinusoid y — s\nx. 

2313. y = x^, x = 4, y = 0. 2314. y^ = ax and y = x. 

2315. x^-\-y^ = ci^ and y = 0. 

2 J_ 2 

2316. The astroid x ® + i/* =a^ and the axis OX, 
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Hint. Pass over to generalized polar coordinates 


X = 


= r cos-" (p and ^ = r sin® q). 


2317. Determine the moments of inertia and J. 

01 the area of a rectangle bounded by the lines ;c = 0 
x = a. £/ = 0, and y = b. 

2318. Determine the moment of inertia about the axis OX 



the area bounded by the lines 



x = a, y = a. 


2319. Determine the moment of inertia about the axis OY 
of the area of a triangle with the vertices ^(0. 2a). 
B (a, 0), and C(a. a). 

In Problems 2320 through 2323 determine the polar 
moment of inertia of an area bounded by the lines: 

2320. x + ^ = a, x = 0, y = 0 . 

2321. = a2 cos 2(p. 


2322. A circle r = a. 

2323. y^~ax, x = a. 


Determine the centre of gravity of: 

2324. The half-segment of the parabola y^ — ax, x = a, 
f/ = 0 (for 0). 

2325. The semi-ellipse + cut off by the x~ 

axis. 

2326. Determine the moment of inertia about the y- 
axis of the area bounded by the lines y = a-\-—^ y = 2x, 
and a: = 0. 

2327. Determine the moment of inertia about the x- 
axis of the area of a triangle with the vertices ^4(1, 1), 
B(2. 1). C(3, 3). 

Determine the polar moment of inertia of the area bo¬ 
unded by the lines: 

2328. ■^+|-=l, Ar = 0. y = 

2329. ^ = 4—x2 and t/ = 0. 2330. /• = a(l—cosq)). 
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13.3. Computing Volumes by Means of 

Double Integrals 

The volume of a solid bounded from the top by a sur¬ 
face z = F(x^y)^ from the bottom by a plane z = 0, and 
from the sides by a cylindrical surface cutting off a do¬ 
main (5) on the plane XOY, is equal to 

V=^l zdxdy=^^ f(x, y) dxdy. 

(S) (S) 

Compute the volumes of solids bounded by the follo¬ 
wing surfaces: 

2331. z = x'^-\-y'^, x + ^ = x = 0. y~0, 2 = 0. 

2332. 2 = jc + ^ + a, y'^ = ax^ x~a, 2 = 0, y=0 (for 

y > 0 ). 

2333. {XyY-\-az ~ ^ x = 0, y = 0, 2 = 0 (construct 

the surface using the sections: x=0, // = 0, 2 = 0, z = 
= h^a; see Problem 546). 

2334. x‘^-\-y^ — a^t x^-\-z- — a^ (see Problem 552). 

2335. z~=xy^ x — a, x = 0, y = ay y = 0. 

2336. az = x^ — y^, 2 = 0, x = g. 

2337. z^ = xy^ x-\-y — ci. 

2338. x + i/-1-2 = 3(2, x‘^-Yy^~^~> 2 = 0. 

Hint. In Problems 2338 to 2344 pass to polar coordi¬ 
nates. 

2339. z = mXy x~ -Y y'^ — o}^ 2 = 0. 

2340. az-a- — x^ — y^, 2 = 0. 

2341. + 2 ^ = 4a^, x^-\-y^ = a'^ (outsfde the cylin¬ 
der). 

2342. x^y^-\-z'^ = , x^y^ zk ax = 0 (inside the cy¬ 

linders). 

2343. The first turn of the helicoid w = xtan— inside 

^ a 

the cylinder x^-\-y^=a“ and the plane 2 = 0. 

2344. 2 =* = 2nx, x^-ky^ = ax. 

2345. -i= 1 —z = 0. 

Hint. In Problems 2345 and 2346 pass to elliptic polar 
coordinates: x = arcoscp, ^ = 6rsin(p. 
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2346. 

2347. 


_2_ J_ ^ t 

+2® = a® (put JC == rcos®q>, ^ = rsin®(p). 


by the follo- 


h (see Prob- 


Compute the volumes of solids bounded 
wing surfaces: 

2348. e = Q— X, y^ = ax and z~0. 

2349. 2 =x^-^y\ y=^x\ y^\, z = 0. 

2350. y^-\-z^ = 4ax, y^ = ax, x^3a (outside the cylinder). 

235'. ^ + |.= 1.^ + |,= 1. 

2352. Conoid x^y^h^z^ ^ a^y* for 0<(/ 

!em 559). 

-i- — .L -L ® 

2353. x®+2®=a®, a®. 

2354. 42 = 16— x^ — y^, 2 = 0. x® + ^® = 4 (outside the 
cylinder). 

Hint, In Problems 2354 to 2358 pass to polar coordi¬ 
nates. 

2355. 2a = (x + fl)®, x^-\-y^ = a^. 

2356. z = z = 0, x^ + y^=\, x^ + y^ = A. 

2357. a2=x® + ^®, 2 = 0, ;c® + ^® zb ajr = 0. 

2358. a2 = n®— jt®— 2 = 0, x® 4-^® zb = 0 (inside the 
cylinders). 

%*2 92 

2359. ^ + |, + ^,= l. 

//trt/. Put x = a/’COS(p, y = brs\n(p. 


13.4. Areas of Curved Surfaces 


The area a of a portion of the surface F (x, y, 2)=0 
whose projection on the plane 2 = 0 defines the domain 

(O',), is 



dxdy. 
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Analogously, when projecting on the two other coordi¬ 
nate planes we get 




dxdz. 






N 


dx 


dydz. 


Compute the area of: 

2360. The surface of the cylinder 2z=x^ cut off by the 
planes ^ = y — 2x, x = 2'\^2. 

2361. The surface of the cone Z“ = 2xy cut off by the 
planes x~a and y — a\ovx'^Q and i/^O. 

2362. The surface of the cone y^-\-z'^ = x'^ located inside 

the cylinder y"^ — . 

2363. The surface az = xy situated inside the cylinder 
x^-\-y^ = a^. 

2364. The surface of the cone x^-\-y^ = z'^ situated inside 
the cylinder z^ = 2px. 


Compute the area of: 

2365. The surface of the cylinder situated 

inside the cylinder x"^y'^ = . 

2366. The surface of the sphere y"^= a- situated 

inside the cylinders x"^ y'^ ± ax = 0. 

2367. The surface of the paraboloid x'^-\~ y"^ — 2az loca¬ 
ted inside the cylinder x^ y’^ — . 

2368. Using the double integral, determine the area of 
the portion of the earth surface bounded by the meri¬ 
dians 0° and p°, the equator, and the parallel of lati¬ 
tude a°. Consider the particular case: a =30®; p = 60°. 


13.5. The Triple Integral and Its Applications 

If a domain (1/) is defined by the inequalities 
a < X < t?, yi{x)^y^y^ (x), {x, y)^z^z^ {x, y). 


then 


iiix. y) 


y, z)dxdydz = '\dx I dy F(x,y,z)dz 

a Vtix) Ziix, y) 



For F{x, y z)~\ we get the volume V. The coordinates 
ot the centre of gravity of a homogeneous body of the 
volume V are computed by the formulas: 




^^^xdxdydz, 

(v) 



^^\ydxdydz and 


so on. 


2369. Determine the volume of a solid bounded by the 
surfaces az^x^ + y\ 2az = a^—x^—y^. 

2370. Determine the volume of a solid bounded by the 
surfaces x^-Fy^ — 2 ^ = 0, -F y -inside the cone. 

2371. Show that the cone x^^y^~z^ = 0 divides the 
volume of the sphere x^-Fy^-F= 2az in the ratio 3:1. 

2372. Determine the mass of a pyramid formed by the 
planes + 2 = x = 0, y = 0, 2 = 0 if the density at 

each of its points is equal to the 2 -coordinate of this 
point. 

Determine the centre of gravity of a uniform solid boun¬ 
ded by the surfaces: 

2373. x~F y -F z = a, ,v = 0, y = 0, 2 — 0. 

2374. Qz = a^—x^^y\ 2 = 0. 


Determine the moment of inertia about the axis OZ of 
a body bounded by the surfaces (density p=!): 

2375. x: — 0, y = 0, y~a, 2 = 0, and x~Fz = a, 

2376. x-Fy-Fz = ay2, x^-Fy^ = a^, 2 = 0. 

2377. Determine the volume of a body bounded by a 
closed surface: 

( 1 ) {x^^y^-Fz^F^a^x\ ( 2 ) {x ^-f y^ ^ = az {x^-F y^)‘ 

Hint. Pass to spherical coordinates using the formu¬ 
las; .v = r sin 0cos(p, ^ = /-sin Osin tp, 2 = rcos tp; the ele¬ 
ment of volume dV = smQ dr dtp dQ. 


Determine the volume of a body bounded by the given 
surfaces: 

2378. az = x^-Fy\ x^-F y^-F z^ = 2aK 

2379. x^-Fy^ — 2^ = 0, z = ^—x^~y’^, 

2380. az = x^ Fy‘^* z‘^=x'^-Fy^. 
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2381. Determine the mass of a solid bounded by the 

surfaces + — z^ = 0 and z = h if the density at each 

of its points is equal to the e-coordinate of this point. 

2382. Determine the mass of a solid bounded by the 
surfaces 2x-}-z = 2a, x-\-z = a, y'^ = ax, y = 0 (for i/> 0) 
if the density at each of its points is equal to the ordi¬ 
nate y of this point. 

2383. Determine the centre of gravity of a uniform 

hemisphere x^y^z’^ = , z = 0. 

2384. Determine the moment of inertia about the axis 
OZ of a solid bounded by the surfaces z^ = 2ax, e = 0, 
x^-\- y- — ax. 

2385. Determine the volume of a solid bounded by the 
surface {x^y-z-y = axyz (pass to spherical coordina¬ 
tes; see Problems 2377). 

2386. Determine the mass of a spherical layer between 

the surfaces x-+//^ + = ^ 2 ^ and x--\-y"^z'^ = if the 

density at each of its points is inversely proportional to 
the distance of a point from the origin (pass to spheri¬ 
cal coordinates). 


13.6. The line Integral. Green's Formula 

1^. Definition of a line integral. Let a continuous func¬ 
tion P(x, y, z) be defined on an arc AB of a rectifiable 
curve. Partition AB into elementary arcs by points 

(-^Oi ^/o» ^o)i ("^i* Uli ^l)» ■ ■ • » ^n — \ (-^n —1» i/fi-l* 

2 „_i), and B(x„, 2 „); let x,—Xy_i = Ax,-. Then 

n 

lim S ^ Vi* called the line integral taken 

l=\. 

along the arc AB, and is denoted J P (x, y, z)dx. The 

Xb 

integrals J Q (x, y, z)dy and ^ P (x, y, z)dz are defi- 

Xb Xb 

ned similarly: the sum of the previous integrals is 
\ {P dx-\-Qdy-\-R dz). Finally, there also exists a line 
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integral of the form: \ P (x, y, z)ds =lmXp (x,, z,) As,, 

AB 


where As, = Af,_jM.. 

^ line integral. Let a curve AB be given 
b) the equations x — f(t), y^mU) 2 = 113 ( 1 ) and thp 

parameter t changes monotonically when a point M{i) 
moves along the arc AB in one direction; then 

t ^ 

[ y, 2)dx= J P[f(t). (Pit), ip it)] r (t) dt, 

^ t . 


i. e all the variables and differentials of the integrand 
must be expressed in terms of one variable (/) and its diffe¬ 
rential (dt) from the equations of the curve, 

3°. Mechanical meaning of a line integral. An integral 

of the form J {P dx-}-Qdi/-\-dz) expresses the work per- 

. ^ 

form^ during the displacement of unit mass along an 

arc AB in a field of a force F{P, Q, R}. 

4°. The case of a total differential. If in a certain do¬ 
main (V) Pdx^Qdy-\-Rdz=:du, then l(Pdx-\-Qdy + 

AB 

+ /?d3) = Wj 5 —i. e. equal to the difference between 
the values of the function «(x, y^ z) at the points Band 

A and is independent of the path of integration A^B taken 
in the domain (V). 

5®. Green’s formula 


iPdx+Qdy)=^[[^-^)dxdy 

iS) 

transforms a line integral of the expression Pdx-[-Qdy 
taken counterclockwise along a contour (C) into a double 
integral over the domain (5) bounded by this contour. 
6°. The area bounded by the contour (C): 

5 = y ^ (xdy—y dx). 

(C) 
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2387. Given the points A (2, 2) and (2, 0). Compute 
5 (x-\-y)dx along (1) the straight UneO^; (2) the arc OA 

of the parabola y — (3) the polygonal line OBA. 

2388. Given the points A [A, 2) and B(2, 0). Compute 

5 + — xdy] along (1) the straight line 0^4; (2) the 

(C) 

polygonal line OBA. 

2389. Solve Problem 2388 for the integral J {ydx-\-xdy). 

(C) 

Why is the value of the integral here independent of the 
choice of the path of integration? 

2390. Given the points A {a, 0, 0), B{a, a. 0), and 

C (a, a. a). Compute the integral ^ {y dxz dyx dz) along 

(1) the straight line OC; (2) the polygonal line OABC. 

2391. A field is formed by a force F\P, Q}, where 

P = — y, Q=x. Construct the force Fat each vertex of 
a square with sides x = zta and = and compute 

the work performed by this force acting on unit mass 
which is in motion along the contour of the square. 

2392. A field is formed by a force F\P, Q}, where 
P = x-{-y, Q=2x. Construct the force Fat the beginning 
of each quarter of the circle x = acost, y = as\ni and 
compute the work performed by this force acting on unit 
mass which is in motion along the circle. 

Solve the same problem if P = x~{-y, Q=x. Why is 
the work equal to zero here? 

2393. A field is formed by a force F{y, a}. Determine 
the work performed by this force acting on mass m mo¬ 
ving along the contour made up of the coordinate semi¬ 
axes and the first quarter of the ellipse x = acost, 
y — b sin t. 

2394. A field is formed by a force F{x, y^ z). Compute 
the work performed by this force acting on unit mass 
moving along the polygonal line OABCO joining the points 
0(0, 0, 0), A (0, fl, 0), F (a, a, 0), C{a, a, a), 

2395. Write and check Green's formula for ^[{x-\-y) dx — 

(C) 




2 xdy] al^ong the perimeter of a triangle with the sides 
j: = 0, ^ = 0, x-\-y = a. 

2396. Compute the integrals: (1) J [2xydx + x^dy]; 

p AB 

(2) ^[Q,os2ydx — 2xsm2ydy]\ (3) \ [isinydx-\-xydy] 

AB 


along any line from ^(l. to b{2, j. 

2397. Applying Green’s formula, compute the integral 
y [y^dx-{~(x-{-y)^dy] along the contour of A ABC with 

(C) ^ 

vertices A(a, 0), B (a, a) and C(0, a). 

2398. Determine the area of the ellipse ;^: = acos/. 
y=^bs\ni by means of the line integral, 

2399. Determine the area enclosed by the loop of the 

curve y~ = 0 using the line integral (see Fig. 53 

on p. 357). 


Hint. Pass to parametric equations putting y = xt. 

2400. Determine the area enclosed by the loop of the 

folium of Descartes —3a.*:^ = 0 using the line in¬ 

tegral (see the hint to Problem 2399 and Fig. 83 on p. 386). 

2401, With what force does the mass M uniformly dis¬ 
tributed over the upper semicircle x^-\~y-=a^ attract the 
mass m concentrated at the origin? 

Hint. Let p be the line density: ds, the element of the 
length of the semicircle; 0, the angle formed by the radius 
vector with the axis OX\ X and K, the projections of the 


attractive force. Then X= ^ ^fx_cos 8 ds ^ j femp 

where k is the gravity constant. 

2402. Given the points A (—a, a) and 5 (a, a). What 
is the force with which a mass M uniformly distributed 
along the line segment AB attracts the mass m concen¬ 
trated at the point (0. 0)? 

2403. Given the points A (a, 0), 5(0, o), and C(—a, 0). 
What is the force with which a mass M uniformly distri¬ 
buted along the polygonal line ABC attracts the mass m 
concentrated at the origin? 
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2404, Given the points ^(0, 1), 5), and C (0. 5). 

Compute \{(x-\-y)dx — 2ydy] along (1) the straight 

(C) ___ 

line AB\ (2) the arc AB of the parabola y = x'^-{~\ \ (3) the 
polygonal line ABC. 

2405. Given the points A{ — a, 0) and 5(0, a). Compute 

the work performed by the force F\P, Q}. where P = y 

and Q—y —jc, acting on unit mass moving along (1) the 

straight line AB\ (2) the polygonal line AOB\ (3) the 
^_ _ 

arc AB of the parabola y — a — 


2406. Show that ^ [y dx{x y) dy] taken along any 

<C) 

contour is equal to zero. Check this by computing the 
integral along the contour of a figure bounded by the 
lines y = x^ and y = 4. 

2407. Write and verify Green’s formula for the integral 

^ ^ taken along the- contour of a triangle ABC 

iC) ^ ^ 

with the vertices /1(1, 1), 5(2, 1), and C(2, 2). 

2408. Determine the area of the astroid x~acos^t, 
y=as\n^i by means of the line integral. 

2409. Determine the area bounded by the curve y^-\-x* — 
— x^ = 0 using the line integral. (Pass to parametric 
equations putting y = xt.) 


13.7, Surface Integrals. 
Ostrogrodsky's and Stokes' Formulas 

1°. Ostrogradsky’s formula: 

J J (5 cos a + Q cos p + /? cos y) ds = 

(S) 

iV) 


where a, p, and y are the angles of the external normal 
to the closed surface S, and V is the volume bounded by 
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this surface. The first integral can be written in the form 




dy . „ 

where /^(x. z)=0 

d2 


is an equation of a surface, and is the projection of S 
on the plane 2 = 0. 

2®. Stokes’ formula: 



{P dxQ dyR dz) — 



cosa 

cosp 

cosy 

f 

d 

d 

d 

j 

dx 

dy 

dz 

) 

P 

Q 

^ 1 



where a p and y are the angles of the normal to the 
surtace o directed in such a way that the traverse of the 
contour C is counterclockwise. 


2410. Compute [A’cosa'-j-^cosp-{- 2 cos'yJds over the 

upper surface of the plane x-\-y-{-z^a situated in the 
first octant. 

2411. Compute 

Hi -^^cosf/i, /)cos (rt, 7) + cos (rt, k)]d$ 

iS) 

oyer the upper surface of the paraboloid x^ y^2az = 
situated in the second octant (where x < 0, ^ > 0, 2 > 0). 
Hint, Reducing the integral to the form 

jj + (/»+ ^, 

(Sz) 

pass to polar coordinates. The angle q) will vary from 

^ i 

y to Jt. 

2412. Write and check Ostrogradsky’s formula for the 
integral J J [A:cos(/0) + (/cos(rtr7) + ?cos(Ofe)]^^s. ta- 

(51 

ken over the surface of the sphere y"^ z-= , 
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2413. Write and check Ostrogradsky’s formula for the 
integral 

J J [x ^cos cos (wTV) + cos k)]ds, 

(S) 

taken over the outside surface of a solid bounded by the 
surfaces -\-2az ~ , x = 0, ^ = 0. 2 = 0 inside the 

first octant. 

Hint. The double integral over plane faces of the solid 
is equal to zero since, for instance, on the plane 2 = 0 

both cos(«. /) = 0 and cos(«, /) = 0. 

2414. Putting in Ostrogradsky’s formula P = x, Q=ij, 
R = z, obtain the formula for the volume: 

V = [xcosa + t/cosp-j-zcosy] ds. 

IS) 


Using this formula, compute the volume of the ellipsoid 

1-2 m 2 ,2 

4-JL-1-i-= 1 

a2 ^ ^ c'^ * • 


2415. Putting in Ostrogradsky’s formula P = 


dll 

57» 



and ^ = (i-c. putting the vector {P, Q, P} to be 

equal to grad u), prove that 


iV) (S) 



where Aw = 



is the Laplacian operator. 


2416. Check the formula obtained in the previous prob¬ 
lem for the function u = x^y^z^ on the surface 

2417. Show with the aid of Stokes’ formula that 


J {yzdx-^xzdy-{-xydz) taken along any contour is equal 

<C) 

to zero. Check this by computing the integral along the 
contour of a triangle OAB with the vertices 0(0, 0, 0), 
^(1, 1, 0), and B(\, I, 1). 



284 


Ch. 13. Double, Triple, and Line Integrals 


2418. Write and check Stokes* formula for the integral 

y ^)dy-\-(y — x)dz] taken along the con- 

(^) 

fi(0, t ‘o\Zi'‘c at"" "" "■ 

Hint. The double integral can be taken over any sur¬ 
face passing through the perimeter of the triangle ABC 
for instance, over the plane x + yA -2 = a. 


2419. Write and ^ck Ostrogradsky’s formula for the 
integral J ^ [x^ cos (n, i) + cos {trT'J) + 2 = cos (n'T'k)] ds 

(* 5 ) 

taken over the surface of the sphere y^, 

Hint. Transform the triple integral to spherical coor¬ 
dinates. 


2420. Write and check Stokes’ formula for the integral 
^ [x(z y)dx~\-y{x — z)dy~\-z{y — x)dz] taken along the 

(C) 

contour of a triangle with the vertices A {a, 0 0), 
5(0, a, 0), and C(q, 0, a). (See the hint to Problem 2418.) 

2421. With the aid of Ostrogradsky’s formula compute 

the integral {xUydz + if dxdz +z^dxdy) taken over 

( 5 ) 

the outside surface of a pyramid formed by the planes 
x-j-y~\-z^a, x = 0 , y = 0 , 2 = 0. 
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SERIES 


14.1 Numerical Series 

1°, A series «i + W 2 + i^ 3 + ■ • • • • • is called con- 

vergent if the sum 5„ of its first n terms (as n—foo) 
tends to a finite limit S: lim S„=S. The number 5 is 

n 00 

termed the sum of the convergent series. If the sum 5;^ 
has no finite limit, then the series is called divergent. 

For a series to be convergent it is necessary but not 
sufficient that Un —►O as n — *-oo. 

2°. The integral test for convergence of a positive series 
with decreasing terms: 

if «„ = /(«), where f (n) is a decreasing function, and 
00 

C, _J ^ series converges, 

J / ) cx), then a series diverges. 

1 

3®. D'Alembert's test for a positive series: if 

I < 1. then a series converges, 

> 1, then a series diverges, 

= 1, then the problem remains unsolved. 

4®. Comparing positive series: 

u j -|- Wj “h u^ “F . .. -j“ Ufi “h • . • , (1) 

Uj -j- “I" ^3 “H • • * + “!“•*• • (2) 

(1) If and series (2) converges, then series (1) 

converges too. 

(2) If Un'^Vn and series (2) diverges, then series (1) 
diverges too. 
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5°. The alternating series 
"verges if w, > ^3 > M 3 > ... and lim m„ = 0 . 


+ ... con 


6 . Absolute and conditional convergence 

^ I + «2 + Wg + . . . + Mrt + . . . 

definitely converges if the positive series 

l“il + |W2| + |«3|+...+|uJ+.,. 


The series 
(3) 


(4) 


composed of the absolute values of the terms of the given 
senes converges. In this case series (3) is called absolu- 

if series (3) converges and series (4) 
diverges, then series (3) is termed conditionally convergent. 

Check whether the necessary condition for convergence 
is fulfilled: 

2422.1 + 1 + 1 + 1 +... 

2423. l + i- + .[ + |+ ... 

2424. | + 1+«+34+... 

Test the series for convergence by means of the integ¬ 
ral test: 

2425. I + I + 4 + I+... 


2426. I + 


_!_I_!_I i t 


2427. 


2428. 

2429. 

2430. 

2431. 


' +- + -^ + 

r 33 ~ 43 “ • • • 


93 


I 


+ 


I 




1 


1 + 12 ' 1+22 ' 1+32 
^ H — ^ I - ^ I 

I I I n-j I I 09 


+ . . . 


H-12 

I 

32—1 

1 


+ 

+ 


1 + 22 
1 

52-1 

1 


+ 

+ 


1+32 

1 

72—1 
1 


+ . . . 


+ . . . 


21n22 ' 3ln23 ' 41n24 
Test the series for convergence using d’Alember+s test: 

2432. ••• 



Sec. M I. Numerical Series 


287 


2433. 1 + 


- + - 
21 ^ 31 


+ + 


2434. 


1 + 1^-+-144 4- 


» • 


13 
3 


2435. l + ?ro4- 


1 


2-3 
3! 


2436. 4-1-^4 + 


1-3-5 

32 

22.5 

5! 


3 s 


+ 2».7 


2437. 


2-4 

+ 


+ 


7! 


2-4-6“ 2.4-6-8 
5 9 


4- 


4* 


+ 


13 




« * • 


yTz ' VT^ ' i/'3-33 ' 1 ^ 4 .s-* 

By comparing with a harmonic series or a decreasing 
progression, test the series for convergence: 

2438. 


1 


^+Tr+ 


_J_ I _!— u 


2439. 14 -^ 4 - 


_!_I_!—u 

3*52 ^ 4.53 ^ 


2440. 

2441. 


1 


1 


In 2 


H“ 1.^0 4" in A 4~ i„ t; 4" 


In 3 ‘ In 4 ' In 5 

Using the method of comparison, show that the 
series . is divergent for | x| < 1, 

and convergent for lx|> 1 . 

Mini. In the first case replace ,v^, ... by uni¬ 

ties. in the second case delete the unities from the deno¬ 
minators. 

Find the sum of the series: 

III 


2442. 


-h ?r-o 4* H“ 


1-2 ' 2-3 ‘ 3-4 
Hint. Expand into partial fractions. 


I 


1 


1.4 4-7 7.10“^ * ■ ' 

Test the series for convergence; 


2444 1 


2445. 1 


2446. 




^4 


+ 


4 4 


1 


3* ^ 52 

I 


I 

72 


+ 


4 4 


2447. 


2 In 2 
sina 


1 


4* 


3ln3 
sin 2a 


-h 


1 


4 In 4 
sin 3a 


• 4 


2 * 


32 


4- 


288 


Ch. 14. Series 


2448. Show that the sum S of the conditionally con- 

vergent series 1 3 — 7 + • • • "^'11 decrease by one half 

if two successive negative terms are placed after each 

positive term, and will increase by one and a half times 

If one negative term is placed after each two positive 
ones. ^ 


Test the series for convergence: 


2449. l+^ + 


1 


3^3 


+ . . . 


2450. 1 + T 77 r + ;T 7 rr + o^+ . . . 


2451. 


101 ^201 ~ 301 

* T+-r^+ 


l + I 


+ 2 ^ ^ 1+3^ 


+ • . . 


2452. 1 +1 + 1 + ^+... 

2453. 1 +^ + 1^ + -^+... 

2454.4 + ^ + 1 + ^+... 2455 . ^ + ^ + f^+... 

2456.4 + 34 + 1 ^+... 2457 . 1 --^ + ^- 

2458. l-l + ±_4+... 


• » 


2459. I 




I 


+ ... 


2 a 2 ' 3a^ Aa^ 

Find the sum of the series: 


2460. 

2461. 


J-+-L + -L + 

1.3 ‘ 3.5 ^ 5.7 ^ • • • 


‘ +—+ ' 
r o o ,1 r 


1 ' 2-3-4~3.4-5 


+ . .. 


14.2. Uniform Convergence of a Functional Series 

1°. The totality of values of x for which ihe functional 
series w, W + Wg (-v) + ... + (x) + ... converges is called 

the domain of convergence of this series. 
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The function 5 (x) = HmS„(x) is called its sum, and the 

n->oD 

difference R„{x)^S{x) — 5„ (x) the r^mamder of the series. 

2° Functional series (1) convergent in an interval [a, 6 ] 
is called uniformly convergent in that interval if the re¬ 
mainder (x) beginning with some number N, which is 
the same for all values of x considered, remains less in 
absolute value than any preassigned positive number e; 

I Wl < e for n'^ N (e). 

3*. A test for uniform convergence. Series (1) converges 
absolutely and uniformly in an interval [a, b] if there 
exists a convergent positive series 

.. .c„ +... 

such that |w„(x)|^C„ for a^x^b. 

2462. Determine the sum and the remainder of the series 
1 4 -x-f x’^-i-x®+... for |x|<l and show that it conver¬ 
ges uniformly in the interval j^O, . At what n is the 

remainder | /?„(x)| less than 0.001 for any x on this interval? 

2463. Show that the series 

x + x (1 —x) + x (1 —x)^ + x (1 —x)®+ ... 


converges nonuniformly in the interval [ 0 , l]and uniformly 
in the interval , ij . At what « the remainder |/?„ (x)| < 

< 0,01 for any x on the interval , 1 ^? 

2464. Show that the series y—y + y—*•• converges 

uniformly in the interval [0, 1]. At what values of n and 
any x on this interval 1 (x)| < 0 . 1 ? 


2465. Show that the series x^-f- 


.v3 + (1 -(-a:3)2"^ * ■ 


nonuniformly for x >0 and uniformly for x! 
what n the remainder |^„|< 0.001 for any x^l? 


. con- 
: 1. At 


2466. Show 
3‘V 1+5* 


that 


3» l+7x 


the series — -I- . -- 4- 

l/T+T 3 v/T+3^ 

: + ... converges uniformly in the 


10 _ 1895 
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interval 0<x<oo. At what n (and any x^Q) the re¬ 
mainder of the series |/?„ (a:)| < 0.01? 

Hint. Compare the given series with a convergent nu¬ 
merical series. 


2467. Show that the series - - -i- - ^ 

-j- ]6 * • * cor^verges uniformly over the entire number 

line. At what n (and any x) the remainder of the series 
\Rn W|< 0.0001? 

2468. Show that the series -!- 1 _!_u 

(x-\-2)ix-{~3) + uniformly converges to j in the in¬ 
terval 0<.v< oo. At what n (and any a: > 0) the remain¬ 
der of the series | (a:)| < 0.1? 

2469. Show that the series ^ -i-_ ^ \ 

J VTTx V2^-j-2x 2*-\-3x 

converges uniformly in the interval 
0 <a:<oo. At what n the remainder |(a:)| < 0.01? 


14.3. Power Series 
Let there be given a power series 

The number R is called the radius of convergence oi series 
p) if for |x|</?' the series converges, and for 
it diverges. R can be found either by investigating se¬ 
ries (1) for absolute convergence using d’Alembert’s test, 

or by the formula R= lim (—^| when all a, are different 

from zero. In particular, if this limit equals oo, then 
series (1) converges absolutely along the entire axis 
OK. 

A power series converges not only absolutely, but also 
uniformly on any interval [a, b] lying inside the interval 
of convergence (— R, R). 
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Determine the interval of convergence of the series and 
test it for convergence at the extremities: 


2470. l+^ + 

X 


+ 


2471. 1 


2472. 1 + 


3-2 ' 3*.3 ' 38*4 


+ 


+ . . . 


5 \ r 2 ' 52 3 53 

2x 4x^ 8x^ 

32 1^-3 ' 52 i^'p ■■ 72 


+ • • • 


4* ... 


Q9 


OQ 


2473. Z h- 2474. 

n= • nss 1 


(_ jc)n-i 


n 


00 


2475. X 


^nxn 


V^(3n--2)2« * 


00 


CO 


2476. (1) (2) 2, 


n\x^ 


1 


rjss 1 


(n+l)'* • 


2477. (^+l) + (f^^ + (i+^ + <£^+... 


2478. 


2.4 * 3-4^ ' 4-43 

2jc —3 (2a: —3)2 ^ (2;c —3)3 


I 3 ' 5 

Determine the interval of convergence and the expres¬ 
sion for sum of the series; 

2479. l+2x-f-3x2+4x3+... 

Hint. In finding the sum S first determine ^Sdx, 




0 


2480. X ——y+ ... 


Hint. First find 

dx 

2481. l-F3x + 5x* + 7x8-f.... 

Hint. Denoting the sum of the series by 5 write the 
expression 5 —Sx in the form of a summable series. 


2482. ^ ^ 

Hint. Show that |- + ^ = S, and solve this differential 
equation. 


10 * 
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Determine the interval of convergence and test the 
senes for convergence at the extremities: 


2483. 1 + 


2484. 1 


2x 


7 5^ 


+ 


4x^ 


+ 


K 9-52 

X* 


+ 


Bx^ 


y 13.58 


+ . . . 


3 - 2 /^ 3 *. 4]/'4 


=■+ • 


• ♦ 


OD 


2485. 2486. 2 (-1) 

ns 1 


OD 



n 


na 1 


v2/i-l 

«-l * 

2n—\ • 


0 . 10-7 X -\ , (*- 1)2 , (*_!)» , 

2487. + ... 

2488. + + 


Find the interval of convergence and the sum of the 

2489. 1 —3;(2 + 5x* —7*‘+... 

X 

Hint. To find the sum S first find jsdx. 

2490. x + ^ + Hint. First find |j. 

2491. 1—4x+7x=* —10x«+,.. 

Hint. Form the expression S-\-Sx. 


14.4. Taylor's and Maclaurin's Series 
1®. Maclaurin’s formula: 

where W = (0x), O<0<1. 

2°. Taylor’s formula; 

f(x)=^f (a) + (x-a) + (x-aY +... + R, (x), (2) 

where R„ (x) = ^ [a + 0 (x — a)]. 
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3®. Maclaurin’s and Taylor’s series. If as n —►oo in for¬ 
mulas (1) and (2) —►O, then they yield infinite series: 

f(x) = f{a) + f^{x—a) + i^(x—aY-^ ..(4) 
converging to / (;c) for the values of x at which Hm R„ (x) = 0. 

n ^ 

4®, Series expansions of elementary functions: 



converge to the function 
for all values of x\ 


(1 jc)” = 1 -I- jc -f- ^ 2 • the binomial series; 

it converges to the binomial (l+x)"> 
for |jc| < 1 ; 

ln(l-f-x)=*A:—^ + “ 3 —••• converges to In(l 4 -x) 

for — 1 < 1 ; 

arctanx = x— 3 "+ - 5 —••• converges to arctan x for 

2492. Expand the following functions in series of powers 

of x: (1) cos(jc — a); (2) sin*;c; (3) xe*; (4) sin write 

and analyse the formula of the remainder term. 

2493. Write the first three terms of the expansion of 
the function / (jc) =* In ( 1 in a series. 

2494. Using Maclaurin’s formula, write the expansion 

of the binomial in a series of powers of x, and 

show that the obtained series converges for \x\ < a. 
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binomial series show that 
(1 -|_ x)^ ~ ^ 3x -f- 6^* — I Oa'® + ,.. = 


m 


^^/t(/i+l) 




-1 


n~i 


2496, With the aid of the binomial series obtain the 
expansion of the function in a series 


Vl+X- 2 ^ 22.21 23-31 

2497, Expand the function in a 
(*) (2) ln(2-3A: + ;c“): 


A®4- . .. for |a| < I. 
series of powers of x: 
(3) ln(l—x + A*). 


2498. By integrating the series obtained in Prob¬ 
lem 2496, write a series for In (x-f-Kl+;c*). 

X 

2499. Expand in a series of powers of x—a; write 
and analyse the formula of the remainder term of the series. 

2500. Expand the function f(x) = x^ —3x in a series of 
powers of x — 1. 

2501. Expand x* in powers of x+1. 

2502. Expand the function /(x) = -i in a series of po¬ 
wers of x 4-2 and test the series for convergence by means 
of d’Alembert’s test. 


2503. Expand the following functions: (I) f(x) = cosj 

in powers of x~- (2) /(x) = sin3x in powers of x + ^. 

2504. Expand the function f(x)= x in a series of po¬ 
wers of x+I; test the obtained series for convergence by 
means of d’Alembert’s test. 


2505. Expand the following functions in series of powers 
of x: (1) 2^; (2) cos ; write and analyse the for¬ 

mulas of the remainder terms of the expansions. 
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2506. Expand the function f(x)==x*—4x^ in a series 
of powers of x + 2. 

2507. Expand the function !{x) = cos^x in a series of 
powers of x—>^; write and analyse the formula of the 
remainder term. 


2508. Expand the function /(x) = sin-^ in a series of 
powers of x —1. 

2509. Expand the function f(x)^]/~x in a series of po¬ 
wers of X —4 and test the obtained series for convergence 
by means of d’Alembert’s test. 

2510. With the aid of a binomial series show that 




+ ... for |a:| < 1. 


2®.21 


23-31 


2411. Integrating termwise the series obtained in Prob¬ 
lem 2510, write a series for arcsin;r. 


14.5. The Use of Series for Approximate 

Calculations 

2512 . Wri te t he bi nomial series for \^Y^x and calcu¬ 
late \Yi.004, V^O.992, J/90 by taking only the first two 
terms of the series. Estimate the error. 

2513. Wr ite a bino mia l series for ^ 1 -fx and compute 

^^1.006, ^0.991, ^130 by taking only the first two terms 
of the series. Estimate the error. 

2514. Compute sin 12° by taking only two terms of the 
series for sinx, and estimate the error. 

Hint. x=12°, or in radian measure x == 0.2094. De- 

termine the upper limit of the error from the condition 
X < 0.3. 

2515. Dividing the numerator of the fraction by its de- 

Cc 

nominator, obtain the expansion , / 2 = —l)"“^x“'*“^; 

' ^ n=l 

integrating the obtained series termwise, write an expan¬ 
sion for arctan x. 
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2516. 


Putting x — -~^ in the expansion arctanx 




Z 

I 


2n 


— A " A 

-, obtain a series for computing n: 


CO 




(- 1 )”“ 


ns 1 


(2n-^\)3n^l^ 


2517. Compute n by taking the first five terms from 
the series of Problem 2516, 

2518. With the aid of the series obtained in Problem 
2497: 







compute In2; InS; ln4; In 6. 

Hint. Putting ]-^ = 2, find x and so on. 

2519. Express the integrals ^~dx and fn the 

form of series. 

X 

2520. Write the function O (jc) = J in the form 

0 

of a series and evaluate taking as many terms as 

is necessary to reduce the error to less than 0.001, 


2521. Write 


the function 



in the 


form of series and evaluate O 



taking as many terms 


as is necessary to reduce the error to less than 0.00001. 

2522. Find the solution (in the form of a series) of the 
equation y" = x'^y for the initial conditions: for x = 0 

y = U y' = 


2523. Find the first four terms of the series determin¬ 
ing the solution of the Riccati equation = 
for the initial conditions: «/= 1 at x = 0. 
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2624. Write the solution (in the form of a series) of 
the Bessel equation xy**-{• y'xy = 0 for the initial con¬ 
ditions: ioT X = 0 y = I and y' == 0. 


2625. Comput^V 1.005; t^l.0012; V0.993; 1/0.997; 
y 110; J/^70; 40 taking the first two terms of the bino¬ 

mial series (1 H-x)"* = 1and esti¬ 
mate the error. 

2526. Compute cos 12“ by taking the first two terms 
of the expansion of cosx. Estimate the error. 

2527. Putting x = y in the expansion of arcsinx (Prob¬ 
lem 2511). compute Ji by taking the first three terms of 
the series. 

Hint. First compute the first of the rejected terms, and 
then express each of the first three terms of the series as 
a decimal fraction with the error not exceeding the first 
rejected term. 

2528. Using the identity ~ = arctan + Cretan y » write 
the expression for ji as the sum of two infinite series. 

2529. Putting x =in the expansion of ln(l+x), 
obtain the formulas: 

(1) ln(A^4-l)=InA^4- ’ 

(2) log,„(A^ + l) = log,,, 7^ + 0.4343 [^ — ^ 4 -^ — .. 

2530. Knowing In 2 = 0.6931, compute In 5 and In 10 
and show that the modulus M = p-ifTr ^ 0.4343. 

In iO 

2531. Compute log,o 101 and log.o 102. 

2532. Determine the length of an elliptic arc in the 
form of a series. 

0.5 

2533. Compute ^ ]/ 1 -f x=*dx taking as many terms as 

0 

IS necessary to reduce the error to 0.001. 


2534. Determine the function 0(a:) = 


cos -j- dx in the 


0 

form of a series and evaluate to six decimals. 

2535. Write the first three terms of the series determin¬ 
ing the solution of the equation j/'= + the equation 

satisfying the condition: y = 0 at x = 0. ^ 

2536. Write the solution (in the form of a series) of 

the equation y ~\~xy = 0 for the initial conditions: for 
a: = 0 £/ = 1 and y' = 0. 

2537. Write (in the form of a series) the equations of 
a transition line along which the curvature k increases 
in proportion to the length of the arcs. 


Hint. Find (p from the condit C' is 

a constant, and then solve the equations: dx = dszos<D 
and dy = ds sin <p. 


14.6. TayloHs Series for a Function of 

Two Variables 

The Taylor series for a function of two variables can 
be written in three forms: 




dz , d'^z 
II 



x=Xq + B Ax ’ 



2538. Construct the expansion of the function F{X’i-h, 
y-{-l) using the Taylor formula (I) if F(x, y) = x'^-Vxy-\-y^. 

2539. Expand the function F (x, y) = x^-\-2xy^ in powers 
of {x —1) and {y —2) [formula (II)]. 
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2540. Expand the function F (jc, = In (x—i/) in powers 
of X and (//+!) keeping the terms of the first and second 
orders and the remainder term [formula (II)]. 

2541. Expand the function F{x, ^) = sin (mjc+n^) in 

powers of x and y keeping the terms of the first, second, 
and third order and the remainder term (formula (II) at 
a = b — 0]. ^ ^ 

2542. Expand the function in powers of x and 

y (formula (II) at a — b = 0]. 

2543. Determine the increment Az of the function z =* 
= X*—(formula (III)l and compute it if x varies 
from 2 to 2.1 and y from 3 to 2.8. 

2544. Determine the increment Az of the function z = 
*=cos(ax— by) keeping the first two terms of formula (III) 
and the remainder term. 


2545. Expand the function F{x, y) — x^y in powers of 
(x —1) and (y+l) (formula (II)I. 

2546. Expand the function F (x, y) = arctan— in powers 

of (x—1) and y keeping the terms of the first and second 
orders. 

2547. Expand the function z = y^ in powers of (x—2) 
and {y —1) keeping the terms of the first and second 
orders, and compute 1.1* '. 

2548. Determine the increment Az for the function z «■ 
— x^y — y^ and compute it to the fourth decimal if x varies 
from 2 to 1.99 and y from 5 to 5.02. 


14.7. Fourier Series. Fourier Integral 

1°. Definition. A function f {x) is considered to satisfy 
DirichleVs conditions in an interval \a, b\ if, inside this 
interval, 

(1) it has a finite number of discontinuities, all of 
them being of the first kind; 

(2) it has a finite number of extrema; 

(3) for all points of (a, b) /(x}= ^ ^ 
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the Dirichlet conditions 

fhic Pt * t t defined for all points of 

this interval by the Fourier series-. 




= ^ + 2 kcos^ + 6„si 


where 


i 


a 


T J f(x) 

-I 


COS — dx; 


n 


\ 

T 


-/ 


1 A 1 

+ o„sm—^1, 

(1) 

f{x)s\n-^dx. 

(2) 


If /(x)«*/( x), i.e. if f{x) is an even function, then 

o„ = 0 and 


00 


f{x)^^ + '^a„cos^. 

nt=| * 


(3) 


/W Is an odd function, then 


a„=*0 and 


CD 


f{x)=^^b„sln^. 

n«l * 


(4) 


If a function f (x) defined by series (1) in a closed in¬ 
terval [—/, /] is continued according to a periodic law 

with period 2/ and it is required that / 

then this function will be determined by series (1) 
throughout its entire length. 

3°. If a function f (x) is absolutely integrable in the 
interval (- 


CX>, OO 


) ^i. e. if ^ \f (x)\dx converges^ and 

satisfies the Dirichlet conditions in any finite interval, 
then it can be represented by the Fourier integral: 

CO CD ^ 

f{x)= — ^d(x J f(t)cos(x(x —/) dt = ^ [a (a) cos ax ~\- 

0 -eo 0 

-\-b (a) sin ax] da, (5) 
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where 


+ 00 


a(a)=-i J /(OcosaM^ and 6(a)—^ ^(Osin(6) 


— 0» 


Construct a Fourier series for the following periodic 
functions with period 2jt. 

2549. / (;c) = 1 for 0 < x < n and f (— x) == — / (x). With 
the aid of the obtained series show that 

1_1 + 1_1+ =iL 

3^5 7 ^ • 4 • 

2550. f(x) = x for and f( — x) = f(x). With 

the aid of the obtained series show that 


+ ^ + i + 

* I ga “ ga • jT “ • • • 


n* 

T 


2551. /(x)*=x* for —n 
obtained series show that 


x^ji. With the aid of the 


( 1 ) 1 


* 


1 


n 


22 


(2) 


4» 

l+~+—+^+ 

^ I 2^ I oa \ 7Y \ 


4- = — 

• • • lO 


12 • 


71 


3a -r-p" 




2552. f(x) 




for —Ji < X < 0, 

-X for O^x^jt. 

Expand in a Fourier series the following periodic func¬ 
tions with period 21: 

2553. /(x)=l for 0<x</ and /(—x) = — f{x). 

2554. f{x)—\ —X for O^x^l, f{ —x) = f(x), /=1. 

f 0 for — / < x^ 0, 

2555. f{x) = < , ^ , 

^ ^ ^ • \ X for 0<x < /. 

2556. A function f (x) is represented graphically (Fig. 37) 
and continued according to (1) an even; (2) an odd periodic 
law with period 2/ = 4. Expand each of these functions 
in a Fourier series. 

2557. Heat propagation in a bar of length / is deter- 

mined by the equation ^ f where «(x. 0 is the 


dx^ 
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temperature, and the following conditions; 

(1) boundary: t/ = 0 for x = 0 and for x=/; 

f a: for a: < 4-, 

(2) initial: « = | /at i = Q. 

[ l — x for Ac> y 

function u(x, t) using the Fourier method. 
2558. Longitudinal oscillations of a bar of length / 
whose one end (at x = 0) is fixed and the other (at x=^l) 



Is free, are determined by the equation = where 

a* ot^ ox^ * 

u(x, t) is longitudinal displacement, and the following 
conditions: 

(1) boundary: w = 0 for x = 0; = 0 for x = l\ 

(2) initial; u = f(x), -^=0 for / = 0. 


on 


Determine the function u (x, t) using the Fourier method. 
2559. Transverse oscillations of a bar of length I resting 
supports at both ends are determined by the equation 

I d^u , d^u ^ 
a* dt^ ^ 


and the following conditions: 

(1) boundary: « = 0 and -|^ = 0 for a: = 0 and x = l\ 

(2) initial: u = f(x) and ^ = 0 for / = 0. 


Determine the function u(x, t) using the Fourier method. 




e-oii 
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In Problems 2560 to 2562 write the Fourier integral 
for the given functions: 

^ { 1 for 0 < < 1, 

2560. /(x) = | Q j and f(—x) = — f{x). 



2561. f{x)—e-^^ for x^O and /(— x) = f(x). 

2562. f{x) represented graphically on the closed interval 
[—2. 2] (Fig. 38) and equal to zero outside this interval. 


Expand the following functions in Fourier series: 

2563. / (x) = " foi" 0<x^jx; 

f{—x)=f (X), f{x-j-2n) = f (X). 

2564. /(x) = |sinx|; with the aid of the series obtained 
show that 773 + ^ + ^+ • ■ • ^ Y ' 

( X for 0<x<^ , 

2565. f{x) = l ^ and f { —x) = —/(x), 

y K —X for 

2566. /(x) = x for O^x^/; 

/(—x) = /(x), /(x + 2/) = /(x). 

( 1 for —I ^x^O, 

2567. ^W = { , o<x<l and ^(. + 2) = /W. 

2568. ^(x)=e^ for —/<x</ and /(x + 2/) = /(x). 
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solve the equation 

a/» ■“ dx^ satisfies the following conditions: 

I for ;c=0 « = 0, for ;»: = jig = 0; 

[ for f = 0 « = /W and -Ji = 0. 


2570. Write the Fourier integral for the function 



1 for —1 < X < 1, 
0 for I a: I > 1 . 



ANSWERS 


1. AB = 9, BC==—6, AC = 3. 9 — 6 = 3. 3. 5(2+ >^’5), 90®, 45°. 
5. 20. 6. 5 2. 7 . (5 5). (5. —3). 8. fl (0. 2) and 5(0, —4)- 

9. x = a± V^c*—6*; for c>|61 two points, at c=|6| one, for 

c<lb[none. 10. M (6. 0). 11. Centre (1, —I). 5. l2.prox^”—2, 

prorAfl = —4. |Afll = 2 V^. 13. B(5. 8), M“B| = 3 VT 14. B(4, —3). 
16 . _ 4 , 1, 3. 16. 18 17. (0, 2.9). 18. B(4,_0), Bj (—8, 0). 

19. Centre (2. —1). ;?=5. 21. X = 7, K= —I; 5 >^2. 22, M(l. 4). 

23. A1 (13, 16). 24. . 26. 26 cm from the centre of lOO-g 

frtj *7^ /n^ 

ball. 27. (1. 2.5). 29. OC = 5, OD = ?^+^. 30. (3, 3). 81.9 sq. units. 
33. 13 sq. units. 34. (1, 3) if the forces are in one direction, and 

(25, 27) If indifferent ones. 36. (1, —I). 36.-1-.37. x=-^ -^-; 


y yt + ya+yg . as. 39.Ci(3.0).C.(-7.0). 

W(5, 8), P(—4. 1). 42. x» +—6x —8i/= 0, A 


40, Af (2,—6), 
and O lie on 


the circle. 43. jt—y— 2 = 0. D and E lie on the line. 45. A:* + y- = 8. 
46. if=±x. 47. fi + y»-=l. 48. y = ^-x + 2. 49.i/=±2x. 5I.(1.0), 
(3,0), (0, 3). 63. 4/2 = 8 (x —2). 54. 2x —y+5 = 0. B and D lie on the 
line. 65. x2 + 4 /« = 4. 67. j/=-^+I. 58. V~{xTWTTyTW— 

— |^(jc— 2)2 + ((/ —2)2 = 4 or xy = 2\ at x=±-^,±I. ±2. ±4, 


y=‘±4,±2, ±1, ±-^; the curve can be plotted by these points. 
69. y = x + 3, y = —x + 3. 60. y = x}^3—3, */ = —xV^3 —3. 
62. i/ = —1.5x. 63. (1) = b = —2i (2) k = —~, & = 0; (3) * = 0, 
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6 = —3; (4) = —6 = 3. 65. k=U 6=1. !/^x+l. 66. (l)y + 

+ 1^ = *: (2) :i^^ 3 +-|-=l. 67. y = Qi 4x—3y = 0; y=4; 4x—3y-{- 

+ 12 = 0. 68. or —-^+y=l. 69. ptqxAB — S, proK'^5 = 6, 

MB 1 = 10. 70. A and C are on the straight line, B is above and D 
below the straight line. 71. The inequalities define: (I) all points lying 
above the straight line y^3x-\-\ (a half-plane); (2) all points situated 
below the straight line y = Zx-\-l; (3) all points located both above 
and on the straight line y = 4 — 2x; (4) the points lying below the 
straight line y^4 — 2x. 73. x —y=± a. 74. In i seconds the coordi¬ 
nates of the point M will be; x = a-{-mt, y^b + nt. Eliminating t, 

we get the equation of the path: . 75. (1) y = x yY—2; 

(2) y = —x ^3—2. 76. 6=1. 6 = 5. 77. jt+y—4 = 0; Jt—^+4 = 0; 


y = 3, y = Q. 78. 79. ±+|-= I and ^+^= 1. 

80. y=±2(x+3). 81. AB-\-4 ^TE, prox^B = 4, pToY^B = 8. 

82. (1) arctan — ; (2) 45'=’: (3) 45®; (4) 0®; (5) 90®; (6) arctan^^p. 
86. 5.tf + 2^ + 4 = 0; 5.c + 2^ = 25. 88. x~3y-{-2 = 0; 5x—y = ^; 
3x+i/=12. 89. 28®. 12®30^ and I39°30'. 90. y = 3x and y= — 

91. X —5i/+6 = 0; 5x-\-y = —4. 92. ^ = 2;c— 6 ; y = —2x+6. 93. (3, — 1), 

.45®, 7I®34'.63®26'. 94. 95. AE: 2x-5y^ 

=:=_4; AD: x—2y = —2; 96. = 18®26': S = 26®34': C=I35'. 

97. x-\-2y —11 = 0. 98. tan A=-^; tan B = tan C = 2: 5=16. 



, ~2j . 100. 2Ar+^ = —4; 2 a:— y = —4; 2 a:+j^ = 4. 

103. 2.8; 0; 1.4. 105. • 106. 6 = ±2. 107. Two straight lines 

parallel to the given one: 4x —3y±20 = 0. 108. 8jt— 15 if +6 = 0; 
8x—15f/=I30. 109. a:— ^ = 0 and A:+f/—4 = 0. 110. 3;^—y=l2 and 
x + 3y = 4. 111. Ar+^ = 2 or 4 a: + ^—8 = 0. 112. 3U+26i/=—21. 


99. (1, -1). 


113. Jt + 3^ = 2. 114. y 10. 


115. 3>t—4^+10 = 0;.t = 2. 


116.6= 



117. Straight lines: a;+^ = 0 and x — 3y = 3\ distances: di = 2 y~2, 
d 2 = 0.4|^10. 118. A pair of straight lines x+2^ = 0 and Ar+2i^= 10. 


119. A:+3i/ = 0 and 3;c+^ = 0. 120. lU+22i/ = 74. 121. (/ = —yand 
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y = —Y*- 122. x + 2(/ = 4. 


5a = 


2b^ 


123. s^ = 0: 2jc + 3f/ = —4; y = —4; 
2x-h3y = 0; j:+2i/ = —2; y = —x; tana = -^. 124. I8“26', 108°27'; 
3 • - g sq. units. 126. ^=36‘’52'; B=127°52'. 

127. 4(/'To+ »^): 20. 128. 2jic —^ + 6 = 0;.t—4i/ = 4;2x —3i/-(-2 = 0. 

129. y = x-\-2; x — 5y = 6; y = — x; 2y = x. 130. |/~r0- 131. The point 
moves along the side.s of a square bounded by the straight lines: 

J:-3</=±5, 3j: + !/=±5. 133. /z,=/.,=-^. 134.^1. j . 

(“T’"^)- <2,4). (—2,6). 

< ^ ft . - - I ft ^ I ft ^ ft ^ A . 


137. 


S/ —x^2; x-\-2y==4; 2x-hy = S, 138. 5(2, 1), C(—1, —5). 
139. 4 / = 2x-f-6, ^ D>15 a53°. 140. —6i/ = 0: A and O 

are on the circle, B is outside it. 141. x^-\-y^-\-4x—6y=^0. 143. (0 0) 
(—2.5, 2.5). 144. (jc—1)2+1)2=1 or (a: —5)*+(y—5)2^25! 

145. tana = —2.4, a=112°37'. 146. (,v+4)2+(i/+ 1)2 = 25. 147. jc 2 + 

4 

+ y2_8y = 0. 149. y — -^xan(iy = 0. 150. y^ = x (a^x). 151.(a~3)2+ 
+ //2 = 9. 152. x^-\-(^y~-~y = ^. 153. je2 + ^2^a2, 154. ;t2 +r/2 = a*. 

155.x2 + ^/2_6y-9 = 0. I56.(l)(3.-2)./? = 6:(2)(-A. l"j , /? = 4; 

(3) ^0, —y) . ^ = 157. a2 + |/2 + 4^^0: (0.0), (2.-2), (-2,-2). 

I5S. x-~\-y^-\-ax-^ay^0. 159. y = 0, 15a+8i/ = 0. 160. 90°. 161. A + y = 3. 
162. x^ + y--j-ax = 0. 163. {x~2)^y^ = \6. 164. x^ + y^:~2ax. 

165. a = 4;b = 2;c=2jA3]e = -0. 166.(1)^+^=!; (2) 

167. 1.4; 3; 4; 4.8; 5; e = 0.96; 0.8; 0.6; 0.28; 0. 168. a = 150,000.000 kmj 


®“60' 


15 - 1-4 e — 


= 4- V^; 


170. 


^ <2 

A^ll; /-j^S. 


173 


■ (!■ 


182 


28 

2 .141). .74 

4 

) tt2 ^2 fj2 

-L^ 

34^ 9 

4 


171. 




■ (-¥• 


x‘^ ifi /yS 

176. A—1-^=1. 178.-1.+^=1 

-r^2 

X* 1/2 A® t/2 

or-g-|-|-=l. 180.^+^=l;e = 


4 ■ .7.. 

2 


ri = 4+ 

172. V^OT. 


—+ -^-1 
36^ 4 “ • 


or 


£2 

62 


+^== 1 . , 79 . 


(/' 


= 1, 


9 ' 5 

,/' = 3,r,=9. 181. 


■( 


. and (0,-1). 183. (—5, 7). 184. (± ^ 15. ±l). 
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I85.4:« + V=16. 186. f+^=l. 187. 8-=^. 53»08'. 188. /■-!, 


ri 


= 9. 189. (2) 190.g-^=,,2/3.nd 


6 Ifil. ^ —^=1. 192. a:2—= |93. (O, ± a 90*. 

194. y-f-2= ± j;. 195. 6; 2 arctan . 196. 5 > a. 


197. (1) e = 2: (2) e = seca. 198. y^—3, y <—|jf|. 199. 

200. (for ;e>0). 201. x^—y^ = a^ 202. = 

206. i/= ± -i(;c-j-5). 206. (—9.6, ±3/6 /TTO). 207. (± ± 

208. (-4, 3) and (- 1 . - 1 ) . 209. 210. ^-^-1 

(forj:>0). 211. i^ = 3—212, y^ = 6{x + 2). 214. (!) i/’* = 9;p[ 

(2) = 21S. 216. (^x—^y + y^=.p^-, (|-.±/’)- 

217. y = ~^^. 218. (3, ±3 K''2). 219. 40 cm. 221. y^ = px. 


222. va«=4ajf and y = 0, 224. y* = 8(2—x). 225. y=x-^: 0,(2, I). 

226. (1) (/2 = —4;t; (2) y=^x^. 227. y2=,_3;^. 228. (0, 0), (6. ±2 ^Ts). 
229. x=^0; x^y-i-2 = 0. 230. y = _ 1 ); 231. r = 7.4[ 

d = 9.25. 232. Directrices x= ± 3.2; e=1.25: r=I0.25: d = 8.2. 

233. 234. x^ — y^=\2. 235. Conjugate diameter y =—|-; 

ai = bi=}^l0. 236. Conjugate diameter 4^-f-jc = 0; 31*. 237. The 
equation of the diameter y~-^x; its length \^2{a^-\-b'^). 238. y=l.5x. 

239. y=2. 240. 8jc —9y+25=0. 241. y=2x-\-3. 243. (\) x±2 y^3y^8; 
(2) 2x ± y=i; (3) .y± 2y= —2. 245. x—*/= ± 5. 246. y= ± 2x + 6. 

247. x + y= + 249. y = 2x ± 4 >^2. 250. Equation of the 

normal MN: a^y^x — b'^XQy=^c^XQyQ. Putting y = 0, find the abscissa of 
the point N of intersection of MN and OX: Xi = 82xo. Then 
FN = x — e®Xo = cr, /^iA^ = c‘-i-g2xo = eri, i.e. the normal MN divides 
FFx in the ratio rirj, and therefore is a bisector. 252. The normal to 
the parabola y^ = 2px has the equation yoX-hpy = yo(p-\-Xo)- Putting 

y~0, we find J:i = /)+Xo. FM^Xi — -^ — '^-\-Xfi = FM^i.e. ^FMN— 
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« ^FNM. 

^■= —the 


253. i± 3.2, ± 2.4). 

angle 69°02'. 255 

259. JC + yH-2*»0. 


254. The diameters y=x and 
^ 256. 4je—y = 6. 




260. (1) Oi(l. 2). 


257. arctan3«:?71®3r. 

(2) tan<p=-|-. 261. (B) X3H-4y'» = 16: (6) Y^^4Xi (7) X“ —4>'a = 4; 

{8) 262. (l)XaH-4K» = I6: (2) X* —4Ka=16. 263. X^ —^2=8. 

264. (1) XK-=6: (2) XK = —6; (3) XK = 4: (4) XK=—6. 268. Equ¬ 
ation of the ^et: ^=I6(y— x^); at x = 0.75 m ^ = 3 m. 

269. i/ = 6^I—270. xa+i/a-(-4jc = 0. 271. (I) 45°; (2) arctan 2. 

272. ^«xtan<p— 


gx 


20 * cos 9 


275. (1) Ellipse; (2) hyperbola. 276. (1) 


273. = 24xSx^ (hyperbola). 

X* . K‘ 

T* 


1. 0i(3. -1); 


(2) X* —^>-=9; (3) y'a=»2X; (4) Xa = 4K. 277. X^-f 2ya«4. (1, 1) 

and (—1. —1). 278. (x+1)* + ^* = 4. 279. (x—3)^-{~{y—S)^ = 2. 

i V 9\2 tA 

280. x-\~3y = 0. 281. y* = 4(^ + 4). 


284. x*-^y^ — ax^by = 0. 
altitude 0D»= 


285. 


a‘ 


a V'S 


283. I. 


16 


286. The base i4i3 = 2a. 


■=•. area 


.— , -w- -/-s'- 287. Take for the origin point 0 

y 5 V 5 

which divides AB in the ratio i40:OB = m, and the straight line OB 
for the axis OX; let OB = a, then the coordinates of the points A and 
B will be: A{ — ma, 0), B {a, 0). The equation of the required line 

{m —1) jea-{-(m—1) y‘^=^2max\ for m # I a circle: x*-!-//* = 

for m=sl a straight line: x = 0. 288. Take O for the origin, and OB 

for the axis OX. The equation of the required line: (a — b) (x^-\-y^)=2abx; 

for o 6 a circle: y^ = x; for a = b a straight line: jc = 0. 

289. 2 = a* I); an ellipse for k ^ \, a circle 

for * = 1. 290. 


x*+I0x 


25 


-^ = 0. 291, 30* 292. arctan36°52'. 

293. (± a. ± a). 294. AiyTe- o); B^2. -2). C (-2 /"2. V^); the 
area of A ABC= V 6. 296. 2 2; y=^x — 2, 

24-299. ax — by + a^-^b^ = 0; 


297. 2 

d = -^l^L= 

V a* 4- 


298 


300. Subtracting the equations termwise, we get 


4iy — x)^{y-\-x)(y—xy, hence (1) y^x; i2)x-\-y^4\ consequently, 
the points of intersection of the parabolas lie either on the straight 
line y = x, or on x-\~y^4; we find: Xi = 2; Xi=—6; the chord length 
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8 301. 30. 302. x^-}-y^ = aix-i-y). 303. ^ 


an 


304. xy = 4. 305. 

8 ^ 


ellipse with the centre (2, 0). 

306. X»_K-4; 0,(2, -3). 307. , hyperbola 

with the centre (2.6, 0). 308. Let M (x. y) be a point of the ellipse. 

+ = 0 , y ^ - a)^ + (y-a)‘ + 

y(x+a)^ + (y + a)^ = 4a; 3x‘-2xy+3y^ = 8a^; on rotating the 

axes through 45»: X‘ + 2y^^4a^. 309. cos (p=-^=—. 
j V 1 +tan^ 

new equation A" —K» = 4. 310. 3x* + 8xji—3g*^20; 

by rotating the axes through the angle ip = arctan-i It Is reduced to 

t^he form A“-K> = 4 (see 309). 311. y‘ = 2px+(e‘-II x‘. 313. (I) a 

1 <?) « P“‘nt (0, 0): (3) an Imaginary 

circle, (4) a point (3, 4); (5) a pair of straight lines Te-»0, u=— x; 

(6) a pair of straight lines y~±4; (7) a pair of straight lines y^x 
and “0. (2) (2. 1). X» —K* = 9; 


(3) 2X» + 6A:K-f-2K2=»8. 

vs yt 

316. (i)il-+-^=,: 


Yi y2 

3 * 5 . ( 1 ) + 


24 

va 


va yt 

*; ( 2 ) 


1. 


( 2 ) — _ 

' ^ 8 4 


4 *’'''46 

1. 317. (I) Y^^2VlXi 


(2) a pair of straight lines x — 2y = 3±\. 318. (1) 3tf=2x—7±fjr-2); 
(2) a point (2, —1); (3) 4y=:^2x—3±L 319. 4X2—centre 
(2, 0): tan(p=—1/2. 320. 5(;c—1)2-|_(^_2)2 = 9. 321. Rotating the 

axes through —45*^ we get; K = —^-J-The equation 

oV"2^2y"2 ^ 

V x-i- y y=v a defines an arc a4S of this parabola (Fig. 91), on 
which x^a and y^a. 322. (x — ni)^~\-(y —n)2 —(a; cos a+^sin 

A-yC^2 —e^; 6«=I—£2. 323. (j) a pair of straight lines 
X ± 2y~0; (2) a point (— 2, 2); (3) a pair of straight lines y^x, 

x + Qy = 0. 324. (l)_+_=i; (2)~-^=\. 325. (I) r2=4/2Xi 

(2) straight lines; x-yy=2± 1. 326. (I) y=x--2± U 

(2) 3i/=:x—5 ± 2(A:-f 1). 327. (1) 7x^-^2xy-i-7y^^48x—48y-\-l44^0; 

(2) A;2_j_4^^_|_j,2_|_6jj._|_6 ^_lg^Q 328^ {x~y)^ — 2 a (x~Yy) + o^’=0i 

K-=o |/TX. 329. a: 2 —4Arf/—i/2—4A:-f-84r—12 = 0; X*—K* = 3.2 /I. 


335. (!)/■ = 


a 


cos cp 


(2) r = 


a sin a 
sin 0 ) 


336. r = 


<P 


a sin (p —g) 
sin(|5—<p) ■ 
135", 315^; at 


337. r = 2ocos(p. 338. (1) rn,ax=z=5 at 

q. = 45^ 225^^; r=3 at (p = 0® 90^ 180°. 270°; (2)’r™,. =3 at” ©=0°, 
120°. 240°; r^in^l at (p = 60°, 180°, 360°; (3) rmax = 2 at (p = 90°, 
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210°. 330°; r„,|„ = 0 at 9«30°. 150°. 270°. 339. (1) at 9=30°, 

150 . 270°; r = 0 at 9 = 0°, 60°, 120°, 180°, 240*^ 300^; (2) r = a at 
9 = 45°, 225°; r- —a at 9=135°, 315°; r^O at 9 = 0°. 90°, 180°, 


270° (see Fig. 87 on p. 386). 

P 


340, (1) r* 


a 


; (2) r = a; 


(3) , 

341. (I) x«^a; (2) -j-= 2au; 


cos 29 

(4) tan 9 = 1 ; (5) a cos 9 ; ( 6 ) r® s= cos 29 . 

(3) xi/=ta^; (4) jc + // = 2a; 

— 

y 


v2 ■ ,.2 


<5) {x^^-y'^—ax)'^ = d?- {x^^y-^Y 342. (1) -^- 4 -^= 1 ; (2) 1 ; 


(3) y^ = 6x. 343. r 


a 


sin 9 


±b. 


or 


344. r = OB ± ^ 

cos 9 

in Cartesian coordinates . 345. FM2=r24-aa_2ra cos 9 : 


FiM^ « r® 4 - 4 - 2 /’a cos 


2 a--AT 

»s 9 ; FM^-FiM^=*(r^-{-a^)^ — 4r-a2 cos® q)= 6 ^; 

hence r*~2a^r‘^ cos 2{f>=b* — a*. 346. r = a (l-j-cos 9 ); (x^-\-y‘^—ax)^= 

=a® (.jc2-|-|/2). 347. Let C be the centre of the fixed circle, Cj the 
centre of the displaced circle, and M ( 9 , r) a moving point. Since 

^ OCCi= ^/WCiC = 9 and CO = CiiW=ya, then OAf || CCj. Projec¬ 
ting the polygonal line COMC, on CCj, we get; ~ cos 9 +/' 4 -|- cos 9 = a. 

'•max = 5 at 9 = 0 °. 180°: '•min = l at 
V^A '''Tiax = 4 at 9 = 90° 210°, 330°; r„i„ = 2 at 9 = 30° 
150 . 270°; (3) r = a at 9 = 0 °, 180°; /■= —a at 9 = 90°, 270°; r = 0 at 

9 = 45°, 135°, 225°. 315°. 350. r =- afr sin (p —a) 

a sin (9 —a)-f- b sin (P — 9 ) * 

351. (I) (2) ~~y^=i; ( 3 ) 352. r2 = 2c®cos29; 

(X®+ 1 / 2)2 = 2c® — In Fig. 84: c V^^a. 353. r =6 + 00039 . 

354. From ^OAM: r = OM = 0/1 cos 9 . but from ^OAB: 
0/1= 2a sin 9 ; hence r^a sin 2<f>. 358. Let point A be on the axis 

OX. point B on OY, and ^ OAB = t. Then x^BM cos t = BC cos® t = 
= acos®/, f/=/IM sin f =/IC sin®f = a sin*f; thus, x = acos*/, 

2 2 2 


y=^a sin®/; hence +y^ =a ® . 360. y^~ 


px 


. 381. (3y®4-A;®)2= 


P + x 

= 4x® (a®—y®). 362. In polar coordinates: r = OM^AB^BD sin 9 =ax 

x3 

Xtan 9 -sin 9 ; in Cartesian coordinates: = 89). 365. Denoting 

the angle between OA and OX by/, we find x = 2acot/, i/ = 2asin®/. 
Eliminating, / we get y= ^ 


368 i = (cos /+ /sin/), 
\ y = a{sin t — / cos /). 


x®-{-4a® ' 


3 fi 7 ^ ^ sin/), 

\y~a{l — cos/). 


369. y = A;cot —. 

a 
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870. 


( je= cos f—r cos , 

y = (^H-r) sin i~~r sin where i \s the rotation angle 


of the centre line. 

374 . X = 

375 . K 8 + 2 Y^. 


871. 


— r) cos f-f/■ cos^— ~t, 


y ^' Eyi ^- 2 ; 

379. (I) 


— r) sin t~~r sin — — ~t. 


a-^b 


OAf- VTr, 

( 2 ) a^ 2 c~b. 


380. c«=y (a—ft). 881. m+;7=.n: Ofl«3{fff + «): fic=*3(rt—m); 

£0*3(m— /I): Oi) = 3{2/i— m); 5]4=6(«—it). 382. I?=2(/t—m); 

OyW=:2rt + m: OA/ = 3m + /t; Al^ = 2/w—it. 383. 6 /I. 384. X = 
■= Xi-hXa-I-Xa^—3; 5^ = 2^^ = ®: OAf= ^^36 = 3 

886. (1) a = 3(r —ft): (2) c = 2b^a V~S. 386. OM^r = Sy~^i 

cosa = 0.5 2, cos P = —0.3 cosy = 0.4 V~2. 387. r«.7, 

cosa=-y. 388. P « 52® or 128°. 389. Af (3 ^^2, 3, —3), 

390. « = 2/—6/4-3*. u = 7. ^9\.'dc = i—2J^k. 
0C=3=K6, AB = fc—4J~i', AB^Zy^. 392. The end-point 

^ ^1 (4,—2, —7), cosa = -^; cosp = —cos y = 

6 Q 

*= i ♦ 393. a = 2ft — 0.8c. 394. u = 3 y~ 5, cosa =-;r=r . 

3/^5 

395. cosa = cos P = cos y = p=^ . 396. 45° or 135°. 397. D(4. 0, 6). 

r 3 


398 . c= 2 ft — 2 a. 399 . 135 °. 400 . a = C = 45 °. 401 . cos<p =_^ = 

^ V^IO 

= 0 . 316 ; (p = 71 ° 35 '. 402 . cos q? =-^ = 0 . 894 ; cp 26 ° 37 '. 403 . 60 °. 

r 5 

404 . arccos 0 . 8 . 405 . 90 °. 406 . pr^a=i-^. 407 . 2 . 408 . ( 1 ) 2 4 - 

+ y (^) 40 * 409 . (a 4 -ft)^ = o^ + 62 4 - 2 aft cos (p (law of cosines); 

(a-\-b) 4 * (O' ft)^ = 2 a 22^2 (property of diagonals of a parallelo¬ 
gram). 410 . 7 . 411 . 7 ? = K(a 4 -ft 4 -<: 4 -rf)=^= 100 K 4 + 2 ~/T ^253 N. 
412 . )/'7 and > 03 . 413 . cos (^) = ■ ^ ^ ; 

K{2jn-«)2.1 2 in 
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cos (a, /i)=»= — 


414. . 415. OM = 2{i-\-J-\-2ky, ON = 

: cos 0 = — . 416. cos q)= ^ . 417. cos q) = 0.26 10; 

6 ^ VT 


(ps;34°42'. 418. D(—1, I. 1); (p=120®. 419. = 

= —6. 420. OM= V"(2n + m)2= O/V = V^(3 ot+^= l/'TS; 

costp = — ^ = ^^_ = —^ a? 0.891; q) = 27^ 421. 120^ 423. 80 J. 

OM^ON 2/^91 19.08 


cos<p = 


OM-OA/ 


OM ON 
4 V 2 


19.08 


JK 0.891; 9 = 27^. 421. 120^ 423. 80 J. 


cos 6 = ^ 15 ^ ® 425. cos<p =-426. axb equals: 

(1) — 6j; (2) — 2fc; (3) 6/—4^+6*. The area equals: (1) 6; (2) 2; 

(3)2^22. 427. 24.5. 428. sq. units. 

429. (1) 2(fc —/); (2) 2axc\ (3) axc’, (4) 3. 480. The area of a paral¬ 
lelogram constructed on the diagonals of a given parallelogram is 

twice the area of the given parallelogram. 431. 50)^. 432. 1.5 V^2T 
433. 3 VTr. = units. 434. S.=7 VB sq. units. BD =. 


2 V2\ 


. 435. |a + 6| = |o —*1= y 5, S= K'e sq. units. 437. 1.5. 


438. V«5l, left-handed. 439. V^=14 cu. units, H 


441. C‘=5a-\-b. 443. 


2 V ~~2 


7 

3 


444. V=14 cu. units, //a=}/^ 14 . 


445. c = a-f26. 446. V' = | (a+ «>)• c)x(a +c)l) = 2 | afrc |. 

447. (mX/i) /»«=|mxnl I cosa = sinacosa = -i sin2a. 449. 52. 

2 3 6 

451. cosa = y, C03p = y, cosy^y- 462. x-y4y~2z=i2. 
453. x-\-y = 2a. 464. x—y-\- z = (x. 455. 2// —3z + 7 = 0. 456. 3y-f-2z = 0. 
457. 2x-yy^0. 458. ~-\-±=\. 459. x-\-y~j-z = 4. 460. 

+ y=l. 462. cosa = -|-: cosp = —cosv = -i; a = 48°ll', 

p== 13^49', y = 70"32', 463. x~-2y~3z-\~\4 = 0. 464. 3jc— 4z^0. 

466. x-\-y = 4. 466. y+.|-+-|-= 1 . 467. (1) 45°; (2) 78°30'. 

468. x—2y~3z = 4. 469. 2x-j-3y-\-4z^3. 470. 2x~j-y-yz==a 
471. 2x^2y-^z^2. 472. 2Ar —i^ + z = 5. 473. 3Ar-^=*0 and x%3y==0. 

474 3. 475. 6. 476. 2 0- 477. (1) x—2y-f 22= 11 and x~2y-h 

+ (2) x-\-y—2z = 0 and x-\-y-{-z = 0. 478. (1) x~8y-\-9z = 

— 21; (2) x — y-y2z = 0 and x-~y~~z = 0. 479. (1. —I, 2). 

480. 3j:— 4y + 2 = ll. 481. 2^—52+10 = 0 482. The equation of the 
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plane: the angle between this plane and the plane 

z = 0: cos(p = i^* 0.8165; (p = 35‘>15'. 483. 484 

.o= 2abc ^ ^ ^ 

" • 2;c+2^/-j-z = 20 and 2,t2^-f-z-f 4 = 0. 


487. 7;t+14j, + 24 = 0. 488. (I) (6, 4, 0) and (7. 0. 2); (2) (0, -4 0) 
and (2, 0, 2). 489. a:-— a + 3, j, = _z-(. 5 ; -^-3 y-5 


2 

490. = = 49,, p|0_ o_ ,J ^32. (I)p = ;; (2) /> = /+*; 


4 Q?? ^2 — 3 

4 yj. __-- cosa = 0.3)/2; cos p 


(3) P=j-\-k. 

n;e° «U|'M^tvirbe: "7^4 + ft\ 

2 = 1 + ^ - 2 -=^ 3 -=^^. 496. (I) x = ~2 + /, y=\-2t, 

2 = —1+3^ [2) x=\-{-i, 2 — 2 -{~i. 497. ( 1 ) — 


2 — C 
“ 1 “ 


which means 


I 


498. cos cp = - __ ■. 

Vs 


499. 


. / 

■ I y=b- 

11 


( 2 ) 


and 


0 0 
x^a y^b 


cos<p = —. 501 
26 


m n 

The direction vector 

ji: + 4 


/>_A'xA^i —/ + 3y+5A!. The equations of the straight line ^ 

= = 502. 3.v-L2i/ = 0: 2 = 4. 503. 0.3 /M. 604. ±_0, 

505.^ (4, 2,^0). (3, 0, 2), (0, —6, 8). 506. j: = 6—32, y^ —22-f-4; 

the traces: (6. 4, 0), (0, 0, 2). 507. j1=I^=-L. 

508. P{0, 1, 0}. 509. />{!, I, 2}; a = p = arccos-1= . 610. y = —Z\ 

V 6 

2-^ Reduce the equations to the canonical form: 

X y-\-7 2—5 , X V—4 z 90 

] — 2 ” 2 y ——^ = -g : cos(p = ^« 0.952;q)=17°48'. 

512. Representing the equations of the given straight line in the form 
x-~2 y 

2 — 2 *“ 3—' the equation of the required straight 

“^+1 y —2 2 + 2 _ * 

— =—=-^- 613. .4(0. +1. 0). AM{3,~1.4}, 

P{l, 2, 2}, d= ^^17. 514. sin6 = -j-^^. 515. For both straight lines 

/Im + Sn + Cp = 2-2 + ] (—1) + (—1)-3 = 0, but the point of the first 
one (—I, —1, 3) does not lie in the plane, while the point of the 


line; 
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second one (—I, —1, —3) does. 516. ^the equations of 

the straight line may be rewritten as j .=-y-^ . 517. x — 

— 2^4-2 + 5 = 0. 518. 8 jc —5y + z—II =0. 519. x-^2y — 2z^\. 
520. = 17033'. 521. (5, 5. —2). 622. (6. 4, 5). 523. (5. 5. 5). 


524. (3. 3, 3). 525. d = 

x~-2 w- 


AA,PP. 1 


526. 


x-j-2y — 5z = 0. 


527. 


—9 

530. (6. 2. 0). 531. (3, 

534 . '+' 


g-i = -j^. 528. (1,1,2); 70“. 


PxPii /a * 

629, (—1, 2, 2). 30". 

I, 1). 532. x-~y — z = 0. 633. (—1. 3. 1). 

g- ^ - 535. The points on the straight lines 

0(0, 0, 0) and A (2. 2, 0); their direction vertors: {0, 0, 1} and 

P, {2, - 1 , 2J, d = = 536. (I) C(1.5, -2.5, 2), P = 

_ I ^ X Pi I r 5 

= 2.5 1^2; (2)C(0, 0, a), R = a. 537. (at— l)s + (i/4-l)> + (z— 1)2= I. 
538. + 539. x^-{-y^-{-z'^ — a(x-^y-\~z) = 0. 541. y-^ 

= 2ax~~x'^. 542. x'^-\-y'*‘=^2ax, x'^-\-z:^^2ax, y"^ z"^ =■ . 544. (1,7.2). 

/? = 4. 545. (3K —2Z)2=12(3X —Z). 546. (1) y = ^\ = 0^-02 (para¬ 

bola); (2) x = 0; y~ = a^ — az (parabola); (3) 2 = /i; x-\-y=± y a (a—h) 
(a straight line parallel to x-{-y = a (see Fig. 63 on p. 372)). 
547. Cylindrical surface 2x^-{-(y — 2-\-2)- = 8, the shape of the shadow 
x^_^(y + 2)2 

4 


-{-'■^-5-^=1 is an ellipse. 548. 2.ic — y-f 32 — 7 = 0. 549. (i^ + 4 )i-|_ 

(x~2)^ , (f/ + 4)2 


8 


+ ?- = 4. 550. 


36 


18 


= 1. 553. {x — z)'^ + (y — z)2 = 4(a;— 2). 


554. x = 4. z±y=^2. 555. + 556. h^x^ = 2p2lhiy-{^a)-^az]. 

657. (0, a, 0), the directrix is a circle z = o, x^-\-{y — a)^=:a^. 558. The 
vertex (0, 0, 0), the directrix is a parabola z = h; x^ = 2hy. 559. For 

2 = 0 x ==t:Q; for y = h x^ + y^ = a^; for x=±c straight lines 

y 

2=± -^- y, i.e. the surface is generated by a moving straight 

line parallel to the plane KOZ and intersecting the circle .4SC (see 
Fig. 69 on p. 374) and the axis OX. 560. (a) z^x'^-\-y^; (b) W^^z-=x\ 

661. (1) 2 = + (2) z = . 562. 9 (x2+22)= 

663. x2 + z» = z(4^+a). 564. (a) x^-{-z^ = y^; (b) z^ = x^-\~y-^. 565. Rota¬ 
ting the axes OX and OY about the axis OZ through 45®, we obtain 
the equations of the surface and the plane in the form 2Z'^ = X^ — V'^, 

X = a /'2. Hence the section: X = a )/2. = i an ellipse with 


816 


Answers 


the semi-ax*s a )/"ir and n. 566. gg?. (a) 3.84n; 

/u\ 45 x^-4~u^ 

(b) — Ji. 668. (a) —5-^=1 (hyperboloid of one sheet)i 

/u\ 

^-12 —(hyperboloid of two sheets). 


670. 


X z I 

4 6 3 




4 T 


and 


— 4-— .=3l—Ji 
4^6 2 * 

4 T *“^T- 


671. x = -f [(c-a)cos< + (c+z)cos(/ + a)]. ^=..i ((c-a) sin < + 

+ (c+a)sina + a)]; hence; (1—cos a) = 1+ co8 ai at 

“ = 90° at a=I20» at 


a=180° (cone). 572. x^+y^^az. 574.} 

{ x-\-u^2z x^ u^-\~z^ \ ^ y 

x—y = 2.' -^2 —= 1- 576. .)c2 + 4 ^a——_2aa (hyperbo- 


2 I 2 

loid of two sheets). 577. jr =-. 578. 9x= ± ISz. 579. 4y= ±3z. 

680. (1) A sphere with the centre (0, 0, a) and radius R=^a\ (2) para¬ 
boloid of revolution about OZ; (3) cylinder; (4) hyperbolic paraboloid; 
(o) cone; (6) parabolic cylinder; (7) cone; (8) paraboloid of revolution; 

(9) cone; (10) cylinder. 581. i ^-hy = 2-(~z, I x-j-y — S (z-‘2), 

( x—y^2~z-, \ 3(y-^x)=^z-\-2. 

682. x^~\-y^ = 2az. 583. z = o—584. 2y=±32. 

EDr / 3ji;-j-4y = 24, / z = 0, 

685. < ^ . . * .«>«« 9fi RAl _.‘ifi AAfi 7 RfiO On 


584. 2y=±32. 


f 3x-\-4y = 24, I z = 0, 

• t 3x- 4= 12a; \ 3x = iy. -38. 688. 7. 


689. 2a. 


690. 1. 591. sin (a + P) sin(a—p). 592. —10. 593. 4a. 694. —26*. 
695. —2x. 596. —4a3. 597. 144. 598. 72. 699. (x^y) (u—z) (x—z). 




X 

y 

1 


X 

y i 




y = x-i-2. 

604. (1) 


yi 

I = 

0; (2) 

2 

3 1 

= 0. 

606. 

10. 



Xj 

y2 

1 

- 

-1 

6 1 




606. amn. 607. 

a(x 

-2] 

i(y- 

2) (y~x) 

» 

608. 

4 sin 

a sin* 

a 

T' 

610. (1) 

Xi = 2, .^2 = 

= 3; 

(2) 


0, Jfg — . 

-2. 

611. 

x=5; 

; fi'=- 

-4. 

612. 


613. 

X 

= 0; 

y^2. 

614. 

x = 

m; y 

= 2m- 

-n. 


619. x=y = 2 **0. 620. Incompatible. 621. Indeterminate: 
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. 622. Incompatible. 624. 2; —1; —3. 625. I; —I; 2. 626. 2k; 

k; —4^. 627. xssysss 2 = 0. 628. — k; 13^; 5^. 629. Indeterminate: 

z=\8 — 7x. 630. (I) 12 + 5t: (2) (3)6—12*; 

(4) -2 + 2i; (5) i; (6) 1 + i. 634. (I) 2 (cos +,'sin ; 

(2) 2cos-y (sln.|- + isin y) . 640. (1) 32.-; (2) 64; (3) 4(1—i): 
(4) 2(3 + 2 y"2)*: (6) 8i. 641. sin 3a»3 sin a cos^ a—cos® a. 

bjT bjT 

cos 3a = cos® a—3 sin® a cos a. 642. cos “ 3 “ + * ^in ; ft “0, 1, .... 6. 

643. (,) = 14 ^; (2) (3) ±1. 

644. (1) ±^; 

(2) ^/2(cos(p+*sin9); (p=-454 165% 285"; (3) ±2(|^3+*), 

±2(—I+*VT). 645. (1) —2. \±iV'3i (2) ± I ± 1 . 

646. (1) In2 + m; (2)-iln2 + ^; (3) (4) In /'xa + j^a + Iarctan 


M) 


2 * 2 
1 + /; — 1.36 + 0 . 365 ^; 0 . 365 — 1 . 36 ^ 

fi 


(6)|.|n2-^i. 


647. 


nx . n+1 
sin ysin — 2 ~x 


sin 


646. 


nx n +1 
sm y cos X 


sin -j 


650. (I) 


7 —24i 
25 

ni 


7li 


2pi 


; (2) 2b(3a‘ — b^)i. 651. (t) 4 ^ ; (2) 2e ^ : 


_ _«/ 3yc/ 

(3) yje ** . 652. (1) 5 (cos 0 + 1 sin 0); (2) e (3) 2e~ ^ . 

654. Points inside a circle with centre C (Zq) and r*s5. 655, (I) 8i; 

(2) 512(1—1 V^3); (3) —27. 657. (I) + ^ 


1^2 


(2) cos 9 + 1 sin (p, 


where 9 = 0*^. 72®. 114®, 216®, 288®. 668. (1) 2. —1 i i l/"3; (2) ± 2i, 
±\^3±r. (3) ±3, ±3i. 659. |i^. 660. (1)-I, 2. 3; (2)5, 

-1 ± i V5 


. 661. (1) ;ti = 3. 

II 

^^2; (3) x, = -2. 

11 

H 

49 

= ^ >0, ii, = 2. 

Ol = 1, 

•1 = 4. Z2 = Z8 = —2. 

663. (1) 


3 


1 

2 


*9. S — 


— 3 ± 1 1^3 . 


z«, 3 = 4 cos (20^ ± 120®). 
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665 . 



f(a) 


— 10 


1.87 —3.2 



Aa 



0.71 —0.13 


0.14 —O.OI 


1.85 < a; < 1.86. 

666 . 2.15; 0.524; -2.66. 667. (1) 1.305! (2) 4 and 0,310; (3) -0.682/; 
(^) .*;i = 1.494, = — 0.798 (x^ is found by the formula x^ ^2x-l~2t 

and by the formula . 668. (1) —8, —1 ± / VT; 

(2) -1, 2. 2. 689. (1) A = i^>0. «, = 3, u,=-2, a, = l. 

— I ± 5/ 

^ -2-’ A = —4<0. (p = 45^ z,=:2 /■2cosI5o== 

= 1+ /I. Z2 = —2, Zg==l—y~3; (3) A = 0, z, = —2. ■ z, ,= I; 
(4) putting a; = z — 2, we get z3^3z + 2 = 0; A = 0; 2 i = — 2, z.r^Zs^l; 
x,r^~4, Ar 2 = jr 5 = —I. 670. 1.76 and —2.15. 671. (I) 1.17; (2) 3.07. 
672. 1.67. 675. O^x < 1. 681. Xi = 0, X2 = 4. 683. (1) jti—2; 

(2) 3<^Ar^3; (3)0 <a;^ 4. 684.(1)—4^Ar^0;(2)—l^;>r^3. 

(2) ^^4. 686.(I)2*Ji^;t^(2ft+i)n; (2)-4<x< + 4. 

687. (1) /(0)=l, /(I) = l. /(_i)==3^ /(2) = 3, /(aVl) = a®+a+I. 

688. (I) d + a; (2) 2aA. 689. p-p±£^. 690. 7^(4. 3)x=19. F (3. 4)=- 
25. 691. (1) even: (2) odd; (3) even; (4) odd; (5) odd; (6) neither 

odd. nor even. 692. ^ > rf . 693. loa.x. 694. a* 




696. 2 <Ar^3. 700. (I) | at | ^ 2; (2) —l^x^S; (3) 

(4) I AT I ^2. 701. (2) 6x^-\-2h^; (3)4(2—a). 702. Variation 

©1 the variable a = ^—ij” is shown graphically In Fig. 39. 

3 3 

|a I < O.OOl, as soon as n > O'" 1 ct I < e. as soon 

log"— 

* = -g; l-i; |; ll..._l. |jr-I|<0.01. 





I 
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1 B 

83 soon as /i^50; \x —1 j < e, as soon as n > . 704. ^ = 4; 

8.1: 3.01; ►S + O; x = 2\ 2.9; 2.99; ...-—►3—0. 705. ;c = 6: 5.1; 
5.01; ...—►5-f-O; x = A\ 4.9; 4.99; ...—►S—0; 
jt=—I; —1.9; —1.99; —1.999; ... — — 2 + 0; 

Je = —3; —2.1; —2.01; —2.001; ...—^ — 2—0. 


oh i 




707. 6 = y. 708.6 = 0 . 01 . 712. For I x | > 2500.5. 713. For I jt | >7.036 

715, lim X in (1) is equal to 1. in (2)to—1. In (4) to 0, in (5; to2 
in (6) to 0, in (3) does not exist. 

716. 


X [3; 2.1; 2.01; ... —>24 
—= 3; 30; 300; ... —»- + oo 


2 + 0 . 


X—2 


X ( 1; 1.9; 1.99; ... —^ 2 — 0 

T~ • 

_ _ 3 ; _30; —300; —_oo 


X —2 


lim —_L 00 

x-^2+ox_2 ^ 


lim -— 00. 

x-*.2-ox—2 


717. 


X I 1; 0.1; 0.01; ... _ 

J_ - 

2^ 2; 210; 2100; _ 

X I—I —O.I; —O.OI; . 

± J__ 1 i 

2 X 2 * 210; 2*00 J 


+ 0 


+ 00 


—0 


lim 2 * = 00. 

X -*. + 0 


lim 2 ^= 0 . 

X -+-0 


718. (1) lim -£. = 0; (2) lim — = + 

» X x~*+0 X 


00: 



Urn - 1 = — 00 
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log^r—— oo; 


(3) lim 3*-=oo; (4) Um 3*=i0: (5) Um 

■»-►+« X -..-00 

CB—H-oo, *.0®, 

725. j: = 5: 4.1; 4.01; 4.001; ... —► 4 + 0; 
x = 3; 3.9; 3.99; 3.999; ... —► 4—0; 
x=i —0.5; —1.4; —1.49; —1.499; ... 1.5+0; 

x = —2.6; —1.6; —1.51; —1.501; ... —i.—1.6—0. 

729. Only the first variable has a limit: lim jic=l. In the rest of the 

n ^ tc 

cases llm x does not exist. The graph shown in Fig. 39 can be trans- 

formed to depict the behaviour of the first variable. To this end the 

origin 0 should be shifted to the left by I, —replaced by +"~i 

2 2 

1 . 7 

"S’ ‘S’ S^aph for the second variable jrs* 

+ p for n^O, I, 2, ... is given in Fig. 40. 730. (1) 0; 



0<a< 1. 733. 1. 734. (1) —0.6; (2) I. 735. 4. 736. 1. 737. 


738. 4-. 739.-+ . 

2 y~2 


2 I 

740. 741 . __ for a > 0, and oo for 


a < 0. 742. ^ . 743. . 744. 1. 745. ~~ . 746. (1) (2) —2.5. 


747. 0. 748. 00. 749. -2. 750. 751. -Lr . 

2 |/^ 


754. —12. 755. —1. 756. lim 


I sin X 


752. . 763. j . 


1 


..=====- i=r. 757. 2.6. 

x^n+o sin.« Kl — cosJt ¥2 
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758. yTz. 759. —4. 760. 2. 


761. — i . 762. — 
00 


763* 4. 


764. 4-. 765. !. 766. 4-. 767. 2. 768. 6 769. 2 cos 770, (1) 1; 


(2) 771. -i 


772. 4- . 773. 4- . 774. 8. 775. lim 

Z 6 X -♦-O 


V 2 


sinjc 


= — \r2. 776. 4. 777. 


m 


778. 3. 779. 4" • 

4 


780. (1) —2 sin x\ 


( 2 ) - 4 -. 


781. 1. 782. 1.5. 


787. —3. 788. — 
1 


789. —2. 


783. 4-- 784. I. 785. 786. 4-* 

2 2 4 

790. —791. y. 792. 0.793. y. 


794.--^. 795. -I. 796. (1) (2) 3. 797. (1) ; (2) 2 (put in 

M) Jc = /i2. and in (2) 798. —a. 799. (I) —I; (2) —0.2. 

800. (I) 3; (2) 801. (1) 1; (2) —-i . 802. (1) —2; (2) —0.1. 

803. (1) —2.5; (2) 1.5. 804. (I) — (2) —I. 805. (1) 2nd; (2) 3rd. 

806 (1) 4th; (2) 1st; (3) 3rd. 807.2nd. 809, As a —. 0 (1+a)3—I « 3a. 

8IJ. (1)2.5; (2) — -, (3) 1.5. 811. 2nd and 3rd. 812. (1) 2nd; (2) 3rd; 

(3) 1st. 815. (1) at jc = 0; (2) at = 3) at x = db 2. 816. At x=2 

the first three conditions are fulfilled, while the fourth is not. 

""-r; L“r>:' 


X + 1 for X > — 1. 



At x~ —1 the functions have a discontinuity of the 1st kind (only 
the second condition of continuity is fulfilled). 818. At.:t = 0 only the 
fourth condition is not fulfilled (Fig. 41). 819. A discontinuity atA:=0. 
lim y=co. llm y = 0, lim y= \ (Fig. 42). 820. Discontinuities at 

821. (1) A discontinuity of the 1st kind at jc = 0, and 

11 — 1695 





Answers 



^=T (F'g- 43); (2) A 


dis 


continuity of the first kind at x=^a, and 
lim 1 ^ = 0; (3) y~~ for jc > 1 and 

X ± CD 2 


lim ^ , lim 

X -► a —0 ^ Jt -► a+ 0 

—^ for AT < 1; atjf=:l adis- 


continuity of the first kind, and lim y = -while lim u = ~ 

^->1-0 2 ;c->i+o 2‘ 



Fig. 42 


Fig. 43 


822. The equation — 1 /^ = 0 definesyasan infinite number of single- 
valued functions of two of them y = and y=^ — at being continuous. 
The rest of them (discontinuous) are defined by the equation y — xon 
some intervals of the axis OX, and by the equation ^ = — x on the 
others. An even function with discontinuities at x=± 1, +2, ±3, ... 
may be defined as: 


— 1 a; I for 
+ |Ar| for 


2^—1 < X < 2n 
2n < a: < 2/1 +1, 


an odd one as: 



for 

for 


2/1 — 1 < X < 2n, 
2n <x < 2/*+l, 


where n = 0, il, ±2, ±3, .... 

823. A discontinuity of the 2nd kind at Jt = —2. lim y=:-f oo, 

x-t.-2-O 

lim y = — 00 , lim y—l. 824. At acs= 0 only the fourth condi- 

Ar^-2 + 0 00 

tion of continuity is not fulfilled; at a:= ± 2 the third and the fourth. 
825. The points of discontinuity: (1) x = 0;(2);e = 2; (3) a: = 0; (4) a:=0; 
(5) x=± 2 and .x=0. 826. Infinite number of functions. Out of them 

(1) continuous ones: y= y~4~x^ and y = — V 4—x^; (2) the required 


K3j a 
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discontinuous function is 






2 


for I I < I, 
for I < 1 XI ^ 2. 


827.j: = 0 andi/=I. 828. (1) j: = Oand = (2) ^ = —1 and t/ = x—l; 

(3) f/= 1. 829. (1) x = z/ = — 1; (2) x = 0 and t/ = x — 1; (3) x = — — 

m 

and 830. (I) x=: —-1 and */ = —2; (2) y = (3) i/ = — x. 

831. (I) f/=±A:: (2) x-i-i/ = — a; (3) i/^x ± n; (4) = , 

832. (1) J/ = 0. (2) i/=±2x, (3) x = 0 and y = x. 833. Parabolas: 
(0 y = ^> (2) y==x^. 834. (1) .^ = 0 and y=\\ (2) Jt: = 0 and y = ~x. 

835. (I) Je = —2, = y; (2) x=\ and y = — ^Lil‘ (3) jf^2,x = —2, 

1 

(Fig. 44): (4) x^l, x = ~\ and y = ~x, 836. — . 837. (1) e ® j 



(2) 838. (1) ^2; (2) ^-4. 839. (i) e-*; (2) 840. (1) 3; 

841. 842. (1) 1: (2) —1; (3) 2lna. 843. 3 and 4. 844. 


( 2 ) 

(I) 


(2) I— • 845. (1) (2) —3. 846. . 847. (1) 

eye ^ yy ' ' 

848. (1) 3.1:2: (2) 4.1:3: (3) —; (4) cos jk; (6)-L; 

2 V X x^ 




2x}fx 


\ 


11 * 
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*3 = cos2j;= VT^g’ ~ 


( 12 ) 


■' cos^AT-'-' yTiq:^’ -W+2P ' 

= . 849. (1) (X-2P; (2) ~. 850. (1) (;e2-l)2; (2) x^-2x. 

^9 •• 


851 


853 


I \a 




(1) 


X* ’ ^ 


.(.,(l-^)-, <2, 3(1-.^;=), .2., 

2/1 1 \ .. I—Jt .. 2/1 1 \ 


y7 


855. (I) 


857. (I) X (2 cos Je—Jf sin x); 


856. (1) 2sin2 —; (2) — tan^x. 857. (I) x (2 cos x—x sin x); 

/o^ x(sin2x—X) xsinxH-2cosx. 2x 

sin^x * -]^3-: (2) 

8=8- (') TTzW- (2) • 88»- (•) 

(1 ^x) 4x y X cos^x 1—sin X 

TyTchTW 88‘- (')«'= (2) 2asin^i-. 862. 1; 0; 4. 

863. 8.25. 864. —90. 865. (1) —6bx {a — bx^f: (2) —J—Z^+l') 

3f/x\yx^ ■ 


2x — \ 
2x0 


3 yx{y. 


866- (1) (2) 867. (1) 2 cos’^y; (2) - cot^jc. 

868. (1) ;t(2sin;. + ..cos*); (2) + . 869. (1) ; 

cos^x ' ' 2 V^x 


( 2 ) — — — \ ^ 


870. 


( 1 ) 


13 * 


(2) 




4x 

(xHO" 

872.- 1 


873. —I;-874. (I) 6 cos 6x: (2) 6 sin (a—ix). 


875. (1) 


-sin yj: (2) —2siny. 876. (I) -20(1- 


5x)»; 


( 2 ) 


■ 877. (1) 


^ ; (3) —2 tan 4x cos4Z 

1 —X* 


878. ■ 1 

K 2x —sin 2x 

(3) 2 tan X sec* X. 881. 


879. 4 sin* X cos X. 880. (1) sin 2x: (2) —sin 2x: 


V 2 


sin 2x sin 


in f) . 


882. 3tan<x. 
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883. 


— sin 2x 


884. 


885. ±OAr -sin2;r + 


^ i/O-h cos* Jie)s 

+ V i + sin 2x ); plus for cos 2x > 0; minus for cos 2* < 0, and at 
cos2a: = 0 y' does not exist / lim y'^}/^^ and 


-”.0 

4 


lim y' = ~ VT\ . 

) 

888. sin X (1+sec* X). 889. 

892. (I) QSingy . 

V~^s 2<p' 


886 . 


20 sin 4x 


(l-f-cos4x)® ■ 
2x--I -- 1-x 


887. — 




VT* — i 


. 890. 


sin*f 
2f 




, -=. 891. — sin — . 

x* y^~ I a 

_2 sin* 2(p 


893 


ff f ^ \ ab 


894. 


898. 


1 


= . 895. 


2-1-62 
4 cos* 2x 


V3 V^4x -j- sin 4x 

2 sin 6x 

899. 


\/ 2<p+cos“ ^2(f,+-i^ 

'■(?) —TS 

x(2 —3x2) 


ab 


= . 896. 


j|/ (I - 1 - cos 6xj2 


900. 


901 

(I — sin 2x)2 ■ • dt ~ 


VT—x* 

(1) sec®x: 

sm* 


2-1-62 
897. — sin 4x. 


(2) 3x2 sin 2x2. 


903. — 


2(3x-|-lj 

x2 |X4x+ 1 ' 


904 


]/^y-sin -L 




2 

905. 


tan ass i: 4. 


906. j, = 8-4a:, x-4y = 2. 907. y^x + ^. 908. ;, = 0 and 

1 ^ 

^ Y Y+2- y = ^ — x. 911. 45° and 135°. 


912. arctan -1. 913. (I) ~ , 2, 


13 


2 


V5: (2) I-, 1J3 


915. // = j:2 —3a: + 4. Parameter 6 is found from the condition 
y' = ^x-\~l> = 4-\-b=\, and c from the condition that (2. 2) is the 
point of tangency. 916. y = -4x + 8. y==--Lx-2, <p = arctan 62‘> 
917. y = 4x. y^~4x+l'i. 918. x ± 4y = 8. 919. y= ± (3;c + 8) and 
y = 0. 920. 921. 40<’54' or 13906 '. 922. (-2. -4). 
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923. 


1 IZ 

2 ’ 4 


^. 924.1; 1; VT; l/'2. 925. ir20' and 7V\ 

926. yL =—l, y+=:l. 927.^1 = — — ; . 928. ^ = and 

y^—x. 929. y= ± '^T- * 109°30'. 930. jc = 0. 931. x = 2. 932. ;tf = 0. 

y 2 

933. x = 2. 934. 1 = ± y) • 93®. ;c = —1. 936. y= ± 4;t: 28®. 


937. (1) (2) — 


In X 
—■ 


(3, ^.938. (!) 

I 


(2) - • 939. (1) —tan4: (2) cotxcos^;!:, 940. — ,_ 

x{x+2) 2 ’ ' ' 2 

4a^x 2 1 2 

941. . . . 942. ■ .. . 943. —. 944. 


945. 


1 

y> + A:2* 


946. 


JC(l-Ar2) 

1 



. 947. (1) — 


cos a: I —4x^ 

2cot2.c .. 2 


sin X 


; ( 2 ) 


X —ox® 


948. (/=x—1. 949. Mutually tangent at the point ( ; y 


950. 


(1) 2x+3^1n3; (2) {2x-f-x2 In 2) 2^; (3) x(2 + x)^^ 

X X 


951. (I) a*'"-*cosxIna: (2)—2xe-^^ (3)2x(l—x)e-2^. 952.e^+e 

1 


953. 




H 




) 


. 954. 


2e^ \ — f X X 

_£i^. 955. — cos^-sin-- 
(l_gxj 2 a \ a a 


956. (1)—2e-^sinx;(2)—957. • 958. 2 fl 

— Ino. 960. 26®35'. 962. (I) x-*^ (In x+1) 


959. 


(2) cos X In X 4- 


960. 
sin X 


. 963. — 


tan X sin^ x. 964. — 


1 


965. — 


I 


969. 


X /T+x2* 

cot 2x 


966. 


cos X 


V' I + sin-x 


967. 


1 


x(l —X®) 


2 Vl^^x 
. 968. cot 2x 

X 


1 — sin 2x 


970. 


973 




tan X 

ATI ^ 070 


l + cosx 

>^OX-fx2 

a 

974. 

^ A7fi. 

2e2x 




976. 


980 


* 


977. x^ - - 


. • 981. 

j-x 1 + x^ 


. 982. — 


978. 16. 
1 


. 983. 


979. y 

a 


984. 


a 




. 985. 


1 


yx—X 


}/'x —4x2 jaiYa^—x- 

986. — 887. (1) 2 ]/ 1 -a:^; 

1 -j- X“ 
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( 2 ) 


991. 




y~\ 

1 

2 


988. 


. 992. 


\~-x* ' 
1 


989. 


2x 


1 X 

- j. • 990, arctan —. 

2x yiT^ a 

i7 | 


994. 2e^ 1 —« 2 jf. 995 , arccos x. 996. -z - 5 - . 997 

1 — e^^ 

998. 1 /--4 . 




999. ^-1. 
4 


1000. (I) sinh 2;c: (2) tanh^x; 

(3) |/^cosh^H-l. 1001. 1.5. 1002. (1) tanhje; (2)- - —. 

sinh2 2x 

2 . 1 


1003. (1) coth^x; (2) 


1004. (I) 


sinh2A:* —* 

1005. .v-l-I.I75(/ = 2.8I5a. 1006. y = 3.76A:-|-3.89. 1008.(1) 


(2) 4 sinh 4x, 
l^x 


(2) tan3 AT. 


1009. 


1011. 


1014. 


y x^ — 4x ‘ 
(I) + 


2x 

1012. 


ds 

It 


1010. 


= tan® t. 


x^ }/a: 2—r 
dx _ 2e* (e* — 1) 
dt ~ 


C2^^1 


1013. 


(2) 2 cos (In a:). 


1 


x{x:^—a^)' 

1021. (1)2 cos 2a:; (2) 2 tan a: sec2 x; (3) 


1 


.0.5, j.. 


jia 

1017. 

3a 




. 1022. (1) _4sin2x; 


24 I 

(2) i (3) —(^ cos j:H- 3 sin x). 1023. (1)- - 


(2) e“^(3 —0: 


2a (3x2 —a2) 
(a;2 + 


—a2\ 2 / 

~?^3777;' (- 


1 2 

e o 2 
a 


(3) 

(2 — tj 

(2) 1)L (-i)»-n.3.5 ... (2a —3) 

jc” ’ 2« y x'-i«-i 

(2) sin^x + n-^): (3) 2«-i cos (2x + /i^ V 1028. (I) _2e^sin.t: 

(2) Jra^(x2In2aV6jclna + 6); ^ 


1026. (I)a! ; 


(3) 2 sin a; + 4x cos a:—x^ sin x. 

1029. (1) 2e-^(sinx+cosx); (2) ; (3) xsinx—3cosx. 

1030. r'M = ^^e^; /<"> (;c) ; p..(0)=^. 

1031. 1. m, m(m—1). m(m —l)(m —2). m(m—I) ... (/«__„% I). 

1035. (1) 2e-^‘(2x^-1), (2, (3) - ^ ., . ,036. (1) aMlna)- 


sin^x 


(4—x2)’/» 

-2"-cos(2;. + „^). ,037. 
3g . 1038. (1) e^(x® + 9x2+18x + 6); 


7 V^3 


6 
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( 2 ) 


( ea^cos 6a«sin——^2 cos — ^ ; 

a \ a a a J 


(3) 


(a—jr). 


1041. By the Leibnitz rule (jc) = a ^_ 

+(- ±)-+l<jLi:iJ (_i)- “ 

“ = —2jr^ (jc). Using then the Leibnitz rule, = 

= 1—2^/(x)p-i> and so on. 1044. (1) ——; {2)^’ (3) 


1045. (1) 


x + 2y* 


a^y 


1047. gsiny+g-ysinx 
g* cos y-\-e~y cos x 


1046. (D-i/i^-: (2)^'*+*' 


a:— 2y* 


gi'+x 


1048. 


^+1. 1049. 1. 1050. (1) 


(2) (3) 1051.-1052. y=3—x and 


j^ = Ar—1 1053. and (40. 40). 1054. (1) ^+^=1; 

1056. arctan 3. 


(2) yi/o^Pix-i’Xo). 1055. x-\-yT=± 

x^—ay 


b^x 

1057. (1) 

a^y 




( 2 ) 


1058. (1) 


( 2 ) - 


R} 


(ff-pr 


ax —y2 

(3) —; (4) — ^2y)^ * 2y=—X—3 and 2y=.vH-I. 

1060. x + 2y = 4 1061, I-. i062. g(g—1). 1063. ±2. 


1064. (1) dy^nx^-^dx\ (2) dy = 3(x—\)^ dx. 106.5. (1) dy = 


xdx 


5' 


(2) ds^gtdt. 


1066, 


y\ + x 

(I) d/- = 4 sin2(pd(p; (2) dx~—^^ 

1067. (1) sin2M/; (2)sinwdu. 1068. (1) (2) 

x^ (or + ' a 


(3) —-sin-^gf(p; (4)-1070. (I) 0.04; (2) 0.05. 

^ ^ x y x^^\ 

1071. (I) (fV = 3>;2dx = 0.75; ^ = 0.006 or 0.6%; (2) rf=^‘ 

“ ■ ? 

= < 0.005; (2) the error in measuring the radius 


0 . 1-2 


1072. il)dx^ 

5x y^x 

should not exceed 1073. (1) S — jiR^, ^S ^ dS — 2nRdR; 

(2) V = jnR‘‘, &V^dV = inR’‘(lR. 1074. (1) 
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b sin {a — 69 ) dcp; 
du 


( 2 ) 

2u 

<3) b(]-^e-^t)dt 


(3) - 


/ dt 


(3) —2e-2'd/. 1076. (1) 


1075. 

dx 


( 1 ) — tanxdx; 


2 VT* 


(2) tan^a^^a; 


1077. (I) = 3x^Ax -I- 3xAx2 -|- Ajc« = —0.2376, 

di/ = 3x2^^x = —0.24; (2)d/ = —^ 4.46 cm: (3) [ djc | < 0.006. 


1078. (1) 4y^ = x^; 

% t 2 
(2) Jt 8 H- » = a s . 


( 2 ) 


y’* —. 1079. 




3a/ 


y— 


1 -f/« ’ 
1085. (1) — 

= ~x^ — 2x; 
1088. y = jc — 


3a/® 
1+/3 

1 

a sin® / 


1080. (I) x® —{/2=I; (2) y = 
1083. y = x + ^l:=^. 

/®+ I 


1 


1084. 


1082. 


a 




( 2 ) 


4/® 


(3) - 


1 


4a sin* ■— 


( 2 ) 

OJI 


2 l/T 


+ 2 )® = ;c®. 
1089. (1) — 


1087. 

I 

4 sin®/ ’ 


X + y 

3/2 — 1 


1086. ( 1 ) y 




( 2 ) 


4/3 


(3) 


1090. jv^a/ 
(the highest 

1095. v = 


= al-Sjl. 


dx 


2 ’ dt 


= a^gt\ 
point). 1091. 


4p‘ * 

d^x . a a® 

=-g\ m /=- sec. * = - 2 j 


d/® 


'/Z 


= /2_4/^_3. ^ 3 ^ 


dx 

dv 

dt ’ 

W 

dv 


~W 

— U. 

highest 


dv 


=w\ multiply termwise. 1096 2u^=2a^=2at;* 

dt dt * 


dt 
d^x 


a 


dt 
dx 


^_ 20 -a/- —- 
2 • dt~ ^ d/a ™ 

20 _ - 


e 


S 


1098. ~ 

dt 


nh{2R — h) nr"^ 


1099. ^ = k{A—x), 


1100. d((D®) — 26)do), 


d (co®) f. dw dm dt * 1 

dtp dtp ***'*• 

function: I; 3. The root of the derivative f {x) = 2x _4 is 2; 1<2<3 

1102. Not applicable, since at jf«0 the function has no derivative. 

1103. Because the point x = 0 is a corner (two tangents). 1104. The 

slope of the chord (/IB): = = /'(x) = 2x = 2, x=l: at the 

point x^\ the tangent is parallel to the chord. 1105. f(b) = b\ 
f / (c) = 2 c; substitute this into the Ls^range formula 

62 —a2 = (6 —a)-2c; hence 1106. c = -|- 1108. At x=^ 

»u • ^4 2 

there is a corner point on the arc. at which the function has no deri- 
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yative. 1109. The function is continuous and has a derivative inside the 
interval [0. 2] but IS discontinuous at its right-hand end-point. 

1 (0 be the equation of motion, and ti and /o the initial 

and nnal moments of motion respectively. By Lagrange’s theorem, 

between ti and there can be found for which ^ 

^2 — h * 

, , ds * /'W 0 

i.e. 40 = /'(fg)=— at the moment /g. nil. (D'(^)= b f{b) 1 

Since 0(6) = <D(a) = 0 and the function has a derivative <i>'(x)in tl!e 
interval (a, b), then, according to Rolle’s theorem, between a and b 

\l f'ic) 0 

we can find x = c for which <D'(c)==0, i.e. 


b f{b) 1 
a f (a) I 


= 0; hence 


/ (^) f (o) — (6—a)/'(c). The function <1* (jc) is the doubled area of 
AAMB, where M is any point on the arcAB. 1112. 

+ ®’°P« ‘he tangent is 

and at the point /=c . The slope of the secant is ki — 

_ ^2 — yi / (^) — f (a) 

— ^^(j) _q)(a) ’ to Cauchy's theorem, between a 

and 6 there exists t=c for which i.e. the tangent is parallel 

to the chord. And since (p' (f) ^ 0, we have cp(o) < <p (c) < (p(b) (or 
vice versa), a nd the poin t of tangency is situated inside the arc. 

1117. C= ,1,8. (,) (2) ]/ 

(3) 7^7^- H) ; (2) (t) ^ function 

y = lx—l [ has no derivative at x==L 1121. At the point x = — -^. 


1122. 3. It23. 1124. -L_ 

2 rtfl"-* 

1 


1125. 1. 1126. 


a** 


1127. 1. 


1128. 1129. 3. 1130. (1) oo; (2) 0. 1131.0. 1132. 0. 1133.3. 

1134. 2. 1135. 0. 1136. 0. 1137. 1. 1138. 1. 1139. c*. 1140. Of the 

2nd order. 1144. a — b. 1145.-1. i^e. -1. ii47. In—. 1148.—^. 

3 8 b 

1149. 1. 1150. 1. MSI.—-1. 1152. —2. 11.53. — . 1154. -1. 1155.^3. 

d e 6 


1160. At >: = —2y„jn=I. 1161. At >: = —2 = —-Jl; at x 


= 2 


16 


iZiiiax = + 'T» the points of intersection with OX: Xi = 0; X 2,3 = 
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— ±2 1^;^; i3.4. 1162. At x = — l at x = 3 = — 9; 

the points of intersection with OX: Xi — 0, atj.s ^ ^*5 ± 3.3. 1163. At 
x^±2 i/max = 3; at jc = 0 f/min=^5 at y~0 x th ±2.9. 1164. At x = 0 

3 

i/ = 0, an inflection; at x = 3 i/mln — —^" 4 " • 1165. At Ar = —2 i/niax = —2; 

at x — 2 yniiii = 2; the asymptotes: a: = 0 and y=:-~. 1166. At x = 0 

l/min = —1 (a cu<ip); the points of intersection with OX: x=±\. 
1167. At X = 0 i/niax = 1J as X —► 00 y —► 0, i.e. y = Q is an asymptote. 
The curve is symmetric about the axis OY (why?). 1168. .t=I 
= —4; at .v = 5 asymptotes a: = 3 and y = x — 3. 

1169. At x = 0 vmi,i = 0; at x = ^ 1170. At x = 4 

at y~0 jt = 3 or x = 5: at y~ —3 x = —4 or 12. 1171. At x = 0 

= 1; the asymptote y — 0. Symmetric about OY. 1172. At x = 


f/m 


Tt 

12 


j/max — 12 ”^ 2 ^ ^ i/min ^ 0*4. 1173. At x -^ ^/max — 


« 2.45; at x = ~^ y^]n= V^ — 


12 
.*1 


4.n 

"S 


2.45. The 


asymptotes x = ± ^ . 1174. Atx=] = 1; as jc —► 0 y —*■ — oo; as 
X — »• 00 y —► 0. The asymptotes: x = 0 and y = 0. The point of inter¬ 
section with OX: I4-Inx = 0, InA: = — I, x = e-^ x 0.4. 1175. At x — -~ 

i/min=4’~T ^ ^ =-^ !/niax - 0.28. The asymptotes: 

Ji 2 

y = x ±. 1176. (I) At A: = 2ymax = ~* The asymptote; y = 0. 

(2) At x = ymin = - T '* ^ —® end-point); atji:=l y = 0. 

^ ® x-*-+ 0 


^ i/max — 1» 


1177. (I) At jc = 0 yn,jn = 0 (a corner); at ± ^ ■ 

(2) at x = 0ynnn= 0 (a corner). 1178. = ^ atA: = ^; ; 

, . « 3.1 

• • • J t^max = 1 at x = 0; — ; n; .... 1179. The domain of the curve 

^ at = y = 0 at ATi =0 and xr 3 = 1. 1180. At 


1» i/max 


■* = 2 yfnax= 2; the domain of the curve is jc > 0. 1181. The asymp¬ 
totes; x=] and x = 4 (discontinuities); ym\n— -^ at x = —2. 

yma\~ — 1 3t x = 2. 1182. At x=i i/tnln=l-5. The Curve asymptoti- 




cally approaches the parabola y=^ and the axis OY. 1183. At x=0 

yraax 0.2. at X--3 y„i„ = _5.4. 1185. At Xi = —2 yniax = 0. at 

x, = -1.2 at x = 0y,„(, = 0. 1186. At x = 2 

y — O x=l. the asymptotes are the coordinate axes. 1187. At 



Fig- 45 Pig 4g 


*— 3 gmax— 4.5. at X —0 i/inf| = 0. at x = 3 yriiln = +4-5, the 

asymptotes: y = x and x= ± 1^. 1188. At x = = I; at x = 

= Y+*n-discontinuities. 1189. At x=^+2Ajx ymax =-f-+ - 

^In2. 1190. (1) At x=l y^^^=^\n2 —(2) at x = —I 

i/max = *■ at JC = 0z/min = 0 (a corner with slopes *= ±2). 1191. At -^ = 0 
i/rain = at x = 2 ; the asymptote: y=0. 1192. At 


^ ^ ymin — at x = 0 ^^ 3 ^ = 3, at ^ = 0 x 4. 1193. At 
x = 2 i/jn 3 j( = 4; at y = 0, Xi=0, X2~4. 1194. At x = —I = —4; 

aty = 0 x,= l.x,3= - 3. 1195. At x = 0 y„„„ =0; at x = -2 

at y = 0 Xi=0, Xs = —3. 1196. At x = —1 u^in = —4; at x = -3 
i^max —O’ ^197. At X — 0 at x=2 y=t ± oo; at x = 4 — 
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the asymptotes: x=2 and y = x-\-2 (Fig. 45). 1198. At jc = —3 

i'lnfi-O; at y = Q a:,=0, ;c*=— 4 (Fig. 46). 
1199. At x=±2 j/^,„ = _4: at A: = Oyn,ax = 0: at 4^ = 0 Xi = 0 

■*f2.3=± V 8« ±2.8. 1200. At j: = 0 a cusp f/max=0; at x={ 

47). 1201. At x = — { 

j: = 0 y=l. The asymptote: y=l. 


4'min= —1; at y — 0 JCi=:0, 

i^max = 2: at x=\ r^jn|j^=0: 
1202. At x = -I 


■>^2 = 3-^ (Fig. 


at 


1 


yn 


w —0.6; at x=\ y^ 


ax 


ox is the asymptote. 1203. At x = 2 yniin = 2 (1 — In 2) 


0.6; the axis 
0.6; the axis 



OY is the asymptote; at x= 1 y=^ I; at 3: = e2j5; 7.4 y s:; 3.4. 1204. At 
x = 0 a cusp = 0; at x = 2 ym\n =—3 4 » —4.8; at Jir = 5 y = 0. 
The graph is similar to the one shown in Fig. 47. 1205. At x=^-Y~ 

ymax = —2-« 0.34; at x = - 


0 ^ 0.34; at x= ± — 


Y==^»-57. 1206. At x=^ «2.57; 


at x = 


371 


1 


ymax = 4-3.7I; the asymptotes: .;t = 0 and x = n. 1207. At x = _ 

4^max = —1.85; at x = -^ y^in ^ *-28; at jr==0 f/=-y * 
asymptote: y = x. 1208. At x=l a cusp f/inin=I; at x = 0 y = 2. at 

57t , c * ^ 

ymax — 1 *5; at X —I. 


x = 2 y = 2. 1209. At x = ^ and 


1210. At x = 0 ym)n = 0, at .c= 1 yinfi= 1- 1211. x = yrr^ax = jr - 

at y = 0 x=l. The asymptotes: x = 0 and y = 0. 1212. At x = ~3 
yitiln = 8; at x = —2 4^=00 (a discontinuity); at Ar = —1 y^.,^ = 2. 
ine poinU of intersection with the axes: x: = 0, y=1.5; y = 0, 

V^3« ±1.7. The asymptotes: x = —2 and y=^2’-~x. 1213. At 
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^min —2, at X — —1 = —2, at ;c = 0 (a discontinuity). The 

asymptotes: y=^x and x = Q. 1214. (I) At x^O y = a. The points of 

intersection with the axis 0X\ x^^-\~kn. The extrema: at Xj = 

3k jji 

= a minimum, at x 2 = ^-\-2kn a maximum. The curve 

is a graph of damped oscillations; it is inscribed in the curves 

y=± on which the extrema are found. Begin construction with 
the curves y=± ae-^. The axis OX is the asymptote. (2) At x=—1 
i/max —2, at xs=0 a point of inflection, at x=l ymin = —2, at u = 0 
Xi==0, X2,3W±1.3. 1215. At x=l = at x = 2 y~oo 

(a discontinuity); at x = 4 ^jnfi = 0; at x = 0 i/3.6. 1216. At x = —2 
i/min = 0l at x = —4 i/jj, 3 ^ = 0.8; at x=l y^^^^ 2.8; OX is the asymp¬ 
tote. 1217. At x=±I y„ax = l: at y = 0 x=±~^^ ±0.7. The 

asymptotes: the axes OX and OV. 1218. At x = 0 ^niax=t; at x=I 

l/min = t); at y~0 x=±\. 1219. At x = — 1 at x=l 

l/niax=“3: at x = 0 y=li the asymptote: y—l. 1220. At x=—I 
ymax=t» at y — 0 Xi = 0, X 2 = —4. the domain of the curve is x^O. 
1221. (I) At x=:—2 ^=00 (a discontinuity); at x = —3 ^in{i = 0| at 

^“0 yjnin the asymptotes; x = —2 and y = x-\-5. (2) = 0 

at x = 2nn, ymax= 1^2 at x = (2n+l)n. At the points of minimum 
y' does not exist (corner points). 1222. 30 mx60 m. 1223. 5 and 5. 

1224. 1225. 1226. 4 mx4 mX2 m. 1227. 20 cm. 1228. 60°. 

1229. —w 2.5. 1230. cosa=— ^provided — where a is 


a 
AB' 


Ji + 4 m \ .. 

the projection of AB on the direction of the railway 1231. 18 m 

from the brighter light source. 1232. In ^ hours the minimum distance 

will be equal to 1233. x=-y, . 1234. 

times. 1235. I w 6.6 m; determined as a maximum of the function 


1.6 


1236. ttni* at the height x = 2 dm. 


2 4 

^=■4^+ 

sin a ' cos a 

1237. S„ax = ^^ at the height x=-^. 1238. (1, I). 1239. 

V2 

1240. At X —2 m. 1241. 4 cm and 1^*3 w 1.7 cm. 1242. x= 1.5. 1243. The 


section is a square with the side 


D 


^2 ■ 


1244. At 




ra- 


uP 


cos a-j-fi sin a 


; tana = fi = 0.25, a a; 14°. 


dians w 294°. 1245. P= 
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1246. (1) = y'’=*2 >0; the curve is convex down everywhere; 

( 2 ) y = x^, the curve is convex down for x > 0 and up for 

•X < 0, a:=* 0 is a cusp; (3) y = ex, y'':=ex >0 is convex down every¬ 
where, (0. I) is the point of intersection with OY\ (4) y^lnx(x > 0), 

= — < 0 . the curve is convex up everywhere, ( 1 , 0 ) is the point 

of intersection with OX; (5) (0, 0) is the point of inflection. 1247. The 


points of inflection: (I) ^2, “y) I (2) e 2 

(3) ± (0.0): (4) at x=^~ w—0.35. 1252. The 

domain x > —2. The points of intersection with the axes: (—1, 0) 
and (0, In 2); y increases everywhere, the curve is convex up. The 
asymptote is Ar = —2. 1253. y > 0, t/ = 0 is the asymptote. 1254. (I) Sym¬ 
metric about OX. The domain: x^O. The upper branch is convex 
down, the lower one up. Both branches contact OX at the point 
(0, 0). The curve is called the semicubical parabola (forming the letter 
K together with the axis OY); (2) the same as the previous curve, but 
shifted by three units left. 1255. (1) At x = 0 —1. the asympto¬ 

tes: x = — 2 . x = 2 and y = 0 (three branches); ( 2 ) at x=l ymax = 2 , 

at x = — \ ymin = —2, intersects with OX at x=±y^, a point of 

inflection at x=±V~~2, the asymptotes: OX and OY. 1256. (1) The 
domam: x > 0; at y = 0 x=I; the asymptotes: OX and OY. At x = e 

f/max — 1: (2) at X = 1 i/max =1* ^t X = 2 =z-^ SB ~ , the axis ox 

is the asymptote, at x = 0 i/ = 0. 1257. (1) At x = 0 i/min = 2: the 
asymptotes: x = —2 and x—y = 0; (2) symmetric about OY, at y = 0 
t/^~o 

x= ± —jr— ^ ±0.7, at x^ ± 1 = — 1, the asymptote: the axis OY. 



1258. (1) The domain: x > 0; at x=I ym]n=rl; convex down; the 
asymptote: the axis OY; (2) OY is the axis of symmetry, at x = 0 
ym\n~o\ convex down everywhere. T_he curve is termed the catenary. 

1259. (I) At X = 0 = at X = 4 ss 1 .6 z/mip sb 2.1, at x=— sb 

===—1-3 i/ind s; — 0 . 8 . the asymptotes: x=I and y==x; ( 2 ) at x = —1 
^min “ 3, at = 0 x = — ^0.25ss—0.6, the asymptotes: the axes 

OX and OK. 1260. (I) Symmetric about OX and OK. the domain is 
1 X I < K 2 . at ± 1 yex== ± 1 . at fc^ = 0 x =:0 or ±Y 2; ( 2 ) on the 

branch y = >: + -_ = 3 at x=I. the branch y = x - ^ inter- 

sects OX at x= ^ 4 w 1.6, both branches have asymptotes: y~x and 

x = 0. 1261. At x==—2 = —3/06 s;—2.52. at x^2 //max 2.52 

(both points are cusps), the axis OX is the asymptote since 

8 x 

-+• ± 00 . 1262. Sym- 


y= 


(X + 2)*^* -f- (x2 — 4)*/• 4- (X — 2)*/ 


0 as X 
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Answers 


metric about 0X\ the domain: x^O; the asymptote: the axis 


OXilimj/==Q); at extremum ^ex=± — « ±0.3. 1264. (I) —+ 
00 ^3 


;r-^oo 

+ ^"+lnx4.C; 


(2) 2x^.-±+C. 


1265. ( 1 ) 


( 2 ) 




1 


1—JC 


C; 


> 266 . iD *(|. 

( 2 ) 2Vlc-4l/-i+C. 1267. ( 1 ) Hl|^_3;t + 6 |/~J-ln;c+C; 

( 2 ) -(jc_4)^l + C. 1268. ( 1 ) e*+l 4 -C: ( 2 ) - ^+C. 

X In a ' 


1269.(1) —cot x — tanx+C; (2) —cot x — x+C. 1270. ( 1 ) f- 

^ ^^ I - rt J 51 


ym 

dx 


« . 9 , o 5in2xcos=*x 

C sm^ x+cos® X . 

~ sin^xcos=ix ^=tanx—cotx+C; (2) 3tanx+2cot x-j-C. 


1271. 


sinx 


(1) Y-^~+C; ( 2 ) ^+51M + C. 1272. ( 1 ) 2 arctan..- 
— 3arcsin.ic+C: (2) y—.if+arctan;ic + C. 1273. (1) -2ln«:+C; 

(2) 3j/*+-^-f-C. 1274. (I) l<f^+C! (2) 4 In x-^-1+C. 

V X yTx \r X * 

I J 

1275. (I) Inx- —— ^+C; (2) x+cosx+C. 1276. (l)^+tanx+C; 
(2) *277. cosx—cotx + C. 1278. tanx—x+C. 

1279. -^sinSx + C. 1280. —2cos-^-f-C. 1281. 

1282 -gtan5x+C. 1283. 2 ^ —e ^ ^+C. 1284. .i ( 4 x —C. 

1285. —1286. — .1(5— 6 x>*/' + C. 1287. —-{-C. 
1288. yCos(a — 6 x)+C. 1289. In (x* —5x+7)-|-C. 1290. y In (x^+D+C. 

--llnl 1—3e2^| + C. 




1291. —0.1 In I i —!0x(4-C 1292. 

1293. Inlsinx l + C. 1294. — in | cosx|-f-C. 1295. In | sin 2 xH-C. 

1296. —-lln) l+Scosxl + C. 1297. -1 In I 1+2 sin x l+C. 

v 2 


1298. 


1301. - 


In [ I + In X l+C. 
1 


1299. 


sin^x 


fC. 1300. 


cos^x , ^ 
- 


3sin«x 


+C. 1302. 


I 


2 cos* X 


+C. 1303. 


2 —cos X 
sin X 


-f-C. 


1304. 


sin*x 


-f-C. 1305. _eco5A_|_^^ 1306. 1307. 
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1308. 2e^+C. 1309. -i I)s + C. 1310. i */(jc3 — 8 )< + C. 

1311. -^^0 1312, —y\ — jc^-fC. 1313. — ^"1+2 cos jc+C. 


1314. (I4-Injc)8+C. 1315. .1(1 + 4 sin 

1316. —^(I— 6 x 6 )‘'*+C. 1317. 2jc+-l(e2-* —c-2-*)-}-C. 1318. ^ 


sin* X 




1319. —y/I—4JC+C. 1320. — -1 sin (a —i)x)+C. I321.-l(I+3x) 3 -i-C. 


t ^ _ 

1322. —y (1 —2jf3) 6 +C 1323. 1 +x* + C. 1324. 


sin 


cos X 


-j-C.. 


1325. 


1328. 


1331. 


1332. 


1 


2Inlsinjt|~-cot;f4-C. 1326. esi«*+C. 1327. —3 In | \^x^\-\-C. 


1 


26 (o— 6 x)* 


-l-C. 1330. (1) O.I In 


x—5 


+C; (2) -1 arotan y+C. 


( 1 ) 


arcsin 


C; 


.jf+5 

( 2 ) lnU+ 


(1) In 1*4- K*“-4| + C: 


( 2 ) 


1 * * I ^ 

— arctan _ -hC> 


V 3 


1 




1333. (1) arcsin - -}-C; (2) - 5 - arctan-;^ j-C. 1334. (1) arcsin — 

y 5 ^ 2 2 ^3 


( 2 ) 


1 

2a6 


In 


6 ;f — a 
bx-^a 


+C. 


1335. 


( 1 ) y arcsin 


(2) y ln(jr*H- 1) + C. 1336. (I) 2.5 In (jc 2+4) — arctan y-f C; 


( 2 )y In(A:2-4)—In 


x — 2 
x-t-2 


+C. 1337. (I) y «2-}.i+inU-f y «2 + 0-i-C; 


x^ 


(2) — y\ — jc* + arcsin Jf + C. 1338. x — arctan x+C. 1339. —j-3x — 


3y 3 


In 


- 

+ y^ 


-\-c. 


1340. 


arctan (x + 2) + C. 


1342. !n(x+I-I- y x* + 2 x + 3)-i-C. 


1341. -1 arctan ^yi+C. 

1343. arcsin I C. 1344. arcsin 1345. — arctan 

K 2 2 y -3 y 3 

1346. -^arcsin l^p5_|_c. 1347. ln| 3x— I-|- y 9x^— 6x-f3 I-j-C. 

w 2 3 


1348. ( arctan — 4 - In 

V 


+ }^3 


4-C. 1349. aicsin - .— 

2 
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+ In (Ar+ VTfP) + C. 1350. 2 In (;«:2 + 6 )- )^5arctan — 


c. 


1351. x + 




In 


+ ^2 


+C. 1352. —— 2x-{-2 Y~2aTctan—^ 

3 yr2 


■C. 


1353. arcsin (e^) + C. 1354. arcian {2x^)C. 1355. 0.2 arctan 

j I 0 ^ 

1356. -arctan^+C. 1357. arcsin^+C. 1358.1 In - 

^ 1359. yin (2x+l+ }/~4x^4x3)C. 


1 


1360. x\Ti\x\—x + C. 1361. -yIniA:—1( ^ ^ 2 

1362. — 1363. 


x~i-\n\x—\lj+C. 

•arctan 

^ 2 * 
1364. A:2sinA:-f-2A:cosJC—2sin;c + C. 1365. y (sin x—cos x) + C. 

1367. AT [(In I a; I — 1368. — a; cot a: 4-In [ sin a: | + C. 
1369.-LJ_iJ._|_c 1370. 2 V^l -f a: arcsinA:+4 )/" 1— x-^C. 

1371. ArarcsinA?+KT—x2 + C. 1372. — (ArS + Sjt^-f 6A: + 6 )-f-C. 
1373. AT In (a:2+1) — 2a: + 2 arctan a; + ^- 1374. y (cos Injc-f-sin ]n ;c)+C. 

1375. (In I ;c I-|-j+C. 


X 

T 


1377. a; arctan a:— y In (I-f + C. 


1376. ~2e " (a:2 + 4a: + 8 ) + C. 
1378. X tan a:+ In | cos aj l + C. 

X 


1381. 


I379.ye^(sinA: + cos ;c) + C. 1380. 4 )^2 +a:— 2 V"2—Ararcsiny+C. 

looc 3Ar , . sin 4 a; I ^ 

1385. + cos 2Af- 5 -1-C. 

2 Q 

fC 1387 _1_s'^4a:. « _ 3a; sin4Af 


y l382.Ararctan )A2.t-l 


1384. 3A;-f4 sin a:+ sin 2 a:-I-^^. 
3a; , sin 2 a; , sin 4 a; 


1386. y-j 


■f 


C. 1388. j28 


32 ' 8 32 

sin 8 a; ^ x sin4Ar , sin3 2A; 

'I -^ + ^ 8 “ 

,3 V eir.6 w 1 . . I 




• 3 ^ 


1024 ’ “* - 16 64 ' 48 -—cos A;+y cos’* a; 

cos^a: sin^AT sin^A; , ^ I . i 1 • b > r 

—= )-C. 1391. — -^ f-C. 1392. ySin^AT—^sin®A;H-C. 


1393, sin x —sin®;f-|-y sin®A; —y sin’ a; -f-C. 

fi * 3 1 

+3sin2A; —-l-C. 1395.-^- slnx-\-C. 1396. 

3 SiRAC cos Jf 


4 V* • • ^ ^ 

6 

1394. 7a;- f- 14 sin x -f- 
1 


-f-cos a;+C. 


I 


I397.yln| tanxl+C. 1398. (1) In 


tany 


+C; ( 2 ) In 


tan 


n 


-j-C. 
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1399 


- 4" I tan-^ +In tan 1 -f C. 1400. - — -=: 

2LI 2* \2'4/' J sinx —cosx 


^ • * 9 ^ ' V 

p_^ f* ^ ^ 


=—=ln tan (-^r— 




1401.^5^+ lnlcosJt:|4-C. 1402.-52^_ln| sin a: (+ 


I 


4-C. 1403. —g-(cos 4;c-|-2 cos 2 jc) + C. 

sin (m 
m 


1404 


I r si 

* T 


sin (m-\-n) X 


m-\-n 




— m^n and -^-\-^sin 2mx-\-C for m = n. 1405. 

..v 1 . o 1 • o I /rtx ^ rsin(m— n)x sin(mH-n)x'| , ^ . 

(1) _s.n2;.-_s.n8x+C: (2) y - 

X \ 11 

m^n and —^sin2mAr+C for m = n. 1406. —cos 6 jc —sin 4Ar-|- 


-hC. 1407. (1) — cosx 


(- 


sin®x , Ssin^x , 5 sin 

I” c%A r 


... cos X , 1 , 

(0 n- -:,o.. + -o>n 


2 sin^x 
llx 


tan-^- 


+C; (2) - 5 


6 ' 24 

sin X . 1 


+ C. 1408. 


cos^x 


1409. 


1411. 


In 

1 


sin x'\ 

) 


1413. 


TT-+3sin 2x+-3-sin4x-|-C. 1410. -=-x-r-sin 2x4-57rsin 4x+C. 

z o o 4 32 

X sin4x sin®2x 
16 64 

cos®x cos^x 


48 


+C. 


«.i«n 2 sin^x , 

1412. sin X- 5 -^ 


sin* X 


-f C. 


1 


+C. 1414. 7x—14 cos X— 3 sin 2x-}- ^ C. 

1 


1415. y In I tan x | —x + C. 1416. ~ (2 sin 2x—sin 4x) + C. 


1417. 


f-cosx+tanx + C. 1418. —^cos ^ x-\-C, 

— 3 

1419. (1):^4.a:2 + 4x + 8 In —2 l + C; (2) ^-+ arctan-j + C; 


cosx 

X* 


(3> 


X3 


+ 


.8 


Vlnlx*—0*1 +C. 1420. In5-lf_^ 
>3 ■« —3 


. 1421. In 


x + 2 


+ 


H- C. 


1424. 


1422. In 
-4-In 

«« I 


Cx* (X— I) 

.^+1 


1426. ln/Cx(x—1)1 + 


X—1 


1428. y In 1 (x2 + 2x-f-10) I — arctan 


1423. 

1426. 

1427. 
^+1 


+ 4x+ln 


1 


(x—i)^ 

\X\ 


+C. 





ax 

2 


x+l 


+C. 


c. 


1429. 


2 In I 0.2X + 0.17) I—5 arctan 
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r430. \n \ X + \\V. 1431. 3 In arctan ^^+C. 

i,iqo * i« (-* + 2)2 , I x~\ lAr 2 4 _ I 

24'"j^2ir2l+4+rFT^^^^^^ *433. Inf;^- 

-”rv-r + arctan;f-f-C. 1434. rn —(;irnfan ^_i ^t /^. 


— ,433. In 

-~ + arctanx+C. ,434. (1) (arctan Uc; 

<2> 8F l-(^+ 6^,^ +T yj +C- >435. (I) - 8 ^ 4+^%5) - 

— larrlan^+'-Lr. ^01 1 [(j:—3)(3;t2—18 a;+ 32) , l 

ie®'^=‘an-2 hC. (2) — - (;ti‘-6;>:+10^ ^ +3 arctan (jc-3)J + 

+ C. 1436. In ■t^+l-i 1 , ^ x-2 

Ix+ll ^x‘+l+^- 40^q:2) + 

+ —Cretan ^+C. 1438. llnj^^l+C. 


+ C. 


2 

1436. 


X 

x-{-a 


\+C. 


1439. 


a^b 

1 


1441. —^In 
101 ^ 


-^-2 *n 

1444. 


1446. 


JC —1 
^+1 

In I 


+' 

x-\-a 

X— Vs _ 
' X+ 1^3 

+ C. 1443. 


4-C. 

1440. 

4 * In 

1-2 



2 



=- 7 =- arctan —=4- C. 

3| 5}^2 /I 

1 C4-hx^-x^ , [ , 

tJT(4W‘'"=4'" 


1442, 

1^1 


1448. 2 In 


lC(jr~2)3 

.c—I 

C(X-I)3 

(x-h2rUx-2} 

{x—2)\ 1 


C(;c— 2 j 
;c 


x^2 


1449. In 


- 7 . , 2 V ^^=-T In - ■ -*- ' +C. 

■{A-\~x^) 4 j/XfP 

1445. In|C(.f—I) /2r+3|. 
,447. 3In|£M|- 2 ^ 

I x + 2 I ^4-2 

Ixl . .. . 


a:2 _2<4-2 


-f 2arctan(jr—1)4“ 


+ C. 1450. llni-i^tf!_|_larctan ^4-C. 

a I JC| 'a a ' 

1451. In 4 -arctan — ~\-C, 

3 K^4-2 3 /I /I 

24 '"|^+2;f+4l 

I r x-f-2 .. ..1 . ^ 


,452. 


1453. 


J [x 2 4 -^ 4 - 2 ~^ arctan (x4- ,)j 4-C‘- 

rzA ^ Ir. I ^ , r' i>iec I rj;2_|_3_^9 [ 

-3 } xi - (x^+ W - 

l|-|.r.l...+ C. 1457. IJ g+ijj^gy) * - 

J458. ^^(3x4- l7=4-^- 

^4-/^2 3 5 ' 


1454. 




= t'" 


X —1 

JC4-1 


^—^In 
6 }^2 


1455. 


1456. 


—^arctan x-f-C. 


1457 


■ 



Answers 


341 


1159. 


2x -\-1 


2Ar+l—3) + C. 1460 




V. 


1461 


{Zx^ — ax—2a^) yTa — xA-C. 


6 - 1 L o z 

— \n{\ + Yx)\ +C. 1461. ^(3x^-ax—2a^) 

1462. ~ 0 -1 +l) j 4-C. 

~ -***64. q: arcsin —+ C(— forjc > 0 and 

X 


+ forx< 0). 1465, In 


Cx 


1466 


1468. 


ii/?£=5 

a r X 

I [* >^a— 


■kH- 1 + y'2x^2x I 


+C. 


1467. 


j:* + a2arcsin+C. 1469. 


Cfx+I) 

I + 2 x+ 2 

*9- —7=^= + C. 


4 K 4 -f- Jt2 


1470. 2arcsin-^--(2 —1471. -_+r 

^ 3a2 (a2 + jc‘i)3 

1472. ^ y4 — (x—\)idx is solved by the substitution jc— 1=2 sin/. 


J* 1^4 — 4sin- 


^ 2 cos / fi/ = 2 arcsin 


AT— I (a:— 1) y~3-i-2x^x' 


-fC. 


1473. 


V^ 2 ~ 


_arcsin^ + C. 1474. 4(^ + S) +2 a: + 2 — 3.5x 


Xln(.>c+I+»/'x2 + 2;c + 2 |+C. 1475. — —2;c— a:^ —arcsin ^ + C. 


1477. 


^^^^2aAc—Ac2-h^arcsin^— -+C. 1478. 4" In —1 

^ ^ a 3 4/7- — 7 . . T 


+ ^arctan J/l + t3 + C. 1479. — — _).c j^gQ ^±i , 

—2+ 1,3 ” 

- 2 -hy = mteger; putting a:- 2 -|- 1 =/ 2 . we get: 




—2+I, 3 
1 -p — -2- 


= = ,481. =L±1 = ^ = 

integer; putting a —bx^ = we get: f rf/= (_r 


-L+^^+C. 1481. 


1482. 


(a:—2) y^ 2 x—] 


4-C. 


1483. 


(3a: 4-1) ^ 


4-(3Ar4-l)^ 4- 


•i- in I (3a: 4 - 1) ^ — I )-i-C. 


1484. 


a:— 2 K^jc 4-2In ( I/'a: 4 - 1)4-C 
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1485. —0.3 (2x-f-3o) [/{a — x)^-\-C. 


1486. 


2 yx~2-\- 




+ K2 arctan 1487. 

+ '4»8- ln(l+]^a+^) + -- ^— +C 

1489. 1^(4—here it is advantageous first to rations 


-\-Vl+x^ 


+ C. 


lize the denominator. 1490. T 


/ 


x4-2 


+ C (— for a; > 0 


and 


+ for>r<—2), 1491. arccos —^-f-C. 1492, 

y4—x^-i-C. 1493. 2arcsin 

1494. V"4l+T2—21nU+2-j- + 


1492, 2arcsin-| — 


/ 


1495. — 


x-^6 


. x^2 


^ y 5 + 4Ar—x2+yarcsin—^*496.- ^ -h 

~l' 1497. —1498. Putting 


1 yi + x^H-i ^ 

+ y|71 

1 —jc3 = / 2 ^ we find: 

r _ 2 

J *3 


1499. Putting x—~y, we find: 


-I 


y"3 


jr-fi 1 ^ 
arccos-s-—f-C^- 


1600. ~ln(e^^-hl)~2arctan M+C. 1501. ytan^'Af—tan;c+;;+C. 


1502 


—2e^ + 4in(a* + 2) +C. 


1503. 


In tany 


1504. 


y arctan 


(4 


tan 


^ + C. 


1505. -^In 
5 


2tany+l 

tan^-2 


1506. — 


cot® JC 


— cot x + C, 


1507. 


arctan 


tan X 


-j-C. 


^-j-C 


1508, a*-f Inla*^—1 |-f-C. 


1510. 


-f y In 


I 

a-< + I 


r +^* 


,509. IS^-^S^-Inlcos.l + C 

1 

1511. arctan[-pj J + c. 
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1512. 


1514. 


tan^ X 


-\-ianx-\~C, 


1513. 


~ arcfan (2 tan 


t'" 


tan 


-l-cot^y + C. 

+ In I tan x |) + C. 
sinh 4x 


-1+ 

2 1^ 

4-tan® 

X 

8 

2 

1516. 

21nl 

ex 


1515. 


J. 

2 

1517. 


In tan 


1 


(tan Jt-t- 


1518. 


sinh64( X 


+ 1519. (I)sinhjc + 


(I) ( 2 ) -^ + cosh2;c-f- 

sinh^ X 


1521 . 


1522. 


sinh X 

1523 and 1524. See Problem 1366. 1525. 

X _ _ cosh® 3x cosh 3x 


+ C. 1520. In Icoshxl + C. 

sinh 2 x . sinh^ j:\ 




2 J 

X 


+ C. 

+ C. 


1526. — 


5 V. 


-f+C. 


=. + C. 1527. 

c2--5 

1529. 

iy 


3 

1530. 


4 V4 + x2 
+ C. 1528. — 

X — coth Jc + C. 


1531. 2 V^coshjf—1 + C (first multiply both the numerator and 

denominator of the integrand by V^cosh;c—1). 1532. f 

cosh X ‘ 

1533. |-]n|.vH- /'F7r3|_j_i_ 1534. I n | Jtr + _ 


V'x^ + 3 


+ 


1535. 


2 Y x-\-\ 4-in 


1536. 


1538. tan 


1540. 


(arctan x)^ 


+ 2 - + 


+C. 


1537. 




X 

x-\- a 


+ C. 


1 


- \-c. 

ax ' 


^arcsin }/~x-\-C (put Ar^sin^/). 

“ ^ AT-^-jc sin 2a: + 


ab arctan 


tan x'\ 


+ C. 


I.S41. 


+ y cos 2x j+c. 1542. In | C (e**+l) | —e-*'. 1543. J |/^ ~ 

-I 


1 —.y 


—X 


dx^ 


djr — arcsinA:-}- Y ^I — x--}-C. 


1544. 


1545. 


xtanAT+ln I cosa: I —y-j-C. 1546. In 

1 


4 X 

tan — 


+ cos X4-C. 


1547. —4 arctan ^^+C. 1548. 3*’ —12*“ +241nl *“+21-*- 


0 


6 
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+ C. 1549. 


b — Sax 


eaiax-\-b)^'^^ (putfljT-f& = 1550. — —+ arctan at+C. 

~ tanT+T^^*'^'^^ the numerator and denominator by cos^jrand 


I 


put tan a: = 0. 1552. ~ \/ a^b ]nx-{-C. 1553. ;t 7 -;-!_i-C* 

5 36(/t—I) (a— 

for n 1 and —^Inja—6 a^ 1 + C at rt = l. 1554. Singling out a 

perfect square in the radicand, put x-\-\= V'2s\nt (or use the me¬ 
thod of indefinite coefficients): ]^1 — 2jtf—jc2-i-arcsin-^iJ- + C. 


1 _ x^ 

1556. In I _^;f 2 


1555. +C. 

(V^x -\-\)^ ^ 

1557. Y arctan -^~~x-{-^ln 1558. In 


V^2 
arctan x 


-f C. 


1559, ^-j-cotj;-^cot^x+C. 1560. —i-i—f!—arcsin 

o X 


C Y2x-\-\ 
1 + 

X 


-{•C. 


1561. (1) 


1 


( 2 ) 


2 


2 Vs 


in 


= In 


1^3 -f cot jc 
—cot AT 


+ c = 


I 


2 Vs 


■= In 


1^3 -f tan X 
V 3 —tan X 


(^+t) 

sin 




4-C. 1562. (1) Rationalize the denomi 


nator: 


2 _ 

3a 


8 


(x + a) * 


-*’]+C: 


+ ln(A:+ /iq:T) + *^H-C. 


1563. 


( 2 ) L[xfx^+l + 

Jtf* 1 

I + .+- + 


+ In 


Cix-l)^ 


1564 


9 

5 


■ -im 


1565. —arctan VW^T-\- C (put x^ — 1 =^ 2 )^ 


1566. 


I 




-f-ln I sin x-f-cos a: I H-C. 1567. 2||/^xarcsin Vx~\- —x]-\~C. 

1568. tan^x+C or —^+C,. 1569. f 

cos^ X ' * J 

cot* X 


cos^ X —sin^x _ 

sin^ X 


—j*cot®x dfcotx)-f-^rf(cot x)=cotx—1570.—cot x ln(cosx)— 
^ _ 1 I ex— 1 I ^ _ 1 . . ^ 


— x-i-C. 1571. e-x^‘ n 


ex—\ 


4-C. 1572. ^tan*x4-C (put tan 
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X = 0- 1573. ln|x|—^±J-ln|x4-l l + C. 
cos X dx 


1574 




sinxdx ~ 


-I 


+ sin X 
— for cos X < 0). 


= ± 2 y' 1 4- sin x-\-C (-}- for cos x > 0 

1575. —ir= arctan ('tan x) + C. 


and 


1576 




d{x^) 


- » r ^ , __L ,nif!=£J+c 

2J(^®+I)(jc=^ —2) 6J (x2+I)(x» —2) ^ ^ 6 x2+l^ ‘ 
1577. —2a-^^( Vx+I) + C. 1578. 2 y'xaTCtan In 11 + x |-{-C. 

1579. l^faiTx+C (put tan x = t). 1580. Inlx|—In (jr2+|)-{-C. 

1581. arctan (a^)4-C. 1582. 2(V^x4-cos V^x) + C. 


1583 


. |/7Tr+2 1^2 + C (pul ^+1=^2). 


1584. X—arcsin x-f-C. 


i/~ir+T+ ^'2 

l/V —1 f 1 \ 

1585. ^ (^put * = -]. 

'®®®- —+ C (put x+l=/). 1587. |A2ax+x2_2aln|x+ 

O (X + 1)^ 

4-0+ J^^+x^l + C (p. 192. item 4°). 1588. In Vi" +g- 


1589. _L +<=Q^.^ + sin=^x 

O ■ M 1 


1590. -4 In 

lb 


(x2 4*a:1 
C (x^ 4- 2x 4- 2) 
;t2 _ 2x 4- 2 


+ 


way: 


1592. 


sin X 
I 2x 

H-— arctan (the denominator is factorized in the lollowing 

x^4-4 = x*4-4x^ 4-4 — 4x2 = (x 24 - 2)2 — 4x^ and so onj. 

2 

5ft = 0.646, Sft = 0.746, J-^ = 0.693. 1593. 20. 1594. 2-|-. 

1 

1595. 1596.~ . 1597. . 1598. 3Ce—1). 1599. ln(l+ }^2). 1600. 4-- 

o o 12a 2 

1601 Putting x = i^ and changing the limits accordingly, we get: 

3 

2—1^3 


J 1^=12/+ 2 In (<- 1)11 = 2(1 +In 2). 


1602. 


1603. 2—In 2. 1604. 4—^- 1605. In. 1606. (Pu* 

•3 2 1 4 


x=:a sin*/). 


1607. i-. 


1608. 


JUZ* 


16 * 


1609. 


2 In 2 — 1. 
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1610. 


V"2+ln(l+V" 2 ) 

2 


1611. 


1612. 


I 3 
Iny. 


1613. (1) l.JL 


( 2 ) 


]^ 3-}^2 

2 

1.3 n 
2-4*2 ’ 


(3) 


1 ’3 5 n 

2 4 6 * “2 


a' 


1614. -y 


1618. 2In 1.5- 


3 ' 


1615. 1616. 1. 1617. ~! 

6 2 


1619. arctan e 


71 


1621. 


n —2 


jt 


( 2 ) 


1-3 R 


1622. ^-I. 

1.3-5 R 


1623. 


4 

1—In2 


w 0.433. 


1620. f 


• '624. (1) y • y : 


2.4 2 ’ 2-4.6 '626- y- 1626. jiab, 1627. of the 

product of the base (2 Vl^) by the altitude A. 1628. 1629.8 In2. 

1630. I. 1631. y. 1632. 19.2. 1633. 25.6. 1634.8^. 1635. y. 1636. 20-. 

1637. na^ (see Fig. 60 on p. 361). 1638. 0.8 (see Fig. 57 on p. 359). 
1639. -: put = 2 Q sin2 / (Fig. 88 on p. 387). 1640. 2a^ sinh 1 = 


{e 


1 


) 


2.35a2. 1641. SroK 1642. 1643. 1044 . 


8 ... 2 

1645. r„,ax = 4 at 2(p = 90°-f 360®n, i. e. at cp = 45®+180°/i = 45®, 225®; 

^min = 2 at 2(p = ~90°-f-360®«. i. e. at 9 = —45°+180®rt= 135°, 315°. 
Adjacent extreme radius vectors at 45° and 135°. The required area 

3ji 

T 

1646. 1647. 1648. y 

n 
4 


4 

equals y J (3 +sin 29)2 ^9 = 


1649. r=:a(sin 9 + cos 9 )=:a cos ^ 9 ——j; rjnax = a at 

= 9 = *^^ ''min ==0 at 9 — ~=±~^ ^p — — ^ and 


3k 

4 


3 r 

4 


TheareaS=y J (a )/^)- cos^ ^qp —^ j d(p=£^“ . The 


answer is 


K 

4 


obtained in a simpler way if the Cartesian coordinates are used: X“ + ^" = 


s=a(x+y) is a circle. 1650. 


7a3 , • ^2 

1651. (IOk + 27 ^3) 


1652. 1653. 36. 1654. 12. 1655, 1656. 4" (see Fig. 56 on 

^ 3 3 
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p. 358). 


1657. y. 1658. 2. 


1659. y . 


1660. 17.5—6 In 6. 


1661 


0 ^ 

. 2 ^ — X Y x-\- 1 = (see Fig. 53 on p. 357). 1662. = 

if 2 (p= l80° + 360°rt, (p = 90°-l-180°rt = 90° or 270°; rn,in = 2 if 

n 

2 

2(p = 0°-i~360°rt. q)=180°rt;0° or 180°. The area 5=yyC3H- 

0 


+ cos 2(p)*<f(p = 


19.-1 _ 3n _ 710 ^ - 


8 


1663. 


4 * 


1664. 


2 • 


1665. 


4 • 


1669. nph^. 1670. 
1674. 


a 
1 


11 


1666. -y (gwt—= sinh 2^-1. 1667. 4a6 arctan y . 1668. yna^. 


1671. I2ji. 1672. 58.5n. 1673. 2n-a-b. 


1675. 


512ji 

15 


1676. 

b 


1678. 


1682. 


512n 

7 

64jc 


1679. 

(a + 2) 71 


5n,\rs\ 

3 2 )' 


1680. 


JTQ 


6 • 


1677. 3n2. 

1681. y. 


1683. 


1684. yjta-&. 


1685. 


32.^a3 


1686. 19.2JI. 1687. 


8 na^ 


1688. V = 


128.^ 


105 • 

1689. 5.-i2a». 1690. 72n. 


1601. U?. 1693. 6a. 1694. 1695. 8a. 1693. The points of inter- 


27 


27 


y 


8 


section with the axes at ^j = 0 and t^ = J/ 8. s= ^ V M+l — 

0 


I 

3 * 


1697. /'e + ln { 1698. 2a sinh 1 s; 2.35a. 


12 

5 


il 

5 


1699. 


-1 




dx‘, we put 


2 

4 




043. 


/T 

3 


intersected at Xi = 0 and X 2 =y; ^ 

0 


= /-; 

] r-—\ 

5 


4 

1700. 

The axes are 


71 

dx 

T 

p cos X dx _ 

cos X 

~ J cos^x 

0 
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n 

3 

I 


sin^jic 


w 1.31. 


1701. (I) 4y 3; 


1 


(2) y In (2 cosh 2) » 1.009. 1702. (1) 8a; (2) na In (2n + 


+ K 1+4ji2). 1703. 


3na 


28 


1705. — . 1706. In 3. 1707. 2 In 3—I. 


1711. 


I4n 


1708. P [/~2+In (1-1- |/^)] - 2.29p. 1709. 4 3. 

1712. Jia2(sinh2-j-2). 1713. 2n ^ 1-f 1714. 2n[/l-hln(l + 

+ }^)]. 1715. ~na^. 1716. 3n. 1717. 4n2aP. 1718. g4_/T7—2^ 

62ji ^ 

1719. 1720. 2.4jia2. 1721. 29.6 ji. 1722. 1.44-I0«N. 1.08-lO^N. 

- 2 __ 


1723. 


• 1724. —/?3. 1725. 2.4-103 N 1726. 7^, = -^; 7^= 


1727. J^ = 


ab^ . / _ 

12 ’ ‘'*'“1^* 


3 • 


1728. 6.4. 1729. = 


a 


a a 

= 1730. J ^ y ttif = 0.lGfr*; Alj, = Jxy rf;e = -^l»a2. 

0 0 

2hydx 

J ab Z ^ 

ydx=-^; x^=-^a, y^ = 3.3b, 1731. a:^ = 0. 


0 
4 

“ 3ji “ 


1 

9 


1734 

R + h ' 


P+/I 

G. 1732. (I) II 200jt J:(2)2500n/?M. 1733. J 

... _ P 


0 _ 

O.Sna^ 


X“ 


IO«n/?2//2 


1737./ = 


H 

J 


Sdx 


210 J. 1735. 12 410 J. 1736. 0.24jiJ. 

H+h 


= 100 sec. 1738. / = 


/?2 


iHcdx, 


I.6s V'2gx ■ " OSr'^H'^ j/lg 

0 n 

where A » 2 is the altitude of the additional cone. The computation 

yields / » 42 sec. 1739. 1740. 17^. 1741. —^ . 1742. 2.4-10* N 

3 15 


n 

2 


on each wall. 


a 2 

1743. J yHdy— J a* sin^/ cos®/d/ = 


na 


16 * 
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1744. Xt, = 0; yc — 


0 

2 


-i. ,745 

— . 1745. 


H 


^{fi — x)^xdx 


0 


0 

s; 300jt J. 1746. — I j 15980 J. 


1/ 


2g 

<£> 


419 sec. 1748. (1)1; integrals (2) 


and (3) diverge; (4) ^ for n > I, diverges for n^l. 

* 


I 

1749. (I) 1; (2) -i; (3) (4) 1; (5) In 2; (6) 16. 1750. (i)^; 

" ■ ; (3) Q ^ ■ 1751. (1) 6^2; (2) diverges; (3) 6. 


<2) T+ 2 


8 


1752. (1) 


00 


f 


0 


00 


dx 




j- x -^ 


converges, since 


rr+ 


I . r dx 

5 <-77r» 


/. 


Ob 

converges (sec Problem 1748); (2) C - — diverges, since 

.) t/x'-^~] 




. 1 , Cdx }e-^dx 

> —, and \ — diverges; (3) \ —-— 

2 1 

CO 


converges, since for 


e~ •* 

Jc^l -and 


Q& 


converges (see Problem 1749); 


,P sin X dx . , X , 

('*) \ —^ 13 — converges absolutely, since 


I sin X I _ 1 


CD 


-•2 


, and 


C ^ 
J 


OD 


converges (see Problem 1748); (5) f diverges, since for 

J + 1 


CD 


OD 


X > 1 


, and r —diverges: (6) ^ = 

J ^ K 2 J 


K x^+ 1 y x*-\-x* 

I QD 

~ ^ e-x^ dx^ dx converges, since for x^I 


e-*, and 


1 
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QC 


^^e-^dx converges. 1753. (1) J 


dx 


1 —n 


for rt < 1 and diverges 


0 


for n ^ 1; (2) 


u 


dx 


(b-a) 


l — n 


(b~~x)'^ i—n 


for rt < I and diverges for n^\. 


1754. n. 1755.2. 1756. Sjta^ 1757. 2n^a^. 1758. n (}^2-[-In (1 + 

\^2)]. 1759. 1761. (1) y; (2) (3) I; (4) diverges. 

1762. (1) f/'f): (2) 2; (3) I—<763. y. 1764. I6n. 


1765. 2ji. 1766. (!) (2) 

n n 


(3) 


(5) 




1 . (4) + + 

55 


. 1768. (1) e (/i) = 0; (2) j e (/i) (< jg < 0.3. 1770. y Jt « 


K 28.8 dm®. 


1772. In 2 = 0.6932; 


\e{h) 


2 . 10-4 

15 


1773. 8.16n. 1777. Approximately 1.22;i. 


< 0 . 0001 . 

1778, R = Y‘ 


1779. ^ = *780. At the vertex (2,0) /?i =y; at the vertex 


{0, I) /?2 = 4. 1781. R = 4a. 1782. at x=I; R = e. 

1783. (4, 4). 1784. (3, —2). 1785. (0, 1). 1786. 27X“ + 8K® = 0. 
1787. (2A')2/3_[_>'2 3 = 32/3. I7S8. —K*'® == (2a)^'®. 1789. X = acos/, 

2 

K=asin/ or 1790. = ( 1 +e2x)-3/2 ; = 

at x = —^ ^—0.347. 1792. (I) R = -j}F^i (2)|i: (3)-^. 

1793. y. 1794. 2. 1795. 1. 1796. I. 1797. (—2. 3). 

1798. ^0. -y)- *799. (-y. y) • <800. X = y-y^-0.7, 

y= — Y'2x — \A. 1801. 8X® —27K2 = 0. 1802. X = 

= - ( H- 

evolute make a table of values of x, y, X, V for /' = 0; ±1; y • 

_2_ _2_ 2 ^ _L 

1803. (X + K)"^—(X —y')'^ = 4. 1804. (X-f- /) ® + (X—K) ® = 2a ^ ; 


, Y = 4t \to construct the curve and its 


Answers 


351 


on rotating the axes through 45^ this equation takes the form 


Xi * 4 -^ 1 ® =(2a) ® , i.e. the evolute of the astroid is also an astroid 
with doubled dimensions and turned through 45°. 1806. 21. 1807. 5/, 

1808. 7.5. 1809. 2jt. 1810. 2 sinh 1 ss 2.35. 1811. 1812. 3x-f- 


+ 4^ = 0; ^ = 4/-3y. 1813. y = ~x 


dr 


dt 


= 3 / 4-2 ( 2 - 0 / 


1814. w = ^=—2j\ wx = 


4\t-2\ 


16/4-25 ’ 


w„^ 


at /^O = l-^i tt>„ = 1.2. 1815. 




52 


= 1; 


4-5 cos// w — —r. 1816. 

Y~x^ Z—Vlc 


x—t y—t^ z — t^ 


^ 4 / 2 — 16 / 4-25 ' 
V —— a sin ti 4- 
X — x 


1 


2 / 


3/ 


1817. 


I 


2x 


1 


1818. 


X —I y —3 z —4 

“IF =T““ 3 “ 


1819. r = — /-!-*, 


2 Ylc 


Ar = — 2 / T= ^ + p = v = —/. 1820. a = rx 

Xr = 6/ — 6/4-2/?, /V= (rxr)xr = — 22/— 16/4- 16^; the equations 


of the principal normal: 


X — 1 _y — 1 _ z — 1 


11 


8 


—9 


, of the binormal: 


x—l 


1/—1 2 — 1 


, and of the osculating plane: 3x —3// 4-2 = 1. 1821. ;V = 


—3 1 

= 3 (/-]-/), B = —/-)-/4-2ft. The equations of the principal normal: 
x = y^ 2 = 0; of the binormal: ^ Eliminating /, 

we get x^-^y^—Z’, the equation of a conical surface. r=(cos / — / sin 
-l-(sin t-\~t cos t)j+k=i-\-k\ ?—{ —2 sin /—/ cos/)/4-(2 cos/—/ sin /)/— 

=2/ B~r'Xr=2i + 2k, N=^AJ. The tangent: x = z and y = Q, the 
principal normal: OV, the binormal: x4-z = 0 and y~0. 1823. At 

bn 

2 

; cos P = 


/=il 


2— 


2 —a 


y = a. 1824. cosa=± 


= db — 


V b 


cos Y = ± 


\/^ Aab 


V^+ v~b 


r= ; the choice of sign depends 


y a-\- v~B' ^ y b 

on the choice of direction on each branch of the curve. 1825. The 
equation of the helix: A:=sin2/, y=l —cos2/, 2 = 2/^, where / is 
the angle of turn (Fig. 48). The unit binormal vector p at the point C 

(for/ = i): P = 5£±^. 1826. At v = a(l+J). w = at. 
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1827. ,828.£:^=«^and2 = 3. 1829.^:^ = 

= -y-=^^. 1830. 120°, 60°. 45°. 1831. = —26i—31^+22*, 

i,'= 16/—127+2*; £zil=£lil=izzi 

^ 26 31 —22 ’ 8—61* 

1832. N = — 4J —4A, B=2j —2*. The equations of the principal nor¬ 
mal: x = Ji, 2 = ^ + 2; of the binormal; x = n, y +2 = 6. 1834. v =r= 




= Zz 


/ ^ M(x,ya'f^ 

'V' 7 / 


Fig. 48 


= /+(l-20>. «^=r = -2/ t,= f/ 2 - 4 / + 47 ^: 


= v = = 1835. t; = r = 

l^2-4/ + 4/2 ^ R V 


— 4 sin // + 3 cos tj = — 


v) = r— — 


4/+37 2 

' /? 


i;= 16sin2/+9 cos- / . ai v=-^:^ , (iH = 

^v = -±^=Q.l V\ tt,„ = .^ = l^ = ii^ = 2. 4j/^2. 1836.® = 
5 1^2 " R V 5 

« o . 1 I I 

c=r = / + 2/7+2rft. t4t = 2y+4^*. o = 2/2+l. _=-L—-^ = 

2 2 .... 2 (2^2+1)2 
= (27^^?= 9-= (2<^TTF“ ‘ ^ 

point). 1837. First write a matrix of the coordinates of the vectors 
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2t 3t^ 


rxr 


0 2 
0 0 
6/* —6/ 


Then find: (1) |r|= V l+4/a + 9<*: 


(2) i;xr| = 2 l/9<‘ + 9<2+l; 

2 )/9/‘ + 9/^+l _o. 1. 


0 . 000 


(3) rr r = 12; 


(4) ^ = 


2 |/9/4_,_9/2_|_i 1_12_. . J__ 

>^(1 + 4^24-9^4)3 ’ P 4(9/« + 9/2 + l) /? 


1 = --!^. 1839. ' . 1840. For 

the right-hand helix; —=^ 2 ^ 7 ^; for the left-hand: —=“^ 2 +^* 

+ .>+?*: 7—T '*«- W-^-- 


1 2f 21 

1841. ^ —(2^2+1)2— 9 ’ p 


1 * 9y^4-4j/«+l _14 . J.„2 

H-WH -4 «. 02 —/y 2 +i + y«)3 27 ’ p 7 


;^2 —(^2+i + y«)3 27 p 7 K 3 

JL=a_L. 1844. ( 3 ) The whole plane, except the point ( 0 . 0 ); 

P 3 


^=\t-.y-o 


r ^ 




z= 


Fig. 49 




Xk 

Fig. 50 


\ 


(4) (5) > 0 (the Hrst and the third quadrants); 

( 6 ) x 2 +i (2 < 1 ; ( 7 ) the whole plane, except the straight line t/ = x. 
Equations ( 1 ) and ( 2 ) determine paraboloids of revolution; (3) a sur- 

face of revolution about the axis OZ of the curve z = -^ and tj = 0 

(Fig. 49); (4) a hemisphere; (5) a cone which is depicted by taking 

12—1895 
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the following sections: x = a, z'^=^ay and y=^b, z'^^bx (parabolas 
shown in Fig. 50); (6) a surface of revolution of the nirvA g = - ■ ^ 

V 

y~0 about OZ; (7) a cone with the generatrices y — kx, z — ■ and 

k — 1 

the directrices = {x—h){z + h)=—h^ (equilateral hyperbolas) 

with the vertices on the axis OY and one of the asymptotes in the 

plane y = x {x = h, y — h)\ such hyperbolas are also obtained from the 

sections = h or ^ = (Fig. 51). 1845. s= Vp {p~x) [p—y) {x+y — p). 

The domain of the function: 0<x<p, 0<^<p and x + y > p, i.e. 
a set of points inside a triangle bounded by the lines x = p, y — p and 


iZ 



x^y^p. 1848. Ajf2 = (2x—p-hAx) Ax = 0.21; A.r = (2p—x-f 
— —0.19; A 2 = Ajt 2 4 -Ay 2 —AxAp = 0.03. 1849. Being continu ous and 

single-valued in the domain \y\t^\x\^ the functions 2 = + V x'^ — y^ 

and z = — x^ — ^ are represented by the upper and lower surfaces 
of a circular cone (with the axis OX). An example of a discontinuous 

function defined by the equation z=± Y x^ — y"^ is the function 

_L i/"y2 — for 0<x< 1 I The straight lines x=l, 

^ _ — f , _ ^ o I x = 2, etc. are lines of 

^ for 2 < X < 3 

It is depicted by alternate strips of the upper and lower surfaces of 
the cone. The domain of this function: he- 3 set of points 

inside an acute angle between the straight lines y=d:x and on these 


z = 


discontinuity, 
and so on. 
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lines. 1854. (2) The whole plane except the straight line — x; 

(3) points inside the ellipse and on the ellipse; (4) the 

whole plane; (5) points inside the angle \y\^\x | and on its sides- 
(6) quadrant of the planes and (2) is a cylindrical surl 

face with the generatrices z = h^ and the directrix z=—, 

y=0 (Fig. 52). (5) and (6) are conical surfaces; surface (4) is a paraboloid. 



Fig. 52 


1858. 3x(x + 2yy, 3(x^ — y^). 1860. -4: —. 1861. 


1862. — ^ 


(x—y)^- 


1863. 




3 

X 


V 


X 

X2 + • 


) 3t(p^t — y x) * 


1864. _ b—a cos a . dc sin a 

‘ c * db c 'da c ‘ 

=:e-^y (l—xyy,~=—x'^e-^y, 1867. ^ = 

dx (x-l-2t)^’de' 


1868. 


da 

dx 


1866. p = 

dx 

5x 

~{x-{-2t)^' 


t 


da 


2V'x—xH'^' 


T~x/2 • *®74. |^=_asin(ax—^7^): 


^, = b sin (ax—by). 1875. = — 


^y 

1876. 
da 


-xt 
yfx 


dz _ 3y 
dx (3y—2x)2‘ 


_=_2cot (X--2/) 


1878 


2 >/^2irp ^ 

3x 


i-y| 


^y 


du 




(3y—2x)^ ' 
du 


^ = 2 sin y cos (2x + y); ~ = 


12 * 
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— 2 sin JTCOs ix-j~2y). 1885. (1) 0.075; (2) —O.le^ s» —0.739- 

1887.—0.1. 1888. J.2jidma. 1889. 0.13cm. 1890. (l)cte=— dx + 

+ (2) ds = ln^dx+^. 1891. A2 = 0.043I. d2 = 0.04. 


1892. 0.15. 1893. —30ji cm3. (895. ^=—( 2 *+^-') = —2coslW. 

.897. + .899. g=|j(,_.l);|=_±(4 + ±), 

Py=4u+4v- < 2 ) 1 = 

a 2 y dz dz dz . i dz du (?« , du . du 

du dv dy du ^ x dv dr dx ^ ^ dy ^ dcp 


( 2 ) 


1906. 


(—^sinqs-flpcosq))/-. 1903. (1) ^ = 2 [{AxBy) cos t ~(Bx 

H- Cy) sin /) = (>4—C)sin 2/+ 25 cos 2/; (2) — ■. 

at +1 

tfi n\ ^ —££ —9^_^. /9) ^ _ilL_L^. 

^ ' dx du'^du’ dy~ du du’ dx~du ' 2 

,907. 1908. (1) -l/I': 

(?« 9 lA /i ' dti djc £/ + 3 r r 


dz dz . dz dz 

dy^^du^Jv’ 


d2 d2 
du dv 


dz dz 


^^ . d2 

du du 9 i/”T ”^du ■ 


dy du 2 Y y 
' ^ 2xe^ — • 


,907. 

dx y + 3 


1908. (1) 


(_ 1 . _]): (2) (1, 1) and (—3, 1). 1913. 


1914. 


:,y — l^x ■ ‘9*0- ±T* *911.-1. 1912.(1) (-1,3) and 

-]); (2) (1, 1) and (-3. 1). 1913. : ^=“f' 

*=f; |£=±. ,915. |i=^; 1918. 

djif 22 di/ 22 dJic c dy c dx 4y 

_± ,920. ,921,-1.1922. T <923-3^=1: 

X XU 2 o 0 ox 


1919. —1920. flii*dl£V 1921. 4-■ 1922. 4 ^ T *923. |^=]: 
X xy 2 5 5 ox 

1926. 6; 2; 0; 6. 1929. 0; 0. 1931. 

(fffp' ^(3yW-4xydxdy+x^dy^); 

_(yjx-^ 

.n.o /o ^ ^ n I ft , d*2 , 

5i5=(^a:i+5E:j" =®*r»+®A7A;+*;^ ' 

8^2 d . d\f d . d\ „ 5*2 , . , 5*2 , 


d^2 . d^z 
dudv'dv^ 
d^z . d22 


—.> dg2 , dg2 , dg2 
dxdy \ du*dv)\du'dv/^ du* dudu du* 
d*2 /d , d\*_ _d22 , ^ d*2 d*2 

dy*“Vdu“^duy ^ du*"^ dudt) du* 


d*2 d*2 - d*2 

dA:* dJt du ‘ du* 


—4 


— £!£j_9_^ —— 
du^'^dudv du* 




d*2 

du du* 


3 


Answers 


357 


1943. 

^ dv^ 

1945. 




d^z 


dx^ 

d^z 


py" I I 2ydz 


du^ 


x^ du dv'x* dv^'x^ dv 


_=rsX* 1 2 I 1 

dy^ du^' dudv~^x^dv^ 


^ _ „a f£ - _4„". , 2y * 

;»..2 y ^y2 — ^y A.. ;^.n—Z"37. • 


1946. 


ajt® 
d^z d^z 
dx^ dy^ ■ 


1947. ^ = 


dw X dv 
2 d^z 


Ax 


d^2 


Bx^ 


1948. 0; 0; 


9i^y7' 


dx^ \—2y'dxdy {\^2y)^ ' dy^~{\~2y)^ ’ 

=^. 1953. d^u = — ^dx^-\-—dxdy\ 


2Bx 


27/* \/ 


t 


^ ^ —4 d£/. 


1954. 4a3 


&^z 

du dv' 


,955. + 


J^2 J 

1959. « = -5- + A:lny —cosy + C. 1962. « = 4-4-- 


1963. 

1965. 

1967. 


u = xy^~x-^^-\-C. 

u = xy+^Jl^ + M 


1964. 


1966. 


du dv* u dv 

2 ' X ' ^—arctanz+G. 

u^x sin 2y-\-y\n cos x4-^® + C, 

u= V^(i+ i^/qrT)+c. 


u=x In y — x cos 2z-i-yz-{-C. 1968. u=^- - ^-\-C, 


1969. y 



the domain: x^-I. Points of intersection 

with OX: y = 0, x = 0 or —I. The singular point 0(0. 0) is a node. 

Extremum of yat * = —-i , q: ^ T (Fig. 53). 1970. 

d: (x-i-2) )^x4-2: the domain 2. (—2. 0) is a singular point 

(a cusp). The points of intersection with the axes: at x = 0 £/= ±2}^^ 


358 


Answers 


^ 54)' 1971. {/=±a: X — I. The domain: Jt:^l 

and a: = 0, y = 0 (a singular isolated point). At ;c=l y — 0, at a: = 2 

i/=±2. The points of .Inflection: jc=-^.y=±—^ (Fig. 58). 

1972. y—±xY^ the domain | Jf | < 1 or —1 1. The point® 

of intersection with the axes: at y=^0 a:, =0, Xi=:\, Thesin- 



Fig. 54 Fig. 55 


gular point 0(0, 0) is a node. Extrema at x=± 


vr 


±0.7 yex 


= db(Fig- 56). 1973. y = x±x Y x. The domain: x^O; the points 

of intersection with the axes: at y = 0 x~0 or x=l: the singular 



Fig. 56 


point 0(0, 0) is a cusp of the first kind with the tangent y=x. The 
* ^ ^ 
function y = x —x has an extremum: at i/max = ^ (Fig. 57). 

1974. y=±ix—2)]rx; x^O; at y==0 x = 0 or x = 2; the singular 
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point (2, 0) is a node. The curve has the same shape as the on i( shown i n 

Fig. 53 but is displaced to the right. 1975. (-*+20) — x-\~2a ^ 

the curve is situated in the domain —2a<x < 0, where x and x-^2a 
have opposite signs. (—2a, 0 ) is a singular point (a cusp); x = 0 Is 
the asymptote. The curve is a cissoid similar to th e one s hown in Fig. 89 

but displaced to the left by 2a. 1976. y=±y , the domain: 

y<x. The points of intersection with the axes: at x = 0 y = 0 or 




y = ~~3. (0. 0) is a singular point (a cusp). Let us find the asymptote 
y = kx-\-b. Divide the equation by x^ termwise: 1 V 

( y \ 2 j \ •* / 

tJ Hence, * = Ilm 4=1. 6= lim (y^x) ^ 

' X-^CO-* X-*- CD 

O A 

x^-\-xy-{-y^ asymptote is y = x~\. An extre¬ 
mum of the function x = <p (y) = at a = —2x,>v= - I 6- 

f* inflection (Fig. 58)). 1977. x^-\-!A — 3(^y = 6 

is the folium of Descartes (see Problem 366). 0(0. 0) is a singular 
point (a node) with the tangents y^O and x = 0. Let us find the 


• ' X ^ _ vr Oiiu .V ^ Ub UIIU iric 

asymptote y=kx-\-b. Bring the equation to the form 14 -(^i^V _ 

/ y\ \ ^ 

*=iim4 = _L &= lim (y-i-x)^ 

^axy 


lim 

x-^ao 


^^—xy-i-yi 


s- = — a. 


Thus, y= — X—a is the asymptote 
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(see. Fig. 83). 1978. y~± , Symmetric with respect to OX 

and OY. The domain: | .* | > a. and | | > 1 a: |. 0 (0, 0) is a singular 
isolated point. At x—±ay^ it has an extremum y—±2a. The 
asymptotes: x= ± a and ± x {Fig. 69). 1979. ± xVY^; the 



domain: x^2. The points of intersection with the axis OX: at y—O 
Xi = 0, X 2 = 2. (0, 0) is a singular point (a node). The extrema of y: 

4 4 

at x = y yex—^ 3 Y '~3 curve has the same shape as 


in Fig. 53.) 1980. y=±-^ (x—a)®; the domain! jx—al^a 

or — a<^x — a^a or At y = 0 Xi~0, Xa = 2a. The point 

(0, 0) is a cusp. At y' — O, V^2ax— x^-l— ^==^===0, , 

y2ax—x^ ^ 


*/ex=± — aa ±-I* a (Fig. 60). 1981. y=± (x+2) f/T: The domain: 

2 

x^O and an isolated point (—2, 0). A point of inflection atx = -^. 

The curve is the same as in Fig. 65 but displaced to the left. 1982, Two 

3o 

domains: (I) x > 0; (2) x<— a. Three asymptotes: y=x+y» 



X — 


» ailu 
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= ±a; ± 2.6o. 1983. </ = V^x^-S; jc^ —5. (0, 0) is a 

point of osculation. Extrema of y: at x = — 4 Iy|max= 8 ; at x = 0 

I y Imln = ® (F^ 6 - 61). 1984. ± — 1 . The domains: jxl^l 

with an isolated point 0(0, 0). The graph is the same as in Fig. 55 
with a symmetric curve added at the left. 1985. At y = 0 x, = 0 and 

■*’ 2 =®—4; at jc —0 yi = 0 , ^3 = — 1 . ( 0 , 0 ) is a singular point (a node) 

with the slope of the tangents k=±2. At je = —-|- ^niax= 1-8 and at 

•^^ = 0 yin}f| = — 1 . The asymptote: y = x-\~i. The curve intersects the 



Fig- 60 Fig. 61 


asymptote at x — —0.4 and then describes a loop passing through the 
points (0. 0) and (0, —I). |986. (I) ± (x—a) |/^_; the 

domain; 0'^x^2a, i.e. the curve is situated where jc and 2a —x 
have the same signs, (a, 0 ) is a singular point (a node) with the tan¬ 


gents 1. The asymptote: x = 2a (Fig. 88 ). (2) y—± _ . 

'i/~x^ _ * 

the dornain: \x\ > a and \ y\ > a with an isolated point (0, 0). The 
asymptotes: x= ± a and y—±a. There are no points of the curve 
between each pair of the asymptotes except for the singular point since 
|x| > a and \y \ > a. The curve consists of four symmetric branches 
approachin g the asymptotes x=^±a and y=±a. 1987. ( 1 ) y = 

/ a jy 

x-}-a * The points of intersection with the 

axis OX: y—0, Xi = 0, = (0, 0) is a singular point (a node). The 
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asymptote: x= — a. The curve is a strophoid; it is obtained by folding 
the graph shown in Fig. 88 along the axis OY and then translating 
this axis to the left by a. ( 2 ) Domains: x^a, x<—a, and x = 0. 
(0, 0) is an isolated point. The asymptotes: x^ — a, y = a—x and 


y = x — a. At X 




6 a t/ex ^ i 3.3a. 1988. (I) y 


= -(2) y=^± 2x. 1989. (I) y^±R; (2) ^^ = 0 and y^~x. 

1990. (1) y=\; (2) y=l is the locus of cusps but not the envelope; 

4 

(3) y=\ is both the locus of cusps and the envelope; (4) y = x —^r- 

O 


2 

3 


3 


£ 

3 


is the envelope, y = x is the locus of cusps. 1991. x"^ +1/'^ =ci 
1992. y-~— n ■ 1993. {x^‘\-y-)'^ = Aa'^xy. 1994. A family of paths 


x + 2 


ax^ 

y = x tana— 2 ^** cos^ a ' envelope (parabola of “safety"): 

y = ^-^ 1995. (1) + = ( 2 ) yi = ix-. (3) y=\. 

1996. f/2 = 4(xH-l). 1997. =/’^>. 1998. y =—xM/S, 

1999. 2x-\-Ay —? = 3. 2000. xy^^yxQ—2zZQ. 2001. = 

i^_|_i^_i£2.= i.2003. x + ^ —2=± 9. 2004. = 

a^ ' 6 * 3 


= 3o^ 2002. 


= at the point (0, 0, 0). 2005. cosa = —cos p = 

= cosY = —T=- 2006. i/ = 0, x + ?-|-I=0; the surface is represented 

f 3 

in Fig. 49 on p. 353. 2009. The tangent plane: x — y-\-2z = ^^ . Its 

distance from the origin is —. A helicoid is a ruled surface. 

2y 6 

Straight lines are obtained in the sections z = h. At z = 0 (/==0; 
at 2 = -^ y = x\ at ^ — x = 0; at z = ^~ y = — x; at z=na y—0 

(Fig. 62). 2010. 2 = 0 andx + ^—2 = y. 2012. 


2013. 


cosa=-^; cosp = —cos 7 = —. 2014. Plane 


2 _^y_x=.a. P = 2016.(1) 2 = 4; (2) 2x+2y+z = 6 . 2017. grad 2 = 

^ _/I / 

= —2xt—2yJ=—2(,t+2J). 2018. (1) grad z = - (2) grad z= 


t+J 

~ir 


2019. grad h — — -^i—2J. 


2020 . tan(p = I grad 2 ( = 
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= V 2021. 2022. .f = 2+ 1^2; 

grad « = 2;4-2y+2*; [grad u\= 2 V~^. 2023. grad «=±4/. 

2024. ~p > _};;g 2 * «=0.32/—0.64y; J grad z | = 0.32 XTb. 

2026. ‘ M=2(.v/+sfy—ajfe); 

Igrad ul = 2zV^. 2028. grad u = | grad u\^l at any 

,_IjL 

L-- 


2024. 

2026. 


/ra 

'z^ 

'na 


{.' \i ^ 


Helicoid t/^xian ^ 

Fig. 62 


--• ^0®“- ^n.l„=I at * = _4, y^l 


2031. 

^max — 12 st 

x^y = 4. 2032. 

^mln 

2033. 

No extremum. 2034. z^j^n 


2033. 

3)^3 

‘max* 2 

at x = y = ^. 

2036. 

2037. 

^max = •— 4 

at ;r=i/s= —2 

and 


4r = —2, y=0 




x=zy=2. 


,^} *® necessary to find the minimum of the function z=d^=z 
~x 2)2 for the condition x^—y^ — 4=^0. The required points; 

m X li' ^r*’ « = 2- ZO^. (1) Vertices (±3. -1) and 

(0. 2). (2) the ray must pass in such a way that sin a: sin ^ = o,:t» 2 . as 

^ happens in nature. 2043. Zmln = 9 at x = 0 and y = 3. 
2044. Zniin —0 at x = y = 2. 2045. Zniin = 0 at Je=:0 and y=Q, 
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2046. iinin = 0 at x = 2, £^=4. 2047. Zii,ax=l at x^y^± 1; 2 ^,^ = — 1 
at x = —y=±l. 2048. V^=8. 2049. (1) Find the minimum of 

d = —or the minimum of 2 =ji:—^+4 for the condition 

4j: —v® = 0. The required point is (1, 2); (2) 2ab. 2050. /?= 1 / — 

' n 


1 ^’ 

2051. Equations of integral curves: (1) y = — \ (2) y — x^; (3) y=—^ . 

2053. xy'^2y. 2054. (1) y^—x^ = 2xyy'; (2) x^-^y = xy\ 2057. y=Cx, 
y=^^ 2x. 2058. xy^C, = —8. 2059. x^-\-y’^ = C\ jr2-l-y2 = 20. 

_i_ 

2060, y = Ce*, y^4e^-*'\ 2061. y==Ce’‘. 2062. x-\-y^ 

= ln|C(x+l)(i/+l)|. 2063. /■ = Ce'>'+ 0 . 2064. s^= ^^—*^+9 . , 

2065. y=Ce'^, y = e^‘‘~^. 2066. y = ; y = 2s]n^x -^ . 

2067. J—I—!- = C} y= — X. 2068. General integrals; (I) </=C(j:“—4); 
X y 

(2) y^C cosx. All integral curves of the first equation intersect the 
axis OX at x^±2^ and those of the second at x = (2/i—I) 

X X 

(singular points). 2069. y—^^ 2070, = )/ 1 ~\-y'^ dx\ hence, 

_ 0 0 

y = ay^I +y'*, y'= ± ^ P“* y = ocoshu. then asinhu-u' = 

= ±sinhu. Hence! (!) sinhu = 0, cosh« = l,y = a; (2)adu=±dJe, 

x-hC 

au ± (X-{-C), y = acosbu~acosh--^: at x—0 y = a and C = 0. 

Thus either y = acosh— (a catenary) or y — a (a straight line). 
2071 , yi^ax. 2072. y^ = 4{x-{-2). 2073. In 40 min. Solution If in t 
seconds the temperature of the body will be T, then ^ —20®C), 

where k is for the present an unknown factor; In (T—20®C) = —+ 

^ 80^C 

at r=0 7’=100°C, therefore C = In SQ'^C kt = In Y—26 ^ ' Substituting 

7', = 25®C and 7'j = 60®C and dividing termwise, eliminate the un¬ 
known k: 


and r = 40 min. 2074. V X,- H + T cos a = 0, 

10 In 2 


dy px 


= —P>^+^-sina=:0: hence, tana=^ = -^. 

(parabola). 2075. Equation of the tangent: Y — y — y'-{^—^)- 
K = 0, we find the abscissa of the point A of intersection of the 
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tangent and the axis OX: X^=^x -By hypothesis X^ = 2 a:: 

y 

• solving this di^erential ecjuation, find the required curve 
= —a3 (a hyperbola). 2076. x^-{-2y^=c^. 2077. y^ — x^^C. 


2080. y = c7 


2078. 2x2 + 3y2 = 3aa. 2079. y = Cx*. 2080. y^cr~^. 

2081. = 2082. y = C(x-\- >^> + a2). 2083. y=^ f^Cx ' 

2084. r = Ccos<p. r = —2cos(p. 2085. =;c In x —x + C, 


yHy =x In X—x4-1 


2086. y^ 


C V 1+x 
V i-i- 


. y=* 


V 1+^" 

Y IH-x2 
2090. x^y=^C, 


2087. xy^ —I. 2088. y = ae^. 2089. 2090. x^u=:C 

_ I —X ^ 

2091. Radius vector OAi = l^x^-f-yZ, a segment of the normal 

~ ~cosa~^ 4-tan2a:=f/J/ 1. The required curve is 
either x^-{-y'^ = C^ (a circle) or —^2 = C (a hyperbola). 2092. y=^Cx^. 

2093. y—x^CeO-^. 2094. x^ — y^^Cx. 2095. s2 = 2<2|n-?-. 


2096. y = Cx? — x^. 2097. ,j— . 

" = Tu!c7- 2100. .= =2^. 

= 2103 . y=\nx+^. 


2102. y = 


2105. {/= 


C— In X ‘ 

X2—1 


2098. cos2x 

2 cos X 

2101. sin—4-lnx = C. 

2.04. .^ = 24+^. 


. 2106. s = Ct2+—; s = 2^2-f — . 2107. y = xef^^: 


y = xe . 2108. (x—y)2 = Cy. 

21.0. l = ^ + 2,,,^ 


2109. x2 + y2 = 2Ct/. 


4 . —ly. 2111. Putting A: = 0 in the equation 

of the tangent V~y=.y' (X^x); find ON = y—xy', 

ON=.xy'~y^OM^ Yx^ + y^. Hence, y^ . The mirror must 


^ Sf 

be a paraboloid of revolution. 2112. y^ = Cxe~ * . 2113. v = 

In C(x-f- V^^ + x2) /'— r 

-- Va^ + x-^ ■ 2 ^ 4 . For x >0 -)/^=In£. for x <0 


-7 =lnCx. 2115. y = 


_ I ^ In C tan 

■X -1- r' 2116.^=1-1- L 

3 Y2x-^[ ^ ^ 


cos X 
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2117. s = ^3(in/ —l) + C/2. 2118. y^= 


1 


1-f-Ctf^* ’ 


2x 


2119. y==2(sin;c—2120. y— 

1 

2121. y^ = x-\~Ce-^\ 2122. y= 

In Cx 


; y— 


2x 


1—3x2 


I 


2123. (X—a) 2 -}-^ 2 _fl 2 . 2124. y= 

2126. xy^^-\~C. 


3 y I—x2—1 
2125. y'^ = x{Cy~^\) 


2129. s= 


/ 


2127. 

y 2 


2128. y = cosx-|—: 


— t In/ ‘ 


2130. x2i/2-f21nx = C. 2131. s= 


sin X 
Ct-~\ 


/2 


2132. y = x^-\-Cx. 2133. sin y = x 


2134. £/= 


9 


2135. 4x24-j/2 = Cx. 2136. xSei' —y = C. 


C-f2e 
2137. y~{-xe-y = C 


2138. cos^ 2139. ^.=-^; x+—=C. 2140. In = ln cos y 

X X 

x2 sin i/-f—^ cos 2^ = C. 2141. ^ = y-= {C—2x) 

2142. u = -f-x3 = C. 2143. x3 + 2xy—3y = C 

^ sin 1 / sin 1 / ' 

2144. x«5/—2xV-f3(/^ = C. 2145. :^lS^^+x=C. 2146. 

xy—\ny = 0, 2147. n=-^; 2148. \i—e-y\ e-y cos x=C-\-x 

2149. ln(i = —In x; |i=-^ ; x sin In x = C. 2150. y=(C ± x)^ 
Through the point Af (1, 4), the curves y~(i-\-xy and y = (3 — x)^ 

2151. ^=sin(C±x). Through the point ^ ^ the curves 

y=sin^x —and y=sin^-^^—xj . 2152. y^Cx^-\--~; singular 

integrals y—ii2x. 2153. (I) y = x-\-C and x^ + ^/^ — 

(2) x^ ^ (jf—C)2 = 4Cx. Singular integrals x=0 

and y~ — x. Parabolas: for x>0 —x, for x < 0 y < —x. The 

parabolas are tangent both to the axis OY and to the straight line 

2154. (1) y = 1-|- ; singular integral y=\; 

2 


y = — X. 


(2) x = 2p-L, y==p2-±^c. 2155. (I) y=(c+ /I+T)^ singular 


1 


integral y = 0; (2) x=C/2— 2/«; y = 2a—3t^, where /=--; 


A n^ers 


367 


(3) Cf/ = (x —C)2, singular Integrals y = 0 and y = ^^x, 2IS6. (I) 

= Cjc—CS; singular Integral ; (2) y = Cx^a VT+C^; singular 

1 -L 

integral y — Cx~\-—^ \ singular integral y~\. 5;i: s . 

2157. y~\ — — : through Af ^ 1, -1-^ two curves pass: = 1 — ^ 

and y = x—^. 2158. (1) * = 2p+|-/a^ + C; p = p2 + p3; 

(2) x^ + (y + C)^ = a^. 2159. y =-^-^.Cx + C^; p = 

2160. (I) = singular integral y^^4x: (2) y = C (x-{-\)~\-C^, 

(jc4- I)^ 

y =-^—• 2161. Line segments of the tangent Y—y = y'(X — x) 


on the coordinate axes; X^ = jc — VR^y — xy'. By hypothesis 
X -Y ^ 

———5 —2a^; (y — xy')^ = — ^a'^y\ y = ± V' — 4a^y' (Clairaut's equa¬ 

tion). Any straight line of the family y = —C;r ± 2a/'c and also 
the curve determined by the singular integral xy = a^ solve the pro. 
blem. 2162. Parabola (y~x~—a)^=4ax. 2163. (I) y—3 In x-{~2x-—6x-^6. 

(2) y=l — cos2;e; (3) y = CiX'i-xarctanx — In >^14^ + 02. 

2164. y=-L_j_Ci ln;ic-{-Ca. 2165. y^ = CiX-i-C^. 


2166. r/ = CiSin.ic—jc —-^sin2A; + C2. 2167. y^ + C^y-j-Cz^Sx. 

2168. y = CiX(\nx—l)-{-Ct. 2169. cot y=C^~CiX. 

2170. (1) p = e*(*_l) + Ci*= + C,: (2) *=-^L^arcfan —c, 

, ,__ 

^ 1 . X — V — C. 


(for Cl > 0), - *_ in 

2 1^—Cj 


K-Ci 


+ c* (for Cl < 0). 


C2 — — (for Cl = 0). 2171. y'* = -^ (I — x). For ^ = 0 y^O and y' = 0. 
P { x^\ 

i/ = 2^( -3") is the equation of the flexion curve. 2172. Ciy = 


= + 2173. p = a 


cosh 


a 

a 2 






2174. y=~. 2176. f/^CiX+Cg — IncosJc; the particular integral 

—ln(co3x). 2176. ^ 4 -Ci arctanjcH-Ca. 2177. C^y'^ = 

-l + (Ci.c-fC 2 ) 2 . 2178. 4 ^ = (CiX + C 2 ) 2 . 2179. s=* —^ + Ci In / + C 9 . 
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2180. 4(Ci//-l) = (CiJt+C2)2. 2181. cos jk-jc. 2182. See 

2177. 2183. y = —!ncos;t. 2184. y = Cie^-\-C 2 e^^. 2185. y = 

=iCi + C^x) 2186. cos B sin 3x). 2187. y = 

=Cie2je-}-C2e“2-* = i4 cosh 2;c4-fl sinh 2x. 2188. y=i4cos2.t-f 

-f 5 sin 2x = a sin (2x+(p). 2189. (/ = Ci+C2e-^*. 2190. x= 

= Cle* + C2e-^^ 2191. (} = A cos-j + ^ sin ~ . 2192. s = e-* {A cos / + 

+ B sin 0; s = e-^(cos / + 2 sin /). 2193. y~Cie^-{~(C 2 -\-C 3 x)e^^. 

2194. i/ = Ci cosh 2x-(-C^sinh 2X + C3 cos 2;i:-|-C4 sin 2 a:. 2195. y = 

= Cie^-x-\-e~^iC 2 cosxV~ 3 + C3 sin jc ]^). 2196. £/=(Ci + Ci^-- 

+ Cax^) 2197. y=^A sin ;icsinh x-{- B sin jf cosh x-\-C cos a: sinh ;c- - 

+ D cos a: cosh x. 2198. y = A cosh a:-{- B sinh x-\-C cos-^+^ * 


2199. Displacement A: = a sin period T~2tiJ/^-^ . 


2200 


. x=a cos j/' period T=2ji J /^— . 2201. x=ae-**sin (e)/H-<p), 


where o)= y .2202. y^C^e-^x^C^e-^. 2203. y=(CiX-[-C 2 )e<^^. 

2204. ^ = (Cl cos 2 a:+C 2 sin 2x). 2205. x = Cie^^-\-C 2 S~^‘ 

2206. a: = Cl cos (ot + Cj sin (at ._ 2207. s = Ci -f Cgg-***. 2208. x = 

= e-^(>lcos/ V2-\-Bs\nt\/~ 2). 2209. y =:Cie-^+tC2r+Cs)e2^. 

2210. i/ = Cie2-^-|-C2e-2^ + Cs cosJC+Ci sinjc. 2211. y^iC^ + C^x)^ 

Xcos 2x+(Ca4-C’4A:) sin 2a:. 2212, y=- -^ — =sinhA:. 2214. y — 

= Cie2x^C2e-2x_2x3 —3 jc. 2215. £^ = Cie-^ + C2e-2* + 0.25 )/~2 X 

Xcos^-^ — 2jej . 2216. y = Ci cos ac + Cj sin Ac+AC + e*. 2217. ^ = Ci4' 

-j-Cge-s^ + ^A:®—jc. 2218. y = e-2^ (Ci cos jk + C^ sin ac) + a: 2—SAC-f 7. 


2219. y = Cie2^ + (C3—x)e^. 2220. ;t = >l sin ft ^ cos ft/. 

2221. i/ = Cif^*^-fC3e"^*^^-(;t-2)e-^. 2222. 4f = Ci + C3e2x_j^ . 


2223. ^=ye-* + A^-2Jf-f Cie-^Jc + C^e-®* 2224. A: = e-*'(Cj cos ft/+ 
+ Ca sin A/)+sin ft/—2 cos ft/. 2225. y=C,-fC2;c+(C3 +A:)e-*-f ac^—Sac^. 
2226. y = Cie3^+^Ca —^je-3*-fC8Cos3AC+C4Sin3A:. 2227. a; = 

*=Ci + Cgcos/ 4- Cg sin / 4- /« —6/. 2228. tf=^Ci 4--^) e-2x + 

4-(C2Cosa: »^'34-<^3sinx}^)e^. 2229. (1 )ac= ^Ci4-C3/4"y) 

(2) x=A cos — 4- B sin -4-— . 2230. In our case i/i=cos2AC, y2=sin 2 ac, 
' a a a 
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ifl; = 2, A =—^+^ 1 ! 2x-\-C^, and y= cos 2X'\- 

+ ^^ 9 +"^ s‘^ 2 jk^ sin 2x, 2231. y = [(Ci + In cos x) cos x + 

+ (Cj+x) sin x] c^jf. 2232. y = (C, — \n x-\-C 2 x) e^, 2233. y = Ci cos jc-}- 
H-Cgsinjc — cos jc-ln tan . 2234. (I) y = Ci-\-C 2 e-^ — 

~{l^e-^)\n(\-\-e’^)-\-x; (2) y^e-^^ (^C^ + C^x-^-^y 2237. y^ 
= Cie2x4.C2e3^+-l (6 cos 3.c—sin 3 a:). 2238. y ^(Cijc + Ca) e— 


2239« y — e 

X 


X 

T 


3a: , ^ . 3a: 

f Cl cos sin 


^ — 6 cos 2x-f-8 sin 2x. 2240. y = 

= C,e'^+C2c”‘^-x3. 2241. y = —e-^. 2242. s = 

= e-f (C, cos Z + Cj sin /) + (/ —1)3. 2243. ^ (I) y^e'^x (Ci + C^x) + 

2x 2x 

+ ^^ 5 ^;( 2 ) y = C,e" -[-C^e ” —^ . 2244. */=/I cos x+B sin x4- 

4- C cos 2x4- D sin 2x —^x cos x. 2245. y= ^Cj4-CjX4-CgX^^ gx. 


2246 




x^lnx 3x2 


4- Ca cos x-l- 


3^2 \ 

-^ + C,4-C2xj e-2x. 2247. (I) y = Cisinx4- 

(2) y = (Cl — In I sin x|) cos 2x4-(C2 —x — 

X 


2 cos X ’ 

-^cot x^ sin 2x. 2248. y= ^Ci4- |/"4 — x^-f 

C —(x4-2)e-x 


X arcsin 


CgX^ gx. 


2249. w 




2250. ^=14-Ccosx. 2251. ^ = x(l4- 

e^4-C 

y S ” I . 4S.£00. S = - 

V 1 -;-x 2 / / 


4- Cl^r:::^^), linear. 2252. y=:C( I 4- . 2253. 

2254. \r y = Cx^—\. 2255. 2Cf/2 = x (C^x^ —I). 2256. y=:x\nx — 2x^ 
4- C, In x4-Ca. 2257. y (C,—CiX) = l. 2258. 4 r=Cie'”x_|_ — — g-™x, 

1 


2259. y = lnx+ 


C - I 

j^. 2260. y = xe^ .2261, y^ = 


x-f Cgx 


, 2262. y= 


— + + g—f-2x24-6x. 2263. C,y= 1 4 -Cag^**. 2264. s= 

» • 

= C,g2(4_e-( i[Ca4-C30 —. 2265. (I) s = (Z2-HC) tan y ; (2) y^^ 
=Cx^- 1. 2266. (l)y=!i!L£l!^i2if ; (2) y = e-^{c,+^^ + C,e^x 


X 
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X cos +C 3 e->f sin. 2267. (I) y=={Ci~\nVT^^)e^i- 
+ (C 3 + arctane^)e 2 X; ( 2 ) + C,e-^^ and y = C^x-\-C,. 


2268. 


ng 


2 x=:0, x^Acos — 


period r=— 2269. 5 ^=---^; T = ^+C-, k and C 

lO^ViOn dr 4nr^ Snr^ ’ 

are found from the conditions: 20'’C=-^r4^-+Cand 100°C*=-;^ - \-C: 

Sn2a ' 8 jio ' 

1 

T= -?-60°C = 40‘’C. 2270. (I) y = CiX + CiX-^+ C 3 X^-, (2) y = 


2nV a 


V~a 

k 


. 2269. ^=-—i- 
dr 4jir^ 


gt+B sin 


J T = 


,/■- 8‘> 
V a 


= -i+C^'‘\ (3)y = C,x" + Cj;t-<'' + ‘'. 2271. (1) y=x--‘(C^ + C^\nxy, 

ev 2 

(2) y = CiCOs (ln.v) + C 2 Sin (In.)c). 2272. (1) + 

(2) (/ = CiX®-|-~“2 In x+y . 2273. (I) y = CiX-\-C^^ — 4xlnx; 
^ 2 ^ ^_Cj+AJM± 1£!£. 2274. (1) + (2) jr = 

= ■^+ Q (In ;c)-|-C 2 sin (In Jt). 2275. x = CjC* + Caff"®*. 

f/ = Cje*—3C2e-3^. 2276. Jc = e<+C,+C2e-2< ^=et+Ci—C2e-2^ 

2277. x = 2e-'-hCy + C2e-2^ £/ = 3e-^ + 3Cie*4-2C2e-2^ 2278. ;c = 
= e^ + Ci^3t^C2e-3< + C 3 C 0 s(/ + q>). 2279. = e-2< (I —2/). 2280. ;t= 

= Cie^ + C 2 e-^ 4 -/cosh/. 2281. ( 1 ) u = ^> (x){y)\ {2) u = y(p (x)-{^ 
+ t|>(x); 3) u = x(p{y)-\-'^{x); (4) u==ax^ In y-\-bxy-\-(p{x)+^{y). 

d^u d^u 

2282. z — y^ (x + y— 1). 2283 To reduce the equation i4 +25 ^^^ - + 

+ C-T^=/^ to the canonical form we have to solve the characte* 

, 

ristic equation Ady^ — 2B dxdy-j-C dx^ = 0\ in two of its integrals: 
<p (.V, y) = ^ and \|)(^, y)^n take the arbitrary constants | and q for 
new variables and express the given equation as a function of the new 
variables (see Problems 1941 and 1942). In our example we have to soJve 
the equation dX“-\-4dxdy-\-Zdy“ = 0, hence dy-\-dx = 0t dy-]r^dx^ 
0, y-\-x = %, y-\-Zx = 'X\. Expressed in terms of the new variables, 


the given equation takes the form 


d^u 


0. Hence, M = (p(|)H-'l>(^)— 


_ (p + (y+Sjc). 2284, Characteristic equation x^dy^ — 

— 2xydxdy-\~y^dx^ — 0 or (xdy—ydx)^=^0 or d 

solutions are equal; we can take y to be equal to t|. Thus, the two 
new variables are: — = ^ and ^ = 1 ). The equation will take the form 
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d^ti 

(see Problems 1944 and 1945): ^^=0; «=119 (^)(^) or 

“ ('^) ' “ = ^<P<i/ + 2 Ar) + i|)(y + 2 j:). 

2286. u = xy+ sm cos X. 2287. (See Problem 1944.) u = y\nx-\-2t/-{-\. 

2288. w= V"x /9 ^-|-9 (x/); particular solution u = — ^ 

2289. u = e~^<^(x —/) + 9 (x^); particular solution u = {x — t)e‘-^ — x, 

2290. Particular solution u=x 2291. u — 

o 2 

x+a/ 


+ 


Ta I ^ 


2292. 6 —4 In 2 w 3.28. 2293. (1) 10^ sq. units; 

3 


X —fl/ 

(2) 4 sq. units. 2294. 

X 

2297. 

0 0 


2o4 


2295. 


a 


( 1 ) 

0 0 0 u 


9a^ 

2 ‘ 


( 2 ) 


2296. l-L. 

a Va*-yi 

|di/ J ''^ = 






Jd, J d^ = .^(iL^);(3) 


a-i/ 

2 -x* 


na 


0 — 


2298. (1) J djc J df/ = 

0 X 


V2- 


0 0 0 0 
= ^ dy Jd;:+Cdr/ C d.i:=l-l:( 2 ) f di/ C [ dx f dy = 

"010 _2 i/*-4 -4 -KZTT 

“ • 2299. f—-j-2ja^. 2300. The area of the smaller segment: 

o’! w 2.457a2. 2301. ^In 2. 2302. ^ aK 2303. .^a^. 

2304. 4.5. 230.5. 2306. >^‘2—1. 2307. 1-0=, 2308. 8 .t + 9J/~3. 

X h h 

Jdi, = Jds,Jd^ = 


2309 




h X 

2310. 7 in 2. 2311. (1) J d^: 


a 


{h — ay^ 


a V2a*-~y* 

( 2 ) ^dy J djc = jdjrj di/-|- ^ dx J 


0 


_ £, 2 ( 3 ;, — 2 ) 
” 12 ’ 


y ay 

4 8-.t 


a a 

dx 
0 0 


a VT K2 q*-x* 

dx \ dy = 
0 


yl 

4 


( 3 ) 


f—?- 

0 2Vx‘ 0 0 4 0 
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Answert 



2313. (3. 4.8). 2314. 






Fig. 63 


x^\-z^=.a^- 



x^-^-y^^a 


Fig. 64 


2322. 


2327. 


na 


88a« 


r Tor 


■(¥■¥)■ (»■ w) • 


2326. 


3. 2328. 2329. 47.5. 2330. . 2331. 42-|- 

\Z lo u 


z-mx 


x^jry^^a^ 


Fig. 65 

2332. ^a®.2333. The sections by the plane z = A, ± —ft) 


arc parallel straight lines, i,e. we have a cylindrical surface (Fig. 63)* 
The required volume 1^ = 2 Cdx f zdy=-^. 2334. (Fig* 
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Q S 

2335. (See Fig. 50 on p. 353.) 2336.. 2337. 2338. 


n 



Fig. 66 Fig. 67 


4q,^ 

2341. 4nK3a=*. 2342.— (3n —4) (Fig. 66). 2343. (Fig. 62). 


2344. 2345. 2346. nabc 

1 1 


(-!)■ 


2347. 


’IT' 


2348. -r^a^. 2349 

15 


. V = 2 ^ dx ^ zdy^ 


105 


(Fig. 67). 2350. V = 


3o 2 V ax 

= 4 ^ dx C — dy= 3a3 (4n —3 V^) (Fig. 68). 


2351. 1^ = 8 V a-^^x^dx 

a H 

2352. V = 4^dx^-^ Va 


a 


dy= 


\6ab^ 

3 • 


^~~x^ dy , i.e. equal to the area of 


the conoid base multiplied by half its altitude (Fig. 69). 2353. a®. 


105 
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2354. 

2357. 


18ji. 2355. 

2358. 

1q 


2356. 8jiln2 (see Fig. 49 on p. 353), 
5?^. 2359. 15^. 2360. 13. 2361. i-P-<». 



Fig. 68 


2362. 2jia^. 2363. ?^(2VT—l). 2364. 2np^ V 2. 2365. 8a^. 

o 



Fig. 69 


= !^/j2.sina; at p = 60“ and a = 30“ a=^”. 2369. 5^* ^radius 

of section r= ^ . 2370. (2— 2). 
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a — x a—x—y 


2372. ^dx ^ dy J zdz = J 

0 0 0 ^ 

2374. ^0, 0, . 2375. ~ 


i. »73. (^, f. ^). 


237e. 


na^ 




2377. (I) 


na 


3 ’ 


(2)^. 2378. 2^(8 1/~2 —7). 2379. ^ n. 2380. . 2381.2^. 

OU O O D 4 


2383 


2385. 


X-/ gQ . - g V- r - - 3 - Q . — 

2382. 2383. ^0, 0, ^ j . 2384. —. 2385. 

2386. 6fejia*, where k is the factor of proportionality. 

( 4 when taken along the straight line OA^ 


360* 


f lo’ 

2387. J {x-\-y)dx = i when taken along the arcO.4, 

I 2 when taken along the polygon line OBA. 

2388. (1) 8; (2) 4. 2389. ^ {xdy-\-ydx) = S in both cases. This is 

because here • 2390. (1) 1.5a*; (2) a*. 2391. ba*. 2392. Jia*. 

2393. i^. 2394. 0. 2396. (I) ; (2) --i; (3) 2 . 

2397, 2398. nab. 2399. 4* 2400. ~a^. 2401. X = 0, K = 

^ 1 o 2 na* 


2402. K = 2403. 2404. (I)-16; (2)-^; (3)-12. 

2405. (1) (2) ; (3) . 2408. ^ naK 2409. ±. 2410. .2 

.V... na* _ _ 


2 * 


IF* formula is equal to 4jTa3. 2413. Each 

part of the formula is equal to ~ , 2419. Each part of the 


formula is equal to-^na'^. 2421. O.lSa®. 


2422. No. 2423. Yes. 


2424. Yes. 2425. Diverges. 2426. Diverges. 2427. Converges, since 


= 2428. Converges, since 2429. Di 

I 


iver- 


ges, since I — oo. 2430. Converges, since 


r ^ r 11 X ~\ <*> 1 

^ (2F+i)^_r- [t '"rqrrj, =t2- 

2432. Converges. 2433. Converges. 


2431. 


Converges. 


2434. Converges, since 
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lim 

n <0 


U 


n + 1 


U 


n 


=-j < 1. 2435, Diverges. 2436. Diverges. 2437. Converges. 


I 


2438. Diverges. 2439. Converges. 2440. Diverges. 2442. 1. 2443. -r-. 

2444. Converges not absolutely. 2445. Converges absolutely. 2446. Con¬ 
verges not absolutely. 2447. Converges absolutely. 2448. After the 
first rearrangement of the terms we get the series in the form: 

brackets, we obtain a series whose terms are half the terms of the 
given series. After the second rearrangement any three terms may be 
expanded as follows: 


1 


+ 


I 


1 


1 


I 


+ 


I 


An--2 


—; for 
An 


« • • 


—3 ' 4/1—1 2n An—Z An — 2'An—\ 

/i = 1, 2, 3, 

the first four terms form the given series with sum S, and the last 
two terms with sum -^5. 2449. Converges. 2450. Diverges, since 


CO 




j* lOOx —99 ^”' J 


since 


00 


I 


2 a :—1 


dx—oo. 2453. Converges. 2454. Converges, since 


lim ^n + i — 1 . 2455. Converges, since lim — = lim 


20/1 + 21 

n-*» u„ u„ 3(20/1+1) 

= I, 2456. Converges. 2457. Converges not absolutely. 2458. Con- 

verges absolutely. 2459. For a > 1 converges absolutely, for a— \ con¬ 
verges not absolutely, for a< 1 diverges. 2460. 1/2. 2461. 1/4. 

2462. The sum of the series 5(A:)=r-|— for x< 1, the remainder 
/?„ = 5—5 „=y^. On the interval j^O,-^J I/?„ 1 < 2 ^ < 


as soon as n — 1 > 


log 1000 . 


1 for 0 < X ^ 1, 


, ,, . /i^ll. 2463. The series has the sum 

log 2 

5^ ^ -/‘ 

1 —(1—jc) I 0 for x — 0, and the remainder 

(I—.X)” for 0< x^l, ^ remainder /?„ will be 

0 for Jt = 0. _ 

greater, say, 0.9 as soon as jc < I — i.e. on the closed interval 

(0, 11 the series converges non-uniformly. But on the interval 1 


/?n = | 


1 


it converges uniformly, since then for any I < ^ < ® 


soon as 


Answers 


n > —: in particular, | ^„ | < 0.01 for n^7. 2464. The remainder 
of a series with alternating signs is less by modulus than the first 
rejected term. Therefore, on the interval (0, 1] | (.y) | ^ ^ ^ < 

<^-qjy‘^0.I as soon as n+l^lO or n^9. 2465. The 

series has the sum 5 = i ^ ^ ^ n’ ^nd the remainder 

1 0 for jc = 0. 


={■ 


—I (1+x^)"-^ ^ ^ For any n the remainder R„ 

V 0 for jk: = 0. 

will be greater, say, 0.1 as soon as " -i/To-i. i.e. for 0 
the series converges non-uniformly. But for 1 it already converges 

uniformly, since in this case | | < e as soon as/t—l> 

log g 

^ " "f og 2 '~ * particular \R„\< 0.001 for 11. 2466. For any 

non-negative x the terms of the given series are less than, or equal to 

the terms of the convergent series 1.... Hence, the 
series converges uniformly for all R„(x) is less than the remain- 

^ A ^ 


der of the number series 


(-)" 

ies, i.e. f?„ W < = < 0. 


01 as soon 


as 3'-> > 50 or ns=5 for any at^O. 2467. | W | < ±^0.0001 as 
soon as n^lOO for any a:. 2468. ^-i_. Therefore, 


S,. =4 - 


AT + n—1 x + n 


-\-n ’ — ■J' X 9 ^ 0. In particular, for 

■ 


X > 0 R„ (AC) — - < i ^ 0.1 as soon as n 


" " '' ^ * ^0. 2469. For any 

non-negative y the terms of the given series are less than (or equal 

to) those of the convergent series I + * + ‘. . Therefore, the 


series converges uniformly for all y^O, (y) < 


, 1 ^ ^ 


<0.01 as soon as 2«-i > loO or n^8. 
2471. -V^T-rr- 


2470. _3<.r<3. 
— 2 —• 2473. Converges 
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absolutely along the whole number line. 2474. —l<x<l. 

. 2476. (1) ^=0; (2) R^e. 


2475. — 


2477. —5 < X < 3. 


2478. l<;c<2. 

l+x 


2480. arctanx for |x|<l. 2481. 

2483. 


(l-x)a 


2479. for |x| < 1. 

for lx| < 1. 2482. (I+x)"*. 


2484. 



2485. —O.I < 0.1. 
2488. —1 i^x < 0. 2489. 


2486. —l<x<l. 
I—x2 


2487. —I<x<3. 


(l+x2)2 

1—2x , 




for —1 <x < I. 2491. 

= ^cos(0*-a+ni): 
(3) = 


(2) 


r |x| < 1. 

2490. 

— In (1—x) 

|< 1. 2492. 

(1) cos (x—a) = 

1 

+ 

h • ■ • 1 

1 : l^nWl= 

. 2 2x* 

2*x^ 

2®x8 

Sin x— 21 

4! ^ 

h g| 

. / 

. Ji 


(4) Sin I mx-f—^ 

) 9 ^ 


f , m^x^ , m*x* \ , \ f mx m*x® , m®x® 

^ + "41 31 5! "V* 


2493. ln(J+e*^) = In2 


kx . k^x^ k*x* 


1+x 


-^+.... 2497. (1) Iny:^- 


212* 412* 


-t 


-|-^+^ + ...j: (2) ln(2-3*+j:2) = ln(l-*)(2-jr) = ln2- 

^ x« l+x* r 2x* 

- ^(1+2-'-)-: (3) ln(l-A; + A:») = ln-y^=- 2-1- 


1 


x^ . X* . 2x« 


CP 


^ I " 


t-c- + 


•••]=-2E 

n*l 


cos^ —. 2498. In(x+/'l4-x2) = 
3 n 


= X+ ^(—1)" 2499. e 

^ 9nn 2n-k 


a 


+ 


=®[’+^+ 

'■ S ^+‘ w+-i 


_3x = —2-f-3(x—I)* + (a;— 1)*. 2501. x^ = I — 4(x+l) + 6(x4-1) 


— 4 (x4~ l)® + (^+U** 2602. —— x + 2\ 


(- 


_1_ ■ 

“ 2 


i+^+ 


2 J 


+ 


{x + 2f , J for _4 < ;( < 0. 2503. (l)cos-^=-^X 


+ 
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112 2 \ 2 ^ J—4 ' 

ft 1 

assuming 0! conventionally equal to 1 (see the note on p. 211 to 

<o 

Problem 1760); (2) sin 3 j:= ^ (—I)" . 2504. = 


-^'l-(;c+l) = -l + 


’ (2n—1)1 

ns 1 

x+ \ , 2(x+\)^ , 


3>II 


•+ 


32.21 


+ =—1-{- 


x-hl 




CD 

^53 f3/t 

X. ~ 3" + i’(n+0l ^•'+ —2 < * < 0. 2505. (I) 2-e = 1 + 

n= 1 

* 11 ni 


...; 2®^; (2) cos = 


, r, mjc , 1 “ (mx)'*^^ ji 

x['—if 2 r+'"J = XF=TyT‘^°®*^"~'*T 01 = 1 ). 

/»= 1 

2606. 4.«2 = (jf + 2)^—8 (a: + 2)3 + 20(^+2)2—16(a: + 2). 


2507. COS^Jfsas 


_ 1 V~3 3 (■*“■?) 

4 3 L I! 3! 




"M)" 1 

2 L 2! 41 ' 61 " * J* 


fci)! 1 

51 *‘'1 


2508. sin 


ini5£._ V- , 


=z 

ri = 0 


3"n! 


sin 




(putting 01=1). 


2509. V~~x = 2\ I*3-5(x —4)« . 1 

1_ ^23-1! 2®-2I ^ 2»-3l 2^2,41-- + ...J. 

2511. arcsin* = >:+i..£J—L2-.f!j_i±:5 £ lAiTSSo 

~2 3 “22*21 5 ^ 23.3r y I" • * • •2612. K 0.992 = 

= l/'l—0.008 1—0.004^0.996; V^= V"8r+9 = 9 |/^ 1+—=3 

“ ® ('+re)='® ®- ^0.991 = ^1—0.009 w 0.997; ^Tm= 

= =/l2m=5 1ATJ» 6 (1 =5l. 25,5. arctan - 


_ xy 

O I ~C • • • « 


3 ■ 5 -- 

= I.SKK's w 3.142. 2519. (1) C + —— 


313 


4-f:_ 

^5!5 
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,»s 


pX X 

_.. = c+ 


I 

4-^+ • • * ® (^) = J ^ = 



0.419 with an 


error < 


2430’ 


2521. (D(jt) 


1 X3 


^-x^dx = x+-j.^- 


3221 5 


+ 


•f 


2.5 

33-3! 

1 

32 .5« 





0.2008 with an erroi 


< 0.0001. 2522. Differentiating the equation n times and 


substituting x = 0, we get: ~n{n^\) Hence, yl = yl' = 0, 

vo'^=s2-l. y^^3‘2, yo—0 and soon. Substituting these values into 

Maclaurin’s series 


j. ± _L_!-j- 

I n A t A e I 




3-4^4-5 ' 3-4.7-8 


+ .... 2523.i/=l+-^- 


I 


—.... 2524. The 


X X 

solution is a Bessel function of order zero: /o(^)= 1 “■^+ 2^743 “ 

2525. V 1.005 « 1.0025; ]/ 1.0012 s; 1.0004; 

1 ^ 170 = /'100+10 « 


22.4-62 


r, ~\~ .... 


V 0.993 0.9965; 


^0.997 




10 


0.999; 
1 


1 +^)= 10.5; 1/70 « 4 (l+^)=4.125; /40 « 2 (n4) = 


= 2.1. 


2527 


. —6 ^ 2 + 2 ' 3-23 "*" 2 -- 2 ! 5 - 2 *'^’ ‘ 


« 3(1 -j-0.0417+ 0.0047) « 3.14. 


2528 


• jx ^ 2 i 3 * 2 ^ 


' +j_ 

c r%i 


2 * ' 5-2^ 

<e 


_!_L 

7.2«^' ■ 


, 1 r, _ Lj.J _ l=]04,2y 

”^3 [ 3-32‘^5*3-* 7-3®“*"'' J 3^ —1^ 


(^+9^) • 


;! 

2 


2532 


. s = 4j Va^ sin'^i 


(dt 


n 

"2 


P __ r /1*3\2 6 * /l-3-5V^, 

= 4aj /l—£2 cos=M/= 2na •-3--(27rFj ^ 

ft 


X' 


- ]• 


where e is eccentricity of the ellipse, and a its major 
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semi-axis (see Problem 1624 and the answer to it). 2533. J 1 -\-x^ dx= 

0 

\ t , 10-5 1 , 1 I 1 65 „ 

[^+2.4 22-2f7 'Jo ~ 2 2 ■ 4 ' 2* “ ■ ■ • ^ ^ ® 


« 0.508 


with an error < 


7.210* 


2534. = 


• • 1 


~ 0.499805 with an error < 


27 -2-0 ' 


x» 2*xii 

2535. if ^ * * ‘ * Differentiating the equation 

n times and substituting x==0, we get: hence i/o=i. 

# « 4# _ I v V/ \/l 

yo—Ot yo = 0, yn =— 1 . yo ’=yn=0, yo — 1 . 4 , ..., y=s\ -^ + 

<51 


1.4-xO 1.4-7-x« 


.. . j . y = J si 


= sm^ds 


4-... . 2537. x = J 

0 

__ so rj_ 

“ 2C [ 3 31 


cos 


31 (2C)2 


2l(2C)'i.5’^ 
7 ^+ ■ ■ 1 . where the 


constant C^R-L, R is the radius of the circular curve, and L the 
length of the transition curve. The curve is called the clothoid (Fis. 92 

+ y + 0 = (2x +t/)-f / (2//4-X) + 

+ 5 2539. x0 + 2xi/2 = 9_^ 11 (j,.— l)H-8(w~2)4- 

+ 3(x— l)2.f 8 (X—1) (^ —2) + 2(f/ —2)^ + (x — 1)3 + 2 (X — i) (y — 2)® 


2540. In (X— y)=:x—(y+ l)_^+jc (^+ 1)_ 


iy-\- \ )^ 


+ /?3. where/e3=s 


(X —1)3 
310X+ l-0(y+ t)13 
{mx-\~ny)* ^ ______ . 


. 2541. sin(mx + rt£/) = /nx + ni/--fiH+^V 


H- 4 P^ sin e (mx-\-ny). 2543. dx = 0.1: dy =—0.2; Az={2x~y)dx-^ 

+ i2y — x)dy-\-dx^ — dxdy-\-dy^^—0.63. 2544. Az= —(adx — bdy)x 
Xsin iax— by) —{a dx —I? dy)-^ cos (ax —by) + R^, where /?3 = ix 
Xiadx—bdy)^^ sin (a(x + 0dx)—6 (^^ + 0 d^)|. 2545. x2y =* —1—2 (x—1)+ 
+ (i/+l)-(x-l)2 + (x—l)(4r+l). 2546. arctan-^^j, —(x-i)y+.... 

2547. + 
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+ 20.1+0.1-0.I 


0.12 


= 1.215. 


2 —2548. dx^ —0.01, dy = 0.02\ = 

= 2yxdx + (x^—2y)dy + ydx^ + xdxdy—dy^ ' ' 


dx^dy « —0.1407. 


a> 


2549. — V 

n 

n=l 


Sin (2rz — l);t 
2 / 1—1 


CP 




— 1 2 ^ ( 2 «— 1)2 3 + 


OD 


/ 2 S I 


3n 

'sin X 

sin 2 x 1 

, sin 3x 

4 "■ 

[ 1 

2 ' 

^ 3 


-] 


+ 


n 


cos X , cos 3x , cos 5 a; 

■H 52 — 


12 


32 


I ^ • Ska: , I 

+ _ s,n-p+ . .J . 


I-...]. 2553. 1 [sin i^+lsin^+ 


ORR/I ^ I ^ COS JIX 

2554. -^+— j^-_ 


3 

cos 3 ;ta; 
~32 


/ 


+ .. .1 


2555. 


^ 2/ r jia; , 1 Sjta: , 1 / T Jut 

4 ii=> I +32 COS-7-4- ... 4 -j^ sin-^- 

> _ n ^ ^ -J L 


1 . 2;TAr , 1 

“T - I ' 


2556. (1) 


, 1 3nx 

-f-TTTT cos 


33 


6 ;ia; 


1 5jia; 2 

—-grcos-a 




^ 2 2jvc , 

^^^~2 -— + 


...; :( 2 )|[ 


2 


I ^ . 

sin- 5 - + 


.1 ^ o;n I ^ .Hjp 5jiac . 1 I ^ F nin ^ 5njc , 

o sin „ sm-^—[-...j_j__ l^gin—--^sin-^—|. 


1 


+ 5rsin 2 


2558 


2 ‘ 3 

5nx 


-. .1 ,2557. sin ^ sin 


n*n*a*^ 


® _ i 

2n +1 ^ , 2rt +1 2 r* 

• " = 2 ^ Oncos-^an/sm —^njt. where a„ = jj/(|)x 

/z=0 0 

CO 

X sin ^ 2559. u=^ 6 „ sincos 

nssi 


QR^nH 

~F^ 


, where = 


' CO 

= "j" ^ /(^) sin-Jrfg. 2560. f {x)=~ J -!—sin Kxd\. 2561. f{x)^ 
0 0 


0 

OD 


2 p p cos \x 
n J p24-X2^'^* 


CD 


2562. /W=4J 


4 p (I — cos A.) sin A . . .. 

^ ^- jT -sinAjt^lA. 

0 


oceo I 4 r , cos 3a: , cos 5x , 
2563.-y+— cosx -1 -- 1 - - - \- . 


. 2564. I sin x|=—— — X 

JT Jl 



Index 


Abelian groap, 243, 249. 

Angle, meaanre of, 37,47; between param> 
etric cnryes, 38; between hypersur- 
facea, 41. 

Applicable hypersurfaces, of an 200, 

201 ; of a space of constant curyature, 212 . 

Associate curvature of a vector, 73, 164; 

of orders 1, n—1, 106. 

Associate directions of a vector, 73-78- 
of orders 1n—1, 105; of normals 
to a hypersurface, 157; in a sub-space. 
74, 75, 167. 

Associate tensor, 16. 

Asymptotic, directions in a hypersurface, 
156; in a F,» in a 166, 167; lines 
of a hypersurface. 166-168; Unes of 
aF^in a V^, 167, 175, 176. 

197. 

fitj, 120 . 

Beltrami. 134, 219, 252. 

Bianchi. 21, 59. 60, 73, 75. 77, 79, 82. 
88, 94, 121, 150, 154, 158, 1.59, 179, 
200, 206, 210, 213, 218, 219-222, 224 
225, 227, 236, 239, 242-244, 246, 247 
249, 253-255. 

Bianchi, identity of, 82. 

Btrkhqff', 55, 255. 

Blaarhke, 107, 254. 

Bliaa, 49, 256. 

Boch^r, 23, 109, ]44, 145, 201, 253. 
Bolza, 49, 253. 

Brinkmann. 94, 95, 2l5, 255, 256 
Bromwich, 108, 111 , 253. 

90, 94. 


The nombera refer to pages 

Chruioffel, 5, 17, 21, 26, 28, 252. 

•.Mm 


ChristofFel symbols, 17; in two coordinate 

systems,! 9; as components of a tensor, 22 . 

Class of a F„, 188. 

Codazai, equations of, 149, 150, 162, 172, 
190, 198, 211, 212. 

Coefficients of rotation, 97-100. 
Components, of a vector, 4, 7; of a tensor, 
9, 10; number, 11. 

Conformal, correspondence, 89 - 91 , 182; 
curvature tensor, 91; spaces, 89-95, 

121-124,182,214-219; transformations. 
230-233. 

Congruence of curves, 6; canonical, 
125-128, 139, 140, 154, 241; geodesic, 
100, 115, 139, 241; normal, 114-125, 
128, 140, 142, 154, 185; normal to 
sub-spaces, 41, 47, 140, 144-146, 1.58; 
principal, 110, 118. 

Continuous group, of one parameter, 221; 
ot r parameters, 223; complete, 244; 
infinitesimal transformations, 222; ge¬ 
nerator, 222; paths, 222, 231, 235, 239, 
240,241, 249; constants of composition, 
224; necessaiy aud sufficient conditions^ 
224; order of transformations of a, 224 - 
aub.group of atabUity, 22.5; intransitive! 
225, 233, 235, 236, 244,249; transitive, 
225, 236; simply transitive, 247, 249; 
invariant variety, 225-227, 235;’mini¬ 
mum invariant variety, 225, 227, 233, 

236, 244, 249; conformal, 230-233* 
Abelian, 243, 249. ’ 

Conjugate directions, in a hjpersnrtaee, 

156; .n a F. m a F„, 166, 167, 175, 176. 
Conjugate tensor, 15 . 

Contraction, 13 . 

Contravariant, differentiation, 31 ; vector, 

5, 10, 36, 3i»; tensor, 9, 10* 


•TK* T J . -f vcuaur, 
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Index 


Coordinates, see Cartesian; geodesic, 56; 
nortiial, 55; polar, 34; RiemanniaD, 
53-55; transformation of, 1, 8, 23 25, 
55, 141; of Weierstrass, 204-210. 

Conespoudence, conformal, 89,182; geo¬ 
desic, 131-139,141, 227-230; isometric, 
84-88, 184. 

Covariant derivative, 27-31; zero, 28, 29, 
107, 124, 141, 142. 

Covariant differentiation, 27-31; of the 
sum or difference of tensors, 28; of 
the outer product, 28; of the inner 
product, 29. 

Covariant tensor, 9, 10. 

Covariant vector, 7, 10; unit, 36; null, 
36; geometrical interpretation, 39. 

Curl of a vector, 27, 31. 

Curvature, associate, see Associate cur¬ 
vature. 

Curvature of a curve, 61; first, second, • • •, 
(n-l)th, 107; in a hypersurface, 150-152; 
normal, 150-154, 158,165,193; relative, 
1.51, 165; geodesic, 152. 

Curvature of a F„, invariant, 83, 157; 
mean, 113; Riemannian, 79-81, 113, 
159; scalar, 83, 157. 

Curvature, lines of, see Lines of curvature. 

Curvature, mean, of a bypersurface, 168; 
of a K in a V^, 168, 178. 

Curvature, relative, of a F„ in a 174. 

Curvature tensor, conformal, 91; pro- 
iective, 135; see Riemann tensor. 

Curve, 6; tangent to, 6; length, 36,37; 
of length zero, 37; minimal, 37 ; curv¬ 
ature of, 61, 107; principal normal, 
61; osculating geodesic surface, 62; 
mutually orthogonal normals, 107. 

Curves, congruence of, see Congruence; 
orthogonal to a hypersurface, 43. 

dj, 2; components of a tensor, 10, 15; 

contraction, 13. 

1 • • • 2 
dj a . 

“l* * “f* 

d, (0,9), d,0, 41. 

Darboux, 120, 253. 


Deltas, Kronecker, 2. 

Determinants, 101-103. 

Dienes, 65, 255. 

Differential forms, see Quadratic different¬ 
ial forms. 

Differeutial parameters, 41, 47, 124. 

Di Pirro; 131, 252. 

Directions, associate, see Associate; 
asymptotic, see Asymptotic; conjugate, 
see Conjugate; principal, see Principal. 

Divergence, of a vector, 32, 47; of a 
tensor, 32. 

Duinii*y index, 3. 

e, 85, 36. 

37. 

.,...,,.‘•■•‘-, 101 . 

*1 *« 

Eddington, 6“, 101, 255. 

Einstein, 32, 113, 188, 254. 

Einstein space, 92, 93, 189, 200; con¬ 
formal to an S^, 93; spaces conformal 
to an, 94, 95. 

Eisenhart, 31, 46, 69, 72, 118, 124, 133, 
140, 142, 184, 251, 253-256. 

Element, of length, 34, 35; of volume, 
177, 179. 

Ennuple, see Orthogonal ennuple. 

Equations, of Codazzi, see Codazzi; of 
Euler, see Euler; of Gauss, see Gauss; 
of Killing, see Killing. 

Euclidean space, 34; motion, 87, 192; 
conformal representation of, 94; bypcr- 
surfaces, 218. 

Euler, equations of, 49,177; formula of, 154. 

Evolutes of a 193, 198. 

Fermi, 92, 255. 

Fiat space, 84; see Sn. 

First integrals of the equations of geo¬ 
desics. 128-131, 138, 141, 238. 

Formulas of Frenet, 107. 

Fubini, 231, 233. 236, 237, 244, 246, 253. 

Fundamental form, 34, 57; second, 150. 
155, 156, 166; third, 219; see Space 
of constant Riemannian curvature 

9, 14. 
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g^^, 14. 34. 

9 ^. 14. 

= 0» at a point, 55, 56; alniijg; a 
curye, 92. 

ykis* 

98. 

Oausst 45, 57. 

Oauss, equations of, 149, 150, 163, 172, 
190, 197, 200. 

Gaussian curvature of a geodesic sur- 
J face, 81. 

Geodesics, 49-52; minima], 51, 210; equa¬ 
tions of, 50-52, 141; see First integrals, 
etc.; equations in finite form, 59, 140; in 
Riemanniaii coordinates, 53; character¬ 
istic property, 64; of a sub-space, 75, 
156; spaces with correspontling, 1.31-139, 
141 ; in a space of constant curvature, 
139, 207-210, 213, 219, 230; in¬ 

finitesimal transformations preserving, 
227-230; as paths of a motion, 239. 
Geodesic, congiuences, 100, 115, 139, 
241; coordinates, i>6; correspondence, 
131-139, HI; curvature. 152; form of 
the linear element, ,57; surface oscu¬ 
lating a curve, 62; surface, 79, 81; 
torsion, 174; triangle, 79; variety, 106. 
167, 176, 183-186, 249. 

Geodesically parallel hypersurfaces, 57. 
158, 249. 

Goursat, 1, 5. 42, 58, 70, 252, 253. 
Gradient, 7, 27. 

Group, see Continuous group. 

Group of motions, 233-251; invariant 
varieties, 235, 245; nuniujuin invariant 
varieties, 236, 244, 249; intransitive, 
235,236,244,249; transitive, 236,250, 
251; simply transitive, 249; order of 
transformations, 238; of a space of 
constant curvature, 207, 238; paths, 
235, 239, 240, 241, 249; translations. 
239, 241, 249; spaces admitting a, 
241-244; spaces F, aduiitling a. 245; 
of a regular space, 250. 


Hadamard, 184, 253. 

Hergloiz, 93, 254. 

Homogeneous space, 114. 

Hypercone, fundamental, 210. 
Hyperquadric, fundamental, 202, 203. 
Hypersphere, 202. 

Hypersurface, definition, 8. 41; normals 
to a, 41; null normals to a, 41; curves 
orthogonal to a, 43; isothermic, 116, 
241; equations of Gauss and Codazzi, 
149, 150, 197; curvature of a curve 
in a, 150-152; relative and normal 
curvatures, 151; second fundamental 
form, 150, 155, 156; principal radii of 
normal curvature, 153, 158; lines of 
curvature, 153-157, 159, 213, 219; 
conjugate and asymptotic directions, 
156; geodesics, 75,156; normals parallel 
along a curve, 158; of a space of 
constant curvature, 157, 159, 212, 213, 
218-220; mean curvature, J68; with 
indeterminate lines of curvature, 
179-183, 185,218, 249; totally geodesic] 
183, 184, 249; minimal, 178; of a flat 
space, 197-201, 218, 219; of a space 
of constant curvature, 157, 212, 213, 
218-220; third fundamental form, 219. 

Hypersurfaces, angle between, 41; orthog¬ 
onal, 42; gcodesically parallel, 57, 158, 
249; applicable, 200, 201, 212; see 
jV-tupIy orthogonal systems. 

Identities of Ricci, 30. 

Identity of Bianchi, 82. 

Indeterminate lines of curvature, 179-183, 
185, 218, 249. 

Infinitesimal motion, 234, 235, 237. 

Infinitesimal transformation of a group, 222, 
223; symbol of, 222; contravariant com¬ 
ponents, 223; linearly independent, 223; 
order, 224; which preserve geodesics. 
227-230; conformal, 230-233. 

Infinitesimal translation, 239, 249. 

Inner multiplication, 13, 29. 

Intransitive group, 225, 233, 235, 236. 
244. 249. 
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Intrinsic, derivative, 98; property, 84,192. 

Invariant, 6,97,124; covariant derivatives* 
27, 29; curvature of a F„, 83, 157 J 
principal, 110, 124. 

Isometric, spaces, 84; correspondence of 
spaces, 84-88, 184. 

Isothermic bypersurfaces, 116, 241. 

Kas7ier, 189, 200, 255. 

Kilting, 200, 234, 252. 

Killing, equations of, 234, 237. 

Kommerell, 184, 253. 

Kottler, 93, 254. 

Kowatewski, 103, 104, 253. 

Kronecker delta, 2. 

8, 40. 

symmetric, 115. 

Lame, 116, 252. 

Length, of a curve, 36, 37; element of, 
34, 35. 

Levi-Civita, 5, 13, 21, 30, 31, 64, 65, 69, 
74, 79, 83, 92, 97, 100, 107, 116, 117» 
124, 125, 127, 131, 136, 138, 241, 
252-254, 256. 

Levy, 33, 59, 94, 140, 141, 218, 256. 

Lie, 2-n, 222, 224, 252. 

Line, asymptotic, see Asymptotic. 

Liues of curvature, of a hypersurface, 
153-159, 199, 213, 219; of a F„ in a 
V„, 168; indeterminate, 179-183, 185, 
218, 249; of a F„ iu an S„ 4 .,, 193, 198. 

Lipschitz, 177, 178, 252. 

M, 169. 

161, 163. 

Matrices, 101-103. 

Mean curvature, of a F„ for a direction, 
113; of a hypersurface, 168; of a sub¬ 
space, 168, 178. 

Mean curvature normal, 169,170,178,185. 

Metric of a apace, 34, 35. 

Meusnier’a theorem, generalization of, 152. 

Minimal, curve, 37; geodesic, 51, 210; 
surface, 177, 184: variety, 177-179, 
184, 186. 

Motion, in a space, 87, 88; infinitesimal, 
234, 235, 237, 239, 249; paths of, 235, 


239, 240, 241, 249; of an S„ into it¬ 
self, 192; of a space of constant curv¬ 
ature into itself, 204, 207, 238; see 
Group of motions. 

Mumaghan, 1U2, 107, 256- 

"rafr 189- 

AT-tupIy orthogonal systems of hyper- 
surfaces, 43, 44, 117-124, 138, 155, 
158, 220. 

Normal, to a bypersurface, 41, 158; null, 
41; to a in a 47, 140,143-146, 
192; principal, to a curve, 61, 107; 
mean curvature, 169, 170, 178, 185. 
Normal, congruences, see Congruences; 
coordinates, 55; curvature of a curve 
iu a subspace, 150-154, 158, 165, 193. 
Null vector, 36, 38, 41, 111, 112. 

Cy, 147, 158, 168. ^ 

160 . 

173, 174. 

171, 174. 

Order, of a tensor, 9, 10; of an inlini- 
tesiroal transformation, 224. 

Orthogonal ennuples, 40; number of, 40; 
determination of tensors, 97; of Schmidt, 
103,104; of normal congruences, 117-119, 
128, 140; canonical, 125-128, 139, 140, 
154, 241. 

Orthogonal systems of hypersurfaces, see 
JV-tuply orthogonal etc. 

Osculating, geodesic surface of a curve. 

62; geodesic variety, 167,176,185, 186. " 
Outer product, 12, 29. 

Parallel displacement of a vector, 65-67, 
79, 93, 184. 

Parallelism of vectors, 64; in a sub-space, 
74, 75, 167; tangent to a sphere, 76; 
tangent to a Fg, 79, 175; normal to a 
hypersurface, 158; in a totally geodesic 
sub-space, 184. 

Parallel vectors, fields of, 67-72, 142, 

183, 239. , 

Paths of a continuous group, 222, 231, 

23.5, 239, 240, 241, 249. 

Perl8, 65, 79, 93, 254. 
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Point, 1; umbilical, 179, 185. 

Poiaaon operator, 70. 

Principal, congruences, 110, 118; direc* 
tions, 107-114, 124, 181, 199, 219; 
inyariants, 110,124; normal to a curve, 
61, 107; radii of normal curvature, 
153, 158, 193. 

Projective, curvature tensor, 135; plane 
space, 135. 

Quadratic differential form, 22; equi< 
valence, 23-26, 86-88; signature, 23; 
positive definite, 23; transformation, 
24, 86; of constant curvature, 25, 85, 
93, 206, 218, 219; fundamental, 34; 
Lionville form, 60; second and third of 
a bypersurface, 150, 155, 156, 219. 

fiy, 21. 

R, 22, 83. 

Radius of, curvature of a curve, 61, 107; 
normal curvature, 150-154,158,165,193. 

Regular space, 250. 

Relative, curvature, see Curvature of a 
curve; tensor, 31. 

Relativity, 34, 37, 51, 83, 113. 140, 
188, 189. 

Rtcci, 5, 13, 21, 22, 30, 31, 97, 107, 

113, 116, 117, 124, 125, 127, 139, 
140, 159, 163, 172, 174, 181, 183, 184, 
188, 190, 241, 250-253, 256. 

Ricci, identities, 30; principal directions, 

114, 181, 199, 219; tensor, 22,32,47, 
92, 93, 113, 114, 135, 200. 

Riemann, 34, 53, 80, 86, 252. 

Riemonn, symbols, 20, 21; tensor, 20, 25, 
30, 32, 33, 44, 47, 81-84, 93. 159, 162, 
172, 180, 187, 211, 212, 237. 

Riemannian, metric, 35; geometry, 35; 
space, 35; coordinates, 53-55; form of 
the linear element, 86; curvature, 79-81, 
113, 159. 

Rotation, coefficients of, 97-100; in an 
192. 

Sm 84; spaces conformal to an, 91-93, 
121-124, 182, 214-218; n-tuply or¬ 


thogonal systems in, 121; sub-spaces, 
187-220; applicable hypersurfacea, 200, 
201; motions, 87, 192. 

Sbrana, 201, 253. 

Scalar, 6; curvature of a space, 83, 167. 

Schmidt, 104, 253. 

Schoutcii, 16, 22, 65, 92, 93, 124, 125,^ 
134, 182, 185, 199, 200, 254, 255. 

ScAur, 83, 252. 

Schwarzschild, 93, 188, 254. 

Severi, 64, 254. 

Signature of a quadratic differential 
form, 23. 

Six-vector, 12. 

Sommerville, 254. 

Space, n-dimensional, 1; see Einsteiu 
space; see Euclidean space; metric, 
34; Riemannian, 35; flat, see Flat and 
S„] homogeneous, 114; projective plane, 
135; regular, 250. 

Space of constant Riemauniau curvature, 
83; isometric correspondence, 84; mo¬ 
tions, 86-88,204, 207,238; fundamental 
form, 25, 85, 93, 206, 218, 219; spaces 
conformal to, 91, 219; hypersurface, 
157, 159, 212, 213, 218-220; geodesics, 
134, 139, 207-210, 213, 219, 230; geo¬ 
desic correspondence, 134; applicable 
bypersurfaces, 212; sub-spaces, 212; 
n-tuply orthogonal systems, 220; in¬ 
finitesimal ^aosformations, 230, 232; 
linear first integrals of the equations 
of geodesics, 239. 

Spaces, tangent, 75; applicable, 75, 84, 
200,201,212; conformal, 89; conformal 
to au S„, 91-93, 121-124, 182, 214-218; 
conformal to an Einstein space, 93-95; 
with corresponding geodesics, 131-139, 
141. 

Space-time continuum of a perfect fluid, 
140. 

Stdckcl, 130, 140, 252. 

Struik, 92, 93, 134, 181, 185, 186. 188, 
199, 200, 249, 254, 255. 

Sub-group of stability. 226. 
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Surface, geodesic, 62,79,81; of translation, 
175, 184; minimal, 177, 184. 

Syngf, 65, 255. 

Tangent, to a cuire, 6; sub-spaces, 75. 

Tensor, coyariant, 9, 10; contrayariant, 
9, 10; mixed, 9, 10; symmetric, 11; 
skew-symmetric, 11; order, 9, 10; zero, 
11; contraction, 13; conjugate, 15; 
associate, IG; rank, 16; see Riemanu 
tensor; see Ricci tensor; relative, 31; 
divergence, 32; fundamental, 35; 
conformal curvature, 91; whose first 
covariant derivative is zero, 28, 29, 
X07, 124, 141, 142; satisfying equations 
(8.10) and (8.11), 32. 48. 

Teusors, addition, subtraction, multipli¬ 
cation of, 12; outer product, 12, 29; 
inner product, 13, 29; composition, 13; 
quotient law, 14- 

Tensor density, 31. 

Thomas, J. M., 94, 141, 256. 

Thomas, T. Y., 69, 141, 255, 256. 

Totally geodesic sub-space, 183-186, 249. 

'Pransformations of coordinates, 1, 23-25, 
55, 141; linear. 8, 55; linear fractional, 
141; of a group, 221, 223; conformal, 
230-233. 

Transitive group, 225, 236, 247, 249-251. 

Translation, 72, 192, 239, 241. 249; 
surface of, 175, 184. 

Umbilical point, 179, 185. 

1; elemental, 8, 39; curvature, 80, 
81, 83, 113, 157, 159; conformal to an 
91-95,121-124, 182,214-218; class, 
188; of class one, 197-200: evolutes, 
193, 198. 

in a r„, equations, 44; metric prop¬ 
erties, 45, 48; normals, 41, 47, 140, 
143-146, 158; parallelism, 74, 75, 167; 
associate directions, 74, 75,167; geo¬ 


desics, 75; equations of Gauss and 
Godazzi, 163, 172; noimal and relative 
curvatures of a curve, 150-154, 158, 
164, 165; second fundamental form, 
166; conjugate directions, 166, 167, 
175, 176; asymptotic directions, 166; 
asymptotic lines, 167, 175, 176; lines 
of cufvature, 168; mean curvature, 
168. 178; mean curvature normal, 169, 
170,178; relative curvature, 174; totally 
geodesic, 183-186, 249; in an 
195-197; of constantcurvature,210-214. 

Kn in an Sfi+ft equations, 187; equations 
of Gauss and Godazzi, 190, 197, 198; 
motion, 192; evolutes, 193, 198; lines 
of curvature, 193, 198, 199; principal 
radii of normal curvature, 193, 198. 

Veblen, 69, 133, 141, 255, 256. 

Vector, coutravariaut, 4, 5, 10, 39; co- 
variant, 7, 10, 39; divergence, 32. 47; 
magnitude, 35; uuit, 36, 40; null, 36, 
38, 41, 111, 112; parallel displacement, 
65-67, 79, 93, 184; associate direction, 
73-78, 105, 157, 167; associate curv¬ 
ature, 73,106,164; relative curvature, 
151, 165; normal curvature, 165. 

Vectors, angle of, 37, 38; orthogonality, 
38; n mutually orthogonal, 40, see 
Orthogonal eiinuple; parallelism, see 
Paralletiain aud Parallel vectors. 

Vector-field, 5, 36; see Parallel vectors. 

VerjUngung, 13. 

Volume, element of, 177, 179. 

Voss, 150, 154, 163, 166, 252. 

135, 141. 

Weierstrass, cobrdiuates of, 204-21U. 

Weight of a relative tensor, 31. 

Weyl, 65, 91, 92, 133, 135, 2,54. 

Wilson, 1, 254. 


The results of paragraph 31 were based upon material presented by Professors 
Veblen and J. W. Alexander in their lectures before the appearance of the paper h 

Mumaghan. 1925, 7. 






































